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ARTICLE INFO ABSTRACT

Dataset link: https://github.com/LivingMatterL The major challenge in determining a hyperelastic model for a given material is the choice
ab/CANN of invariants and the selection how the strain energy function depends functionally on these
Keywords: invariants. Here we introduce a new data-driven framework that simultaneously discovers ap-
Constitutive modeling propriate invariants and constitutive models for isotropic incompressible hyperelastic materials.
Machine learning Our approach identifies both the most suitable invariants in a class of generalized invariants
Neural networks and the corresponding strain energy function directly from experimental observations. Unlike
Constitutive neural networks previous methods that rely on fixed invariant choices or sequential fitting procedures, our
Automated model discovery method integrates the discovery process into a single neural network architecture. By looking

Generalized invariants

at a continuous family of possible invariants, the model can flexibly adapt to different material
Isotropic material

behaviors. We demonstrate the effectiveness of this approach using popular benchmark datasets
for rubber and brain tissue. For rubber, the method recovers a stretch-dominated formulation
consistent with classical models. For brain tissue, it identifies a formulation sensitive to
small stretches, capturing the nonlinear shear response characteristic of soft biological matter.
Compared to traditional and neural-network-based models, our framework provides improved
predictive accuracy and interpretability across a wide range of deformation states. This unified
strategy offers a robust tool for automated and physically meaningful model discovery in
hyperelasticity.

1. Introduction

The accurate characterization of hyperelastic materials is essential in both engineering and biomechanics, particularly for
materials such as rubber, silicone, and soft biological tissues. These materials undergo large deformations, and capturing their
mechanical response requires constitutive models that accurately describe stress—strain behavior under a wide range of loading con-
ditions. Modeling this behavior is critically important in soft robotics, wearable devices, automotive components, and personalized
biomedical simulations, where predictive fidelity under multiaxial stress states is essential.

The mechanical behavior of hyperelastic solids is typically encoded in a strain energy function y whose derivatives can be used
to map the deformation gradient onto the local stress state. For isotropic incompressible hyperelastic materials, classical models
commonly express the strain energy function y in terms of the first and second invariants I, and I, of the right Cauchy-Green
deformation tensor. Several commonly used isotropic hyperelastic models rely on different combinations of these invariants. The
neo-Hookean model depends solely on I, (Rivlin, 1948), the Blatz—Ko model on I, (Blatz and Ko, 1962), the Mooney-Rivlin
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model combines I, and I, (Mooney, 1940), and the Yeoh model incorporates only I;, but uses it in a higher-order polynomial
expansion (Yeoh, 1993). While these models offer analytical convenience and they are useful for moderate deformations, they often
generalize poorly to multiaxial or shear-dominated loading regimes, particularly at large strains (Guo and Sluys, 2013; Melly et al.,
2021).

To improve the expressivity and predictive power of constitutive models, recent advances have focused on data-driven
approaches, such as neural networks trained to approximate the strain energy function directly from experimental observations.
These strategies include constitutive artificial neural networks (CANNs) (Linka et al., 2021; Linka and Kuhl, 2023; Linka et al.,
2023), physics-informed neural networks (PINNs) (Raissi et al., 2019; Henkes et al., 2022), or physics-augmented neural networks
(PANNS) (Linden et al., 2023) and encode physical constraints such as material frame indifference throughout the careful selection
of invariant-based inputs and network architecture. In principal-stretch-based models, neural networks use principal stretches as
input (St. Pierre et al., 2023; Tepole et al., 2025). This formulation allows for a high degree of flexibility and has proven effective in
modeling soft tissues, where mechanical responses are strongly nonlinear. Very recently, material fingerprinting, a novel technology
that abandons the use of neural networks and avoids solving nonlinear optimization problems, has been proposed as an effective
alternative model discovery (Flaschel et al., 2025).

A notable limitation of these model discovery approaches is the reliance on a fixed invariant or a fixed principal stretch
basis. This assumption constrains model expressiveness and may introduce bias, particularly when critical deformation modes are
underrepresented in the calibration dataset. An alternative is the use of generalized invariants (Anssari-Benam et al., 2024),

