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ARTICLE INFO ABSTRACT
Keywords: Material Fingerprinting is an emerging approach for the rapid discovery of mechanical material
Material model discovery models directly from experimental data. By interpreting a material’s response in standardized ex-
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periments as its fingerprint, Material Fingerprinting employs pattern recognition to match exper-
imental data against a precomputed database, enabling real-time model discovery. This strategy
is both fast and robust, as it avoids solving potentially non-convex optimization problems. Unlike
traditional calibration methods, Material Fingerprinting simultaneously selects the most suitable
material model and identifies its parameters. Since the fingerprint database is fully controllable,
the method guarantees interpretable and physically meaningful models. In previous work, we
showed the feasibility of this concept for experiments with homogeneous or heterogeneous defor-
mation fields using synthetically generated data. Here we present the first experimental validation
of Material Fingerprinting. We carefully design a fingerprint database for uniaxial tension/com-
pression, equibiaxial tension as well as pure and simple shear experiments. Once computed in an
offline phase, this database can be reused for rapid model discovery across diverse experimental
datasets. We demonstrate that this single database enables the robust and efficient discovery of
hyperelastic strain energy functions to accurately characterize the isotropic mechanical responses
of rubber, hydrogel, and brain tissue in less than one second on a standard personal computer.
To make this approach openly accessible for rapid material model discovery across laboratories,
we release the database and the implementation of Material Fingerprinting as a pip-installable
Python package alongside this publication.

1. Introduction

The accurate characterization of the mechanical behavior of soft materials is fundamental for predicting their response under
complex loading conditions in engineering and biomedical applications (Lemaitre and Chaboche, 1994; Avril et al., 2008; Pierron
and Grédiac, 2020; Roux and Hild, 2020; Romer et al., 2025). Traditionally, this task has been addressed by calibrating parameters of
phenomenological constitutive models (Hartmann, 2001; Boyce and Arruda, 2000) or, more recently, by training alternative machine
learning-based models (Ghaboussi et al., 1991; Mozaffar et al., 2019; Masi et al., 2021; Klein et al., 2022; Rosenkranz et al., 2023; Fuhg
et al., 2024). In both cases, the calibration process requires solving optimization problems that are often computationally expensive,
susceptible to non-convexity, and prone to getting stuck in local minima. Ensuring the physical admissibility of the discovered models
further complicates these optimization-based approaches (Xu et al., 2025).
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However, alternative strategies are available that bypass the need for predefined constitutive models. On one hand, model-free
approaches bypass explicit constitutive equations and operate directly on experimental data instead (Kirchdoerfer and Ortiz, 2016;
Ibanez et al., 2018). On the other hand, automated model discovery aims to identify interpretable constitutive equations from data
using symbolic or sparse regression (Schoenauer et al., 1996; Versino et al., 2017; Guan et al., 2019; Flaschel et al., 2021; Wang
et al., 2021, 2022; Linka et al., 2023; Abdusalamov et al., 2023; Martonova et al., 2024, 2025; Kissas et al., 2024; Boes et al., 2024;
Abdolazizi et al., 2025; Thakolkaran et al., 2025). While these approaches reduce the reliance on predefined constitutive forms, they
still rely on optimization, which may be costly or unstable in practice.

All of these approaches-whether based on calibration, machine learning, or symbolic discovery—ultimately rely on solving op-
timization problems, which often face challenges such as long computation times and the presence of multiple local minima due
to non-convex objective functions. To address these issues, we recently proposed Material Fingerprinting (Flaschel et al., 2025b),
a database-driven approach that reinterprets material characterization as a pattern recognition task. The central idea of Material
Fingerprinting is that each material exhibits a unique mechanical fingerprint when tested under standardized loading conditions. The
method consists of two stages: In the offline phase, Material Fingerprinting precomputes a database of fingerprints that represents a
wide range of models and parameters, while in the online phase, it matches experimental data against this database to identify the
best-fitting entry.