3 3
Jo=Y, 4% and K, =]]A )
i=1 i=1
where the generalized invariants are parameterized in terms of a continuous exponent ¢ € R. This formulation allows for both
compressible materials, for which the set {7,,J_,.K,} forms a complete set of invariants and for incompressible materials, where
we can use {J,,J_,} and, naturally, X, = I; = 1. In the incompressible case, we recover the classical formulation with « = 2 yielding
the first invariant J, = I, and « = -2 yielding the second invariant .J_, = I,. This concept holds the potential to discover new
generalized-invariant-based models that better match experimental data. A notable widely used example is the Ogden model (Ogden,
1972), which expresses the strain energy function as a weighted sum of powers of the principal stretches, hence a sum of generalized
invariants. Indeed, we can rewrite
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A recent study proposed a two-step procedure to identify the optimal exponent « and subsequently fit the corresponding strain energy
function (Anssari-Benam et al., 2024). While the resulting model is physically interpretable, this strategy demands full and accurate
stress-stretch measurements across multiple loading configurations. Moreover, this method requires the strain energy function to
be defined a priori in terms of the generalized invariants. At the same time, another study proposed a comprehensive analysis of
how the choice of invariants affects model robustness in PANNs and classical neural network formulations (Dammalf et al., 2025).
Findings from this study revealed that a model built solely on I, generalizes poorly under multiaxial tests, even if it fits uniaxial
data well. These observations align with earlier experimental comparisons (Rosen and Jiang, 2019) and underscore the necessity of
using both I, and I, to construct stable and predictive constitutive models.

Despite these insights, important questions remain unresolved: Can we discover constitutive models that depend on a single
generalized invariant and sufficiently explain the data? If such models exist, what is the appropriate form of the generalized invariant,
and how does it enter the strain energy definition? If not, what is the best set of generalized invariants that capture essential features
of the material response and allow for a compact formulation of the strain energy function?

To address these questions, we propose a novel framework that simultaneously discovers the best generalized invariant, the
best strain energy format, and the best parameters. Our approach generalizes previous constitutive neural networks and extends
generalized-invariant-based strategies by making the parameter « a trainable variable within the neural network. This flexibility allows
the network to adaptively explore a continuous space of invariant formulations and fit a physically consistent strain energy function,
all directly from experimental stretch—stress data. Importantly, unlike the traditional two-step procedure, our approach discovers
the generalized invariant and the format of the strain energy function simultaneously. We validate our method on benchmark data
for rubber and brain tissue as examples of engineering and biological soft isotropic materials.

2. Methods
2.1. Generalized invariant framework for constitutive model discovery

We frame constitutive model discovery within the theory of finite hyperelasticity. For a deformation described by a smooth
mapping ¢ : By, — B, the deformation gradient is defined as F = V¢, mapping line elements from the reference configuration
B, to the current configuration B. The right Cauchy-Green deformation tensor C = FT - F characterizes the local stretch and
distortion independent of rigid body motions. In the following, we consider constitutive models for incompressible isotropic
hyperelastic materials. In the classical theory, we express the strain energy function y in terms of the classical invariants of the
right Cauchy-Green deformation tensor,

I, =tr(C) and I, = % [tr2(C) — tr(C)]. 3
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However, recent work introduces a more flexible family of invariant measures (Anssari-Benam et al., 2024),
3
Ju= QA% ©)
i=1

where J; are the principal stretches and a € R is a trainable material parameter. This formulation elegantly generalizes the classical
invariants: We recover I, for « =2 and I, for a = -2.

2.1.1. Two-step approach
The initial method relies on a two-step approach that first identifies an optimal exponent « in (4) and then fits a specific strain
energy function y = y(J,) to the data (Anssari-Benam et al., 2024). In the first step, an optimal generalized invariant exponent
a is found independently of any specific choice of strain energy function y via so-called pseudo-universal relationships. This is
accomplished by leveraging the fact that, under certain loading conditions, such as biaxial extension, a strain-energy-independent
stress quotient can be formulated when the strain energy function depends on a single invariant. To illustrate this strategy, we start
from the general expression for the Cauchy stress tensor ¢ in terms of a generalized invariant .7,
o= 'd % FT
0J, OF

-plL, )

where p is the hydrostatic pressure and I is the identity tensor. In the specific case of a biaxial extension with stretches 4, and 4,
in two orthogonal directions and zero traction in the out-of-plane direction, o33 = 0, the deformation gradient takes the following
explicit form

F = diag{4,, 4, (A4, 1)}, ©

based on the plane-stress assumption. Under these loading conditions, the principal components of the Cauchy stress tensor become

oy dy
0T, oJ,
In the ratio of the two stress components, the unknown derivative dy/0.J, cancels, and the quotient depends only on a and the
stretches 4, and 4,,

AT = (A1 4)7
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Alternatively, we could use the chain rule by first computing the derivatives of the generalized invariants with respect to the classical
first and second invariants (Anssari-Benam et al., 2024). The expression in (8) is entirely independent of the form of the strain energy
function, making it suitable to directly estimate the power a. For a dataset of measured stress components &,,,6,, and corresponding
stretches 4,, 4,, the loss function is defined as

Ndata

1

Ndata =

F,, 6
L (@F) = on(F,a) 6y

—  min. ©

opFa) 6y,

Minimizing this loss with respect to « yields the optimal exponent «* that captures the material’s generalized invariance behavior
based purely on experimental stress data. Importantly, this identification of « is performed without any assumption about the specific
form of the strain energy function y. In the second step, the optimal exponent a* is identified and the stress quotient method in
the first step is used to select and fit arbitrary stress—strain data to a closed-form strain energy function y that only depends on the
generalized invariant J,. = 2}11 /1;’* There are two possible choices (Anssari-Benam et al., 2024), the one-term Ogden-type strain
energy (Ogden, 1972),

v = (7, -3). (10)

where u > 0 is a stress-like material constant, and the one-term Anssari-Benam strain energy (Anssari-Benam, 2023),

s 3= 1) | o (T 3N
Vs T ”N[:«sN(n-l) (Tar =3) ln( 3-3N >] an

where n > 0 and N > 0 are additional dimensionless model parameters. Notably, when N — oo, we recover the one-term Ogden
model in (10). Given a fixed o* from the first step, we identify the model parameters w = { 4} or w = { n, N }, by minimizing the
loss function,

Ndata

> 6% (e )W) 6|3 — min. (12)

data ;—|

1

Ly (w; T (F)) = -

where ¢® are the modeled Cauchy stresses according to (5) for a specific strain energy function w°C in (10) or w28 in (11) and 6;
denote the measured data.
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Fig. 1. GI-CANN network architecture, where S is the set of all exponents «, of stretches A;; M is the set of all powers of generalized invariants
Tus N is the set of all functions applied to powers of generalized invariants; w are all network weights or model parameters.

Table 1

Overview of isotropic and incompressible constitutive neural network types. The table contrasts how each model type determines its invariant
feature set S, processes these invariants as input, applies transformations in layered neural architectures, and produces the final form of the
strain energy function y. Our proposed method (bottom row) learns the generalized exponent a and strain energy function y simultaneously,
enabling autonomous model discovery.

Isotropic incompressible S determination Input (generalized 1st layer M 2nd layer N Output (strain

CANN/model type invariants) (powers) (functions) energy function)

SI-CANN (Linka and Kuhl, a priori given T =1, {1,2} {id, exp, In} w(Jy, T3, W)

2023) S=(-2,2} Jo=1

PS-CANN (St. Pierre et al., a priori given T 305 ---»Tho {1} {id} w(T s Ty W)

2023) S={-n,....n)

two-step approach via minimization in T {1} {id, fap} w95(J,.) or

(Anssari-Benam et al., step 1, S = {a*} vAB ()

2024)

GI-CANN a trainable parameter {Jo Y oer {1} {id, exp, In} Y( T, W, a*)
S=R

2.2. Constitutive neural networks for model discovery

To circumvent the need for a predefined strain energy function form and a sequential two-step identification procedure, we
propose the generalized-invariant-based CANN (GI-CANN), which enables simultaneous learning of both, the optimal input invariants
and the corresponding strain energy function directly from stress—strain data measured during arbitrary deformations. Fig. 1 sketches
the generalized architecture of the GI-CANN proposed in this study.

In a preprocessing step, we specify a set of exponents S C R that are either fixed or that the network discovers during training.
From the measured deformation modes, characterized by the deformation gradient F, we then evaluate the generalized invariants
To, = Z?zl A?k for every a; € S. The first network layer ensures a stress-free reference state by first subtracting the trace of the
identity tensor, tr(I) = 3, and then applying powers to these corrected invariants. The second layer subjects these quantities to
convex functions f, with ne N, for example the identity fj;(o) = o, the natural logarithm f, = In(1 — o), or the exponential function
fexp = €xp(0) — 1. Subsequently, the layers combine the transformed features and yield the generalized strain energy function,

W= z W;{d [Jak - 3] + WZ(; [exp (wixf [Jak - 3]) - 1] + Wllzz [ln (l - Wllzl [._’]ak - 3] )] . 13)
€S

Here, we treat both the weights w = {wf,wf‘f, wixg ,w}(“ 1,w;(‘”‘z} and the exponents S = {«,} as trainable parameters, subject to the
following loss function,

Ndata
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Ndata i=

L, w:F) = o (Z,0F).w) =&, [ +rllwll, — min, 14

We add an L,-type regularization term, r || w ||, to our loss function to induce model sparsity and increase interpretability (McCulloch
et al., 2024). In the following, we set r = 0.01 (Martonova et al., 2025, 2024; Vervenne et al., 2025). By learning the exponent «
directly from the data, the GI-CANN eliminates the sequential procedure of the two-step approach (Anssari-Benam et al., 2024)
and dispenses with any a priori assumption on the form of the strain energy function. Moreover, the GI-CANN subsumes earlier
constitutive neural network approaches as special cases. If we restrict the exponent set to the classical values, S = {-2,2},
the architecture reduces to the standard-invariant-based CANN (SI-CANN) (Linka and Kuhl, 2023; Linka et al., 2023). Conversely,
prescribing a large discrete grid of integer exponents, S = {—n, ..., n}, while exclusively activating f;; in the second layer recovers the
principal-stretch-based CANN (PS-CANN) (St. Pierre et al., 2023). Table 1 summarizes the key differences between these architectures
and highlights how our new GI-CANN integrates and generalizes both by unifying invariant selection and strain energy function
identification in a single, data-driven optimization procedure. The GI-CANN naturally provides a flexible framework that generalizes
well to common isotropic constitutive models by expressing their strain energy functions as specific cases of the strain energy
function in (13), see Table 2 for an overview.