Similar database-driven strategies have proven successful in other domains: for example, magnetic resonance fingerprinting in
medical imaging (Ma et al., 2013; McGivney et al., 2014), lookup-based stiffness estimation in cell mechanics (Wittwer et al., 2023),
and viscoelastic model calibration in rheology (Rouze et al., 2018; Trutna et al., 2019, 2020a,b). Yet, to date, their use for mechanical
model discovery remains unexplored. Material Fingerprinting differs by automatically discovering both the structure and parameters
of constitutive models, without assuming a fixed functional form, and by being applicable to heterogeneous deformation fields.

This approach offers several advantages over traditional calibration strategies. Material Fingerprinting simultaneously identifies
both the constitutive structure and the associated parameters, eliminating the need to assume a functional form in advance. Because
the database is precomputed, model discovery does not require solving optimization problems and is therefore computationally
efficient and robust. By avoiding optimization altogether, Material Fingerprinting also circumvents the problem of non-convex loss
landscapes and the risk of convergence to local minima. Furthermore, the database can be fully controlled during construction,
ensuring that only interpretable and physically admissible models are discovered. Finally, the concept is versatile and applicable to
both homogeneous and heterogeneous experimental setups, as well as to different classes of material models.

In our earlier work, we demonstrated the feasibility of Material Fingerprinting using synthetic data for both homogeneous and
heterogeneous deformation fields (Flaschel et al., 2025b). However, until now, we have not yet validated Material Fingerprinting on
real experimental data. Moreover, the initial framework was limited to uniaxial tension/compression and simple shear experiments
in a supervised setting.

The present study provides the first experimental validation of Material Fingerprinting. Specifically, we extend the framework in
three key ways: First, we construct a more comprehensive fingerprint database that now includes not only uniaxial and simple shear
tests but also pure shear and equibiaxial tension/compression, thereby broadening the range of deformation modes accessible for
model discovery. Second, we design the database to be flexible, allowing for the selective inclusion of relevant subsets depending on
the available experiments. Third, we propose an interpolation strategy that enables Material Fingerprinting to match the experimental
data, even when the deformation states do not perfectly coincide with those precomputed in the database. In this work, we focus
purely on experiments with homogeneous deformation fields, as opposed to heterogeneous tests with full-field deformation data
(Grédiac, 1989; Pierron and Grédiac, 2012; Roux and Hild, 2020; Wang et al., 2021; Flaschel et al., 2021; Anton and Wessels, 2022;
Wiesheier et al., 2024; Moreno-Mateos et al., 2025; Shojaee et al., 2025; Ghouli et al., 2025).

We validate the method on three canonical isotropic, incompressible hyperelastic materials: (i) rubber at different temperatures,
characterized in Treloar’s classical experiments (Treloar, 1944), (ii) human brain tissue, characterized for different brain regions
(Budday et al., 2017), and (iii) a polymer hydrogel characterized under biaxial strain (Yohsuke et al., 2011). Rubber remains the
benchmark material for hyperelastic modeling due to its well-characterized stress response over a wide range of strains and temper-
atures (Ogden, 1997). Brain tissue exemplifies the challenges of modeling soft biological materials, with pronounced nonlinearity,
regional heterogeneity, and sensitivity to small deformations (Mihai et al., 2015a; Anssari-Benam et al., 2022). Polymer hydrogels
represent a class of synthetic soft materials with high water content, bridging the gap between classical elastomers and biological tis-
sues. Collectively, these three materials provide a diverse testbed to assess the robustness and predictive capabilities of the proposed
Material Fingerprinting methodology.

By applying Material Fingerprinting in a supervised setting, we demonstrate that a single fingerprint database enables rapid,
robust, and interpretable discovery of hyperelastic models that accurately reproduce the experimental responses of these distinct
materials. This contribution bridges the gap between the theoretical feasibility and practical applicability of Material Fingerprinting.
Beyond validating the method experimentally, we release our extended database and software as a pip-installable Python package,
providing the community with an openly accessible tool for material model discovery across laboratories.