D. Martonovd et al. Journal of the Mechanics and Physics of Solids 206 (2026) 106352

Table 2
Common isotropic incompressible constitutive models expressed as specific cases of GI-CANN strain energy function,
see Eq. (13).
Model Strain energy function y Exponents S Powers M Functions N
Blatz—Ko WiLT_, = 3] (-2} {1} id
Demiray WP [exp (wy [, = 31) — 1] {2} {1} exp
Gent witIn (1 - wi'(J, - 3]) {2 {1 In
Holzapfel WP [exp (W5, = 31%) — 1] 2) 2) exp
Mooney-Rivlin WiLT, - 31+ wiT, - 3] 2,-2} {1} id
neo-Hookean Wi T, - 3] {2} {1} id
one-term Ogden Wi, - 3] {a} {1} id

2.3. Benchmarking

We demonstrate the features of the proposed approach on two representative experimentally measured datasets for isotropic
incompressible materials, rubber (Treloar, 1944) and brain (Budday et al., 2017), see Table A.5 for the specific stress-strain data
used in our work. For the rubber dataset, we train the network using uniaxial and equibiaxial extension data and test it on pure
shear data. For the brain dataset, we train the model on uniaxial tension and compression data and test it on simple shear data.

The generalized invariants and Cauchy stress have the following formats. For uniaxial extension or compression with the principal
1/2

stretches 4, and 1, = 43 = 4/, we obtain
—a/2 oy —a/2
Jy= 2 +22"7 and oy, =iy (/1‘;—/11"/ ) (15)
In the equibiaxial extension where 4, = 4, and 4; = (4;4,)7!, Egs. (15) and (7) simplify to
= d =
J, =224+ 27% and oy, =022=a% (A% = 472), (16)
a
whereas for pure shear deformation where 4, =1 and 4; = /11", we obtain
Je= 241447 and oy = a2l (40— i a7
a7 1 Gll_an(l l)'
o

Finally, the simple shear test with shear strain y results in

a a
- e o V) e
J,=24/1+—=—+1 and O = 57> .
4 2% 0, y2+4

For both materials, rubber and brain, we conduct model discovery in a staged manner to identify the most relevant generalized
invariants. We begin by restricting the strain energy function to depend on a single generalized invariant J, with a positive
exponent a,, corresponding to an I,-like formulation, represented by reddish colors in the visualizations. In a second discovery
run, we allow the model to use only a single invariant with a negative exponent «_, yielding an I,-like formulation, represented
by bluish colors in the visualizations. Finally, we perform model discovery with two generalized invariants simultaneously, one
with «, and one with a_, allowing the network to learn a mixed formulation that captures both types of mechanical response. This
progression enables us to systematically uncover the generalized invariant most suitable for each material.

To evaluate model performance, we compare the computationally predicted and experimentally measured responses using the
coefficient of determination R?, which quantifies the goodness of fit. We assess and compare the goodness of fit across various
approaches, including SI-CANN, PI-CANN and our proposed GI-CANN as well as results from (Dammaf et al., 2025) comparing
unconstrained feedforward neural networks (FNN) and fully input convex neural networks (FICNN) using the same training and
testing data. We minimize the loss function (14) using the Adam algorithm (Kingma and Ba, 2017).

18

3. Results and discussion

Across both rubber and human brain tissue, models based on generalized invariants .J, consistently outperform traditional
approaches that rely solely on classical invariants such as I, or I,. This performance advantage is apparent in the stress response
plots in Figs. 2 and 3, and is quantitatively confirmed by the accuracy metrics in Tables 3 and 4. The specific model parameters for
rubber and brain are reported in Tables B.6 and B.7.