2. Material Fingerprinting

In the following, we summarize the main concepts underlying Material Fingerprinting (Flaschel et al., 2025b). Here, we extend the
original framework by introducing a more comprehensive database that also includes pure shear and equibiaxial tension/compression
experiments. We design this database to be used flexibly. Depending on the available experimental data, we can selectively load the
relevant database subsets for Material Fingerprinting. Further, we propose an interpolation strategy to facilitate material model
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Fig. 1. Workflow for supervised Material Fingerprinting with experimental data. In the offline phase, virtual tests under different loading
conditions are used to generate a database of material fingerprints. In the online phase, the experimentally measured fingerprint f* as well as the
database of full fingerprints £ are processed into reduced and normalized fingerprints, f* and f° @ and the measurement is compared against the
precomputed database using pattern recognition. This enables the identification of the closest matching fingerprint and thereby the rapid discovery
of the underlying material model and its parameters.

discovery with Material Fingerprinting for cases when the experimental data provide deformation levels that differ from those in the
database. Fig. 1 provides a schematic workflow for supervised Material Fingerprinting for experimental data as described in detail in
the following subsections.

2.1. Database

In an offline phase, we generate a general database for experiments with homogeneous deformation fields at large deformations
that we will then use for Material Fingerprinting on all experimental datasets considered in this work. We focus on incompressible
hyperelasticity, such that the material models are defined through the strain energy density function

W(F;0,a) = W(F;0,a) - plJ — 11, 1)

where F is the deformation gradient with determinant J = det(F), and p is a Lagrange multiplier enforcing the incompressibility
constraint J = 1. We note that, in the fully incompressible limit J = 1 considered throughout the work, the volumetric term p[J — 1]
does not contribute to the strain energy density in Eq. (1), but it remains essential to recover the correct stress components. The
vectors 6 and a contain material parameters. We distinguish between homogeneity parameters 6, which fulfill the property

W(F;a0,a)=a W(F;0,a), VacR, (2)

and non-homogeneity parameters a that do not fulfill this property in general. The first Piola stress, or nominal stress, follows from
the strain energy density function through differentiation

_OW(F;0,a)

P(F;0,a) IF

3
For the load cases considered in this work, we compute the Lagrange multiplier p by considering the constraint P;; = 0, see Appendix A.
The Lagrange multiplier scales linearly with the homogeneity parameters 6, p(F;a 0, @) = a p(F; 6, a), and due to the linearity of the
differentiation operator, we notice that this condition generalizes to the entire first Piola stress

P(F;a0,a)=a P(F;0,a), VacR. 4

For generating the database, we follow our initial work (Flaschel et al., 2025b) and consider the isotropic incompressible Blatz-Ko
(Blatz and Ko, 1962), Demiray (Demiray, 1972), Gent (Gent and Thomas, 1958), Holzapfel-type (Holzapfel et al., 2004), Mooney-
Rivlin (Rivlin, 1950), Neo-Hooke (Treloar, 1944), and Ogden (Ogden, 1972) models. Table 1 details the strain energy densities and
the chosen parameter ranges for generating the fingerprints for each model.

For each material model and each parameter instantiation, we generate the materials’ fingerprints considering uniaxial tension/-
compression (UT), simple shear (SS), pure shear (PS), and equibiaxial tension/compression (ET) experiments. In particular, by as-

3
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Table 1
Material models considered during database generation in the supervised setting.
Models Strain energy density W Parameters ranges # Fingerprints
Blatz-Ko 01, —3]—plJ - 1] 6, =1.0 1
Demiray 6r[exp(az[l; —3]1) — 11— plJ - 1] 6, = 1.0, a €[0.1,50.0] 500
Gent =03 In(1 — a3[l; — 3]) — p[J — 1] 6; = 1.0, a3 € [0.1,50.0] 500
Holzapfel-type 04[exp(a4[11 - 3]2) —1]-p[J—-1] | 64 =1.0, @4 € [0.1,50.0] 500
Mooney-Rivlin | 6s[1; — 3] + 6,1, — 3] — plJ — 1] 65 € [0.1,50.0], 6, = 1.0 500
Neo-Hooke 6s[1, — 3] — plJ — 1] 65 =1.0 1
Ogden 06[/1‘1“ + /lg6 + /l‘;6 —3]-plJ=11' | 65 = 1.0, as € [-25.0,25.0] 500
ng = 2502

!'The positive parameter 6, replaces the classical leading Ogden parameter u/ag. The shear modulus can be computed
through u = 6, aq.

suming material incompressibility, we consider four deformation modes characterized by the following deformation gradients

Fyr = diag { Ayr. 1/y/Ayr. 1/4/ Ayt 1.

{
Fgg=diag{1,1,1} +755€; Q@ ey, ®)
{
{

Fpg = diag { Apg, 1, 1/4pg },

Fgr = diag { Agr, Apr. 1/4%; .

where the term ygge; ® e, indicates shear in the e e,-plane in the e, direction. We evaluate these deformation modes at nyr =
npg = ngp = 1000 equidistant stretch levels Ayr, Apg, Agr between 0.1 and 10, respectively, and at ngg = 1000 equidistant shear strain
levels ygg between 0 and 10. We intentionally chose these stretch and strain ranges to exceed the ranges of common physical exper-
iments to build a database that generalizes Material Fingerprinting to various experimental datasets. For each material model and
each parameter instantiation, we compute the first Piola stress component P, for uniaxial tension/compression, pure shear, and
equibiaxial tension/compression, and the shear stress component P;, for simple shear across all stretches and shear strain ranges;
see Appendix A for a detailed description of the stress computations for all deformation modes and all considered material mod-
els. The computed stress components are then concatenated in the fingerprint vectors f € R"/ with n ¢ = nyr + ngg + npg + ngr and
i=1,...,n,, where n, is the total number of generated fingerprints as exemplified in Table 1. We store all n, fingerprints alongside
the corresponding material model information in the database. Importantly, we only need to generate this database once; from now
on, it can be repeatedly used for rapid material model discovery with Material Fingerprinting.

Some of the models considered during the database generation result in nonphysical stress responses under extreme deformations.
Specifically, the Gent model exhibits a singularity from a zero in its denominator, and the Demiray and Holzapfel-type models result
in unrealistically high stress values because of their exponential nature. Despite these unrealistic responses, we keep the fingerprints
of these models in the database, as these models might be preferred choices for materials that are subjected to small or moderate
strains, such as, for example, tissues in biomedical applications. As we show in the subsequent section, our algorithm is designed such
that only those entries of the fingerprints that fall within the stretch/strain range of the experimental data are eventually considered.

The computation of each fingerprint depends on the chosen material model and its parameters, that is, f’(6, a). Because the
fingerprints contain only stress measurements that fulfill the homogeneity property in Eq. (4), f7(a 6, a) = a £(6, @). Scaling the
homogeneity parameters only changes the magnitude of the fingerprint vector while its direction remains unchanged. Therefore,
storing a single fingerprint for parameters 0 and « in the database makes it unnecessary to generate additional fingerprints for scaled
parameters a 0 and a. As we demonstrate in Section 2.2, once a material model has been discovered by the pattern recognition
algorithm, the scaling parameter a, which determines the correct magnitude of the parameter vector 6, can be computed directly.

In contrast to our original strategy, in which we stored normalized fingerprints in the database that could be directly used for
pattern recognition (Flaschel et al., 2025b), we now store fingerprints that are not normalized. We shift the fingerprint normalization
to the online phase, during which we know the precise experimental ranges of stretches/strains. In this way, the database can be used
for Material Fingerprinting, even if the experimental data is provided at different deformation states than those considered during
the database generation, as we describe in Section 2.2.

2.2. Pattern recognition

In this section, we focus on the pattern recognition step at the core of Material Fingerprinting, which we employ in the online
phase to discover a material model from the available experimental data using the precomputed database of fingerprints. Since the
deformation states applied during the experiments may differ from those represented in the database, a preprocessing step is required
before the actual pattern recognition can take place. This preprocessing aligns the experimental data with the fingerprint database by
matching their deformation states. The experimentally measured data may include uniaxial tension/compression, simple shear, pure
shear, or biaxial tension/compression data — or arbitrary combinations of these — at imposed stretch/strain levels Ayt, vss. Aps. ApT-
To enable comparison, we use linear interpolation to approximate the experimental stresses at the stretch/strain levels represented

4
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Fig. 2. Illustration of the pattern recognition algorithm at the core of Material Fingerprinting using uniaxial tension, equibiaxial tension, and
pure shear tests of rubber at 20 °C. The measurement f~, illustrated by a black curve, is compared to all entries in the database, illustrated by
colored regions. The database entries are grouped and visualized separately for each model, excluding simple models that have a single parameter
only. The top row illustrates all fingerprints in the database. The bottom row shows only those fingerprints that are physically reasonable for
the stretch/strain range of the experiment, that is, excluding curves with singularities and unrealistically large stress values. As the considered
experimental data contains stretches up to Ayr = 7, the exponential Demiray and Holzapfel-type models in our database exhibit unrealistically large
stress responses.

in the fingerprint database. If a stretch/strain level in the database lies beyond the experimental range, we set the corresponding
stress value to zero. This procedure yields a measured fingerprint vector f* € R"/, which is sparse wherever no experimental data
are available.