For the rubber data, the mechanical response is best described by models with positive exponents «, . These values correspond to an
I,-type behavior, and models based on this formulation yield significantly higher fidelity in reproducing experimental stress—stretch
data. In particular, the best model

v =fiq (Ji675) + fexp (T1675) = 0.227MPa - (J; 675 — 3) +0.297MPa - [exp (0.107 - (Jy 675 —3)) — 1] . (19)

combines an identity function and an exponential term, both formulated on the same generalized invariant Tt with «} = 1.675. This
formulation results in an excellent fit across all deformation modes, achieving an average coefficient of determination R> = 0.998, as
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Fig. 2. Stress—stretch response of rubber. Training under uniaxial tension (ut) and equibiaxial tension (bt), and testing under pure shear (ps)
yields different strain energy functions y. Each column represents a loading mode (ut, bt, ps), and each row corresponds to a different set of
input generalized invariants S. Experimental data are shown as white circles, and colored regions indicate the contributions of the specific terms
to the overall modeled Cauchy stress components. The color scale reflects the influence of the parameter « used in the definition of J,, with
blue for negative «, red for positive a, and lighter tones indicating smaller values, see legend in Fig. 3.
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Fig. 3. Stress-stretch response of brain tissue. Trained under uniaxial tension (ut) and uniaxial compression (uc), and testing under simple shear
(ss) yields different strain energy functions y. Each column represents a loading mode (ut, uc, ss), and each row corresponds to a different set
of input generalized invariants S. Experimental data are shown as white circles, and colored regions indicate the contributions of the specific
terms to the overall modeled Cauchy stress components. The color scale reflects the influence of the parameter « used in the definition of J,,

with blue for negative «, red for positive a, and lighter tones indicating smaller values.

detailed in Table 3. The visual evidence of this accuracy is confirmed by the first row of Fig. 2, particularly in columns three through
six, where the modeled responses closely align with the experimental data shown as white circles. Red-shaded regions dominate the
visualizations, indicating a strong influence of positive a, terms on the overall Cauchy stress components. These regions highlight
the model’s reliance on I,-like effects. The relative error plots in Fig. 4 further confirm the accuracy of the discovered model in (19),
which outperforms the discovered standard-invariant-based model, w (1) = fiy(I D+ fexp(1)s with the best performance achieved under
uniaxial tension. Compared to the error plots of the Anssari-Benam model (11), our discovered model produces smaller errors at low
stretches but larger errors at high stretches. Nevertheless, the strength of the proposed approach lies in its ability to automatically
identify a suitable model rather than relying on a priori assumptions about the strain energy function. We can further improve the
model predictions by including both positive and negative exponents a. In these cases, the regularization embedded in the GI-CANN
architecture selectively activates only those components that contribute meaningfully to the stress response. This selective activation
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Table 3

Comparison of neural networks performance for rubber (Treloar, 1944) with different neural network approaches
and generalized invariants. Training is performed on uniaxial extensions (ut) and equibiaxial extensions (bt), while
testing is conducted on pure shear (ps) data.

neural network type invariants exponent R R R average R’
SI-CANN (Linka and Kuhl, 2023) Ia, 0.992 0.960 0.996 0.982
FICNN (Dammal et al., 2025) Ta, 0.987 0.966 0.954 0.969
FNN (Dammalf et al., 2025) Ta, 0.983 0.984 0.968 0.978
GI-CANN Ta, 0.999 0.997 0.998 0.998
SI-CANN (Linka and Kuhl, 2023) T, 0 0.954 0 0.318
FICNN (Dammal et al., 2025) N 0 0.585 0 0.195
FNN (Damma@ et al., 2025) I 0 0.790 0.589 0.460
GI-CANN Ik, 0.166 0 0.627 0.264
SI-CANN (Linka and Kuhl, 2023) Jays Ta 0.994 0.984 0.952 0.977
FICNN (Dammal et al., 2025) Jay» T 0.996 0.991 0.993 0.993
FNN (Damma@ et al., 2025) T, To 0.997 0.998 0.958 0.984
GI-CANN T+ T 0.998 0.999 1.000 0.999
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Fig. 4. Relative error plots for rubber models. Comparison between the generalized-invariant-based model y(.7,) in (19) and a model y/(I,) based
on the standard invariant I,. The relative error is computed as |%| x 100, where of and 6;; denote the modeled and measured Cauchy stress

u
components, respectively. From left to right: uniaxial tension (ut), equibiaxial tension (bt), and pure shear (ps).

Table 4

Comparison of neural network performance for brain tissue with different neural network approaches and generalized
invariants. Training is performed on uniaxial extension (ut) and uniaxial compression (uc) data, whereas testing is
performed on simple shear (ss) data.