We then compare the measured fingerprint f* € R"/ with the fingerprint database to discover the best-matching material model.
To this end, we construct the reduced fingerprint vectors f, J* € R/, with A + <ny, which contain only those entries of f® and
[ for which experimental data are available - that is, where f* is nonzero. Then, we normalize the reduced fingerprint vectors and
the corresponding homogeneity parameters in the database

Q) Ak

Foo S g 00 g S
I I 171

Lr1 L1

Finally, we determine the closest fingerprint in the database by evaluating the inner product of the measured fingerprint with each

entry in the database and selecting the one with the largest inner product

i* = arg max f(i) - @)

i=1,....,n4

©)]

As the inner product of the fingerprints f(i) and f" is related to the cosine of the angle ) between the fingerprint vectors, it is also
denoted as cosine similarity cs®

"5

es =cos(p) = ——=— =" J". (®)
(Wi (WA
Further, because cos™! is monotonically decreasing, we obtain
i* = arg max cos(ﬂ(i)) = arg min ﬂ(i). ()
i=1,...,ny i=1,...,n4

This implies that we can interpret the pattern recognition algorithm as finding the smallest angle between the measured fingerprint and
all fingerprints in the database, see Fig. 1. Fig. 2 illustrates the pattern recognition algorithm for a representative rubber experiment.

After identifying the most suitable i*, the functional form of the material model is known and we compute the associated material
parameters by rescaling the parameters from the database. Specifically, we identify the parameters as

o = 1718 and a« =al, (10)

The pattern recognition algorithm is markedly more efficient than optimization-based model discovery methods. The computa-
tional performance of Material Fingerprinting is demonstrated in Appendix B through a comparison with the EUCLID framework
(Flaschel et al., 2023).
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Table 2

Summary of the discovered constitutive models for different materials. The table lists the material, the model type discovered
through Material Fingerprinting, the specific model formula including fitted parameters, the average coefficient of determination
R? across all tested experiments, and cosine similarity cs. Rubber and hydrogel are listed first, followed by the four brain regions
(CX, CR, BG, CQ).

Material Discovered Model | Formula Average R? cs

rubber 20 °C | Gent ~14.0401 [In (1 - 0.0103(Z, — 3))] - pl[J — 1] 0971 0.996
rubber 50 °C | Gent ~12.4495 [In (1 - 0.0133(Z, — 3))] - pl[J — 1] 0.963 0.988
hydrogel Mooney-Rivlin 2.5459(1) — 3) + 0.2546(1, — 3) — p[J — 1] 0.989 0.999
brain CX Ogden 0.0078 [4711 + 2,11 + 4511 = 3] - p[J - 1] 0.965 0.998
brain CR Ogden 0.0023 [ ;24 + 4,244 4 15244 = 3] - p[J - 1] 0.952 0.994
brain BG Ogden 0.0040 [ 27187 + 25187 + 15187 = 3] — p[J — 1] 0.980 0.997
brain CC Ogden 0.0012[4;50 + 1550 + 2350 - 3| - plJ - 1] 0.935 0.994

2.3. Python package for Material Fingerprinting

The previously described methods for Material Fingerprinting are implemented in Python using the NumPy library. Both the
code and the accompanying database are distributed as an openly available, pip-installable package (Flaschel et al., 2025c). This
facilitates a user-friendly application of Material Fingerprinting without having to regenerate the database. The following code
demonstrates the rapid discovery of a material model for an exemplary dataset:

# pip install material-fingerprinting

# https://github.com/Material -Fingerprinting/material -fingerprinting

import material_fingerprinting as mf

F11_UT = np.array([1.00, 1.13, 1.41, 1.89, 2.45, 3.06, 3.62, 4.06, 4.82,
5.41, 5.79, 6.23, 6.96, 7.25])

P11_UT = np.array([0.00, 0.136, 0.334, 0.519, 0.680, 0.866, 1.06, 1.24,
1.60, 1.95, 2.30, 2.68, 3.78, 4.49])

m = mf.Measurement ("uniaxial tension/compression", F11_UT, P11_UT)

mf.discover ([m]) # or multiple measurements with mf.discover ([ml,m2])

In the current implementation, the database is downloaded and stored locally during package installation. In future releases, we
plan to host the database in the cloud to enable a more lightweight Python package. For all results presented in this work, we use
Material Fingerprinting version 0.1 .3 for material model discovery.

3. Experimental data

We validate our Material Fingerprinting with experimental stress-stretch/strain data for three types of soft materials: rubber,
hydrogel, and brain tissue. The data for vulcanized rubber include uniaxial tension, equibiaxial tension, and pure shear tests at two
temperatures, 20°C and 50°C (Treloar, 1944). The cross-linked polyacrylamide hydrogel data comprise uniaxial tension, equibiaxial
tension, and pure shear tests (Yohsuke et al., 2011). Although hydrogels often exhibit rate-dependent behavior, the latter work
reported negligible differences between tests at 1 mm s~! and 10 mm s~!, indicating quasi-static, equilibrium responses without
significant viscoelastic effects. The brain tissue data include four anatomical regions — the cortex (CX), corona radiata (CR), basal
ganglia (BG), and corpus callosum (CC) — with tests in uniaxial tension, uniaxial compression, and simple shear (Budday et al.,
2017). While brain tissue is known to be viscoelastic, the data used here are averages of the loading and unloading curves, providing
an effective quasi-static characterization suitable for model validation. All experimental stress-stretch/strain pairs are summarized
in Appendix E, see Tables E.1,E.2,E.3 for rubber, hydrogel and brain data, respectively.

4. Results and discussion

As a representative example, Fig. 2 depicts the pattern recognition algorithm for the vulcanized rubber tested at 20°C. We apply
this strategy to all experimental datasets.

Table 2 summarizes the discovered models, and Fig. 3 to 5 illustrate our results by directly comparing the experimental stress-
stretch or stress-strain data with the discovered models from the Material Fingerprinting process. The consistent agreement across
loading modes and materials highlights the ability of Material Fingerprinting to extract interpretable constitutive models directly
from data without prescribing functional forms or solving nonlinear optimization problems. We assess the goodness of fit in terms of
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(b) Rubber at 50°C.
Fig. 3. Stress-stretch data and discovered models for rubber at two temperatures (Treloar, 1944) Experiments are performed in uniaxial

tension, pure shear, and equibiaxial tension. Plots show experimental data and predictions with discovered Gent-type model. Specific model formulas
are given in Table 2.
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Fig. 4. Stress-stretch data and discovered models for hydrogel (Yohsuke et al., 2011). Experiments are performed in uniaxial tension, pure
shear and equibiaxial tension. Plot shows experimental data and predictions with discovered Mooney-Rivlin-type model. Specific model formula is
given in Table 2.

the coefficient of determination,
™ (P<k> _ f,(k))z
- k=1 \ " ij
EEE———
N ® 5
=i (Pij - Pij)

where Pi(jk) denotes the experimentally measured stress component at data point k, ﬁ,.j is the mean value of the experimental

R2 an

stresses, and 131.(1.1‘) is the corresponding model prediction. In addition, we report the cosine similarity cs € [—1, 1] according to
Eq. (8).

For the vulcanized rubber tested at 20°C and 50°C, Material Fingerprinting guided the selection of a Gent-type model specified in
Table 2 that closely follows the experimental measurements under uniaxial tension, pure shear, and equibiaxial loading in Fig. 3. The
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(d) Brain corpus callosum (CC).