neural network type invariants exponent R Rﬁc RZ average R’
SI-CANN (Linka and Kuhl, 2023) Ta, a, =2 0 0.706 0.875 0.527
FICNN (DammalR et al., 2025) Ik, a, =2 0 0.884 0 0.294
FNN (Dammaf et al., 2025) Ik, 0 0.889 0 0.296
GI-CANN I, 0 0.700 0.879 0.526
SI-CANN (Linka and Kuhl, 2023) T 0.120 0.836 0.879 0.610
FICNN (DammalR et al., 2025) T 0.021 0.927 0.929 0.625
FNN (Dammaf et al., 2025) Tu 0.213 0.926 0.943 0.694
GI-CANN I 0.930 0.998 0.970 0.966
SI-CANN (Linka and Kuhl, 2023) Jay» Ja 0.140 0.832 0.878 0.617
FICNN (DammalR et al., 2025) T oTh, 0.368 0.948 0 0.439
FNN (DammalR et al., 2025) e/ 0.999 1.000 0.948 0.982
PS-CANN (St. Pierre et al., 2023) T 305> Tng 0.926 0.998 0.988 0.974
GI-CANN T 0T, 0.930 0.997 0.972 0.966

is particularly evident in models that use the combined invariant set {J,,, J, }. The two-invariant model achieves a near-perfect fit
R? =0.999, as shown in the bottom section of Table 3, demonstrating the advantage of incorporating flexible representations of the
strain energy function. In contrast, models that use only negative exponents a_, intended to reflect I,-like behavior, perform poorly
for rubber. These models fail to capture the dominant stretch-induced behavior and yield low accuracy, with average R> values
as low as 0.195 for the FICNN and 0.264 for the GI-CANN. The corresponding visualizations show faint or absent blue regions,
confirming the minimal contribution of negative « terms to the stress response.

For the brain data, a different mechanical behavior emerges. Human brain cortex, which deforms under much smaller strains and
exhibits shear-dominant and pressure-sensitive characteristics, responds best to generalized invariants with large negative exponent
values. These values correspond to an I,-like behavior. Remarkably, even a single invariant J; with an optimally chosen negative
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Fig. 5. Relative error plots for brain cortex models. Comparison between the generalized-invariant-based model y(7,) in (20) and a model y(I,)
based on the standard invariant I,. The relative error is computed as | 2% | % 100, where of; and &;; denote the modeled and measured Cauchy
£y

stress components, respectively. From left to right: uniaxial tension (ut), uniaxial compression (uc), and simple shear (ss).

exponent a* = —18.016 proves sufficient to accurately describe the tissue’s response under all loading conditions, uniaxial tension,
uniaxial compression, and previously unseen simple shear. The resulting one-term strain energy function,
w =fig (J_18016) = 0.009kPa- (J_i5016 — 3) s (20

produces an average R = 0.966, significantly surpassing traditional models built around I, or I,. As shown in Fig. 3, the third row
visualizes the dominance of negative a_ contributions through strong blue regions in the stress maps. These patterns emphasize the
model’s reliance on I,-like deformation measures and the negligible role of any positive «, values, which are effectively pruned
by the model’s sparsity-promoting regularization. Indeed, in the columns corresponding to a, > 0, the red-shaded regions vanish,
confirming the absence of positive «, contributions. Among 23 — 1 possible isotropic models based on a single generalized invariant,
our automatically discovered model in (20) exactly aligns with findings in previous studies (Budday et al., 2017; Mihai et al., 2015;
Miller et al., 2000; Mihai et al., 2017) where the models have been manually selected. For example, among five traditional models,
neo-Hookean, Mooney-Rivlin, Demiray, Gent, and Ogden, the one-term Ogden model with a high negative exponent was identified
as the only model that best represents the response of human brain tissue under different loading conditions (Budday et al., 2017).
Moreover, the identified model parameters are close to the parameters recently identified via the efficient unsupervised constitutive
law identification EUCLID (Flaschel et al., 2021, 2023). Notably, the SI-CANN does not have the flexibility to discover the Ogden
model for arbitrary exponent values, whereas the PS-CANN cannot identify models involving exponential or logarithmic functions.
Our new GI-CANN inherently eliminates both these limitations. The relative error plots in Fig. 5 show that the discovered model in
(20) again produces significantly smaller errors than the discovered standard-invariant-based model y (1,) = f;,(I,), which corresponds
to the Gent model. Despite the small-strain regime and the complexity of soft tissue mechanics, these results slightly outperform, or
at least match, those of the Anssari-Benam model (Anssari-Benam, 2023). The strength of the proposed method is again evident: It
automatically discovers a well-suited model without a priori assumptions about the strain energy function and naturally adapts to
the tissue’s shear-dominant and pressure-sensitive response.

Due to the relatively small deformation during the brain experiments, the classical invariants /; and I, have nearly identical
values. As a result, standard models based on either of these invariants produce similar fitting results. This behavior is reflected in
the first and second rows of Fig. 3, where the visualizations across the I,- and I,-like inputs appear nearly indistinguishable. Table 4
corroborates this finding, with models using a = 2 or a = —2 both yielding moderate R? values, but falling short of the high fidelity
achieved with the optimized negative-exponent model. This observation aligns well with previous findings (Dammaf et al., 2025)
and underscores the power of generalized invariants, significantly improving the goodness of fit compared to standard-invariant-based
models. Although the FNN model achieves the highest average R?> = 0.982 when combining both positive and negative invariants with
fixed exponents, this result does not translate into a structurally interpretable formulation. Instead, the GI-CANN model demonstrates
nearly the same accuracy with R? = 0.966, while maintaining interpretability and sparsity. The network naturally suppresses less
relevant inputs, a fact confirmed by the absence of the red-shaded stress contributions in the third row of Fig. 3. Moreover, the
PS-CANN model with a dense range of discrete exponents from —30 to 30 also performs competitively, but lacks the efficiency and
interpretability of GI-CANN’s learned invariant representations.

Taken together, our findings corroborate prior insights reported in the literature. For example, previous work suggested that the
optimal exponents in generalized-invariant-based models differ noticeably across different materials (Anssari-Benam et al., 2024),
but this study required a two-step fitting process and full stress-stretch datasets. Our GI-CANN achieves comparable and often
superior results with single-step training and reduced data requirements. The model’s predictive power, evaluated by the coefficient
of determination R?, consistently outperforms standard invariant neural models, constitutive neural networks (Linka and Kuhl,
2023), unconstrained feedforward neural networks, and fully input convex neural network (Dammalf3 et al., 2025) across all test
configurations.

4. Conclusion and outlook

In this study, we propose a new class of constitutive neural networks that integrates standard-invariant-based and principal-stretch-
based constitutive artificial neural networks as special cases: generalized-invariant-based constitutive artificial neural networks or
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GI-CANNs. We demonstrate the performance of our new GI-CANNs using two complementary datasets for rubber and for human
brain tissue. Our results highlight the versatility and robustness of the proposed GI-CANN framework in discovering interpretable
and accurate constitutive models across different material classes. By relying on generalized invariants J, (Anssari-Benam et al.,
2024), GI-CANN circumvents the limitations of previous approaches that require an a priori specification of the strain energy function
and manual selection of relevant invariants. Instead, both the structure of the invariants and the form of the strain energy function
are discovered directly from data. This approach proves particularly effective for soft matter, such as rubber and brain tissue.

Our findings align well with the trends of recent studies that also reported the advantage of a flexible invariant design in capturing
the complex behavior of soft materials (Kumar and Brassart, 2023; Dammal} et al., 2025). Our results extend this observation by
directly comparing different classes of neural network formulations and by optimizing the invariant exponents to adapt to the
material-specific responses.

For rubber, our findings confirm that the optimal invariant structure is closely aligned with the classical first invariant
I,, consistent with well-established models including the neo-Hookean or Mooney-Rivlin formulations, that reflect the general
notion that rubber exhibits an entropic elasticity, meaning that the majority of its elastic response arises from changes in chain
conformational entropy, rather than from changes in internal energy (Treloar, 1975). At the macroscopic level, the first invariant
captures the average chain extension (Kuhl and Goriely, 2024) and the elastic energy in rubber is mostly stored through entropic
effects related to molecular chain extension (Treloar, 1975). The best-performing GI-CANN models feature positive exponents a,,
suggesting that stretch-dominant behaviors are well captured by J,, -type invariants. For brain tissue, in contrast, the data are
better represented using J, with large negative exponents. This suggests that the molecular origin of elasticity in brain tissue is
fundamentally different than in rubber.

Despite these promising results, several limitations remain, opening the door for further investigations. First, our current
implementation is restricted to isotropic materials and assumes incompressibility. Extending the GI-CANN to anisotropic or
compressible formulations would require careful adaptation of the invariant structures and associated input features. Second,
although the GI-CANN discovers optimal exponents ¢* during training, the physical interpretation of highly negative values can
be challenging (Anssari-Benam et al., 2022). However, similar exponents have been reported in previous studies (Budday et al.,
2017; Mihai et al., 2015; Miller et al., 2000; Mihai et al., 2017; Flaschel et al., 2023), indicating that such values are commonly
used to capture nonlinear material behavior. While these exponents improve predictive accuracy, their mechanistic meaning is still
partially open, and future work could incorporate physics-informed constraints (Raissi et al., 2019) or Bayesian priors (Linka et al.,
2025) to guide « toward more interpretable ranges. Third, the training process, while automated, still requires hyperparameter
tuning of both the network architecture and the regularization process. The current choices were selected empirically based on
validation performance and motivated by previous works to ensure comparability. Finally, while GI-CANN performs well even with
limited experimental data, the accuracy of discovered models depends on the quality and diversity of the training data. In particular,
if the loading conditions fail to sufficiently excite the relevant deformation modes, the learned invariants may not generalize. This
issue is especially pertinent for biological tissues, where experimental datasets are often sparse or noisy. However, at present, no
universal protocol exists, but we chose the deformation modes reported here to ensure comparability with prior studies (Linka and
Kuhl, 2023; Linka et al., 2023; Dammalf3 et al., 2025).