Fig. 5. Stress-stretch and stress-strain data and discovered models for brain tissue in four regions (Budday et al., 2017). Experiments are
performed in uniaxial tension, uniaxial compression, and simple shear. Plots show experimental data and predictions with discovered Ogden-type
model. Specific model formulas are given in Table 2.
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discovered models achieved average R? values of 0.973 at 20°C and 0.963 at 50°C. Neural network-based approaches (Linka and Kuhl,
2023; Sarah R. et al., 2023; Dammalf et al., 2025; Martonova et al., 2025) have reported very high accuracies for this dataset, with
generalized-invariant-based constitutive neural networks reaching up to R? = 0.999 (Martonova et al., 2025). Our results are slightly
below this value. However, they were obtained without solving an optimization problem or tuning network architectures. Notably,
our discovered Gent model involves only two parameters, whereas the aforementioned constitutive neural networks require at least
four. In addition, because of the discrete nature of our Material Fingerprinting approach, our fingerprinting material parameters
will always remain discrete approximations of the parameters discovered with constitutive neural networks. We anticipate that
both enriching our database with more complex models and refining the screened parameter range will yield comparable fitting
performance.

For the polyacrylamide hydrogel in Fig. 4, Material Fingerprinting discovered a Mooney-Rivlin-type model specified in Table 2
with an average R? = 0.991. This relatively high value is comparable to the results produced by the recent, more complex Anssari-
Benam model (Anssari-Benam, 2023), achieving a slightly higher accuracy of R? = 0.999. The key distinction is that the latter required
optimization of a predefined strain energy function, while Material Fingerprinting automatically recovered a comparable formulation
without preselection or parameter fitting.

For brain tissue in Fig. 5, we distinguished between cortical (CX), corona radiata (CR), basal ganglia (BG), and corpus callo-
sum (CC) regions. For all four regions, Material Fingerprinting discovered Ogden-type incompressible hyperelastic models specified
in Table 2. For the basal ganglia, the discovered model achieved the best average fit with R?> = 0.980, while for the corpus cal-
losum, the average was R? = 0.935, with somewhat reduced accuracy in the shear prediction. These findings are consistent with
previous studies where constitutive models were manually selected (Miller et al., 2000; Mihai et al., 2015b, 2017; Budday et al.,
2017), as well as with automatic model discovery approaches (Flaschel et al., 2023; Martonova et al., 2025), which discovered
Ogden-type models with high negative exponents, but relied on solving an underlying optimization problem. In contrast, Mate-
rial Fingerprinting automatically discovers the model directly from experimental data without the need for optimization, achieving
comparable accuracy while simplifying the workflow and significantly reducing the time required for region-specific brain tissue
characterization.

We demonstrate the differences in stress predictions among constitutive models in Appendix C by comparing the top five hy-
perelastic models discovered by Material Fingerprinting, using the rubber dataset at 20 °C as an example for both the full and the
lower-stretch ranges. Further, we present the extrapolation behavior of Material Fingerprinting for unseen deformation modes in
Appendix D. Interestingly, for all considered materials except for the brain cortex and the hydrogel, experimental data from uniaxial
tension tests are sufficient to discover the most suitable model in the database via Material Fingerprinting.

Overall, the combined plots confirm that the Material Fingerprinting methodology provides a compact and discriminative rep-
resentation of complex experimental data. This representation facilitates the automatic discovery of suitable constitutive models,
ensuring that the predictions remain consistent with experimental responses across materials, loading modes, and environmental
conditions, while offering a decisive advantage in speed and interpretability. We emphasize that both the online and offline phases
require less than one second on a standard personal computer, which is orders of magnitude faster than typical optimization-based
procedures.

5. Conclusions and outlook

In this work, we presented the first experimental validation of Material Fingerprinting across a diverse set of isotropic incompress-
ible hyperelastic materials, including vulcanized rubber, hydrogels, and soft biological tissues. By interpreting stress-stretch responses
as material fingerprints, the method automatically discovers suitable strain energy functions without prescribing model families or
solving complex nonlinear optimization problems. The discovered models achieved excellent agreement with experimental data, with
average R” values of 0.971 and 0.963 for rubber at two temperatures, 0.989 for hydrogel, and 0.965, 0.952, 0.980, and 0.935 for four
distinct brain regions.

Our results confirm that Material Fingerprinting can recover constitutive models that are consistent with both manually calibrated
formulations and advanced neural network-based discovery strategies. While neural network approaches achieve comparable accu-
racies, they require extensive training and parameter optimization, often