Overall, generalized-invariant-based constitutive artificial neural networks provide a compelling tool to discover interpretable
models for soft matter systems by combining physical insight with data-driven flexibility. Future work will explore extensions to
time-dependent behavior, anisotropy, and uncertainty quantification to broaden the applicability, robustness, and adaptation of the
approach.
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Table A.5

Cauchy stress data for rubber and brain cortex under various deformation modes. Rubber is tested in uniaxial tension (ut), equibiaxial tension

(bt), and pure shear (ps), with stress in MPa (Treloar, 1944) Brain cortex is tested in uniaxial tension (ut), uniaxial compression (uc), and simple

shear (ss), with stress in kPa (Budday et al., 2017).
Rubber (MPa)

Brain cortex (kPa)

ut bt ps ut uc ss

A o1l A o1 A o1 A o1 A o 14 o2
1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 1.00 0.00 0.00 0.00
1.13 0.15 1.08 0.17 1.05 0.07 1.01 0.03 0.99 —0.03 0.01 0.01
1.41 0.47 1.15 0.26 1.13 0.18 1.01 0.05 0.98 —-0.08 0.03 0.03
1.89 0.98 1.21 0.40 1.20 0.28 1.02 0.07 0.97 -0.13 0.04 0.05
2.45 1.67 1.32 0.58 1.33 0.44 1.03 0.08 0.97 -0.18 0.05 0.06
3.06 2.65 1.43 0.74 1.45 0.61 1.03 0.10 0.96 -0.23 0.06 0.08
3.62 3.83 1.70 1.12 1.86 1.10 1.04 0.12 0.96 -0.28 0.08 0.13
4.06 5.03 1.95 1.51 2.40 1.84 1.05 0.16 0.95 -0.33 0.10 0.15
4.82 7.71 2.50 2.42 2.99 2.83 1.06 0.19 0.94 —0.40 0.11 0.18
5.41 10.50 3.04 3.82 3.50 3.39 1.06 0.21 0.94 —-0.47 0.13 0.22
5.79 13.30 3.44 5.07 3.98 5.16 1.07 0.24 0.93 -0.53 0.14 0.26
6.23 16.70 4.03 7.95 4.39 6.50 1.08 0.27 0.92 -0.61 0.15 0.31
6.96 26.40 4.26 9.50 4.72 7.76 1.09 0.33 0.91 -0.70 0.16 0.37
7.25 32.60 4.45 10.90 4.99 9.08 1.09 0.37 0.91 —0.80 0.18 0.45
- - - - - - 1.10 0.45 0.90 -1.03 0.20 0.54

Table B.6

Model specification for rubber. Discovered material parameters for SI-CANN and GI-CANN in the general strain energy function in (13). The
corresponding values of the exponents a and goodness of fit are given in Table 3.

Network weights Model term SI-CANN GI-CANN SI-CANN GI-CANN SI-CANN GI-CANN
S=1(2) S = (R*) S ={(-2} S=(R") S={-22} S ={R}

w'd[MPa] [T, =31 0.137 0.227 - - - 0.175

wi [MPa] [J, -3l - - 0.015 108.744 0.015 0.025

Wi Tl=1, wiy [MPa] exp(ld,, 3D -1 0.048, 0.355 0.107, 0.297 - - 0.007, 0.132 -

wh (=], wy; [MPa] exp(l], =3 -1 - - - - 0.050, 0.057 0.304, 0.303

wll‘f][—], w'l"2 [MPa]
wlz‘f][—], w'z'?z [MPa]

In(1 = [J,, =31 - - - - - -
In(l - [J, —3D - - - - - -

Table B.7
Model specification for brain cortex. Discovered material parameters for SI-CANN and GI-CANN in the general strain energy function (13). The
corresponding values of the exponents a and goodness of fit are given in Table 4.

Network weights Model term SI-CANN GI-CANN SI-CANN GI-CANN SI-CANN GI-CANN
S={2} S ={R"} S={-2} S={R"} S ={-2,2} S = (R}

w'![kPa] [T, =31 0.997 - - _ _ _

wit [kPa] [J, -3 - - - 0.009 - -

Wi Tl=1 wiy [kPa] exp([J,, —=3D—1 - 0.703, 0.626 - - - -

w1 wsd kPal  expT, -3D-1 - - - - - 0.096, 0.096
wy' (=1, wy, [kPa] In(1 - [J,, = 3D - - - - - -

wh (=], wh, [kPa] In(1 - [J, -3 - - 1.090, 0.921 - 1.064, 0.941 -

Appendix A. Experimental stress-strain and stress-stretch data
See Table A.5.
Appendix B. Discovered model parameters

See Tables B.6 and B.7.

Data availability

Our source code, data, and examples are available at https://github.com/LivingMatterLab/CANN.
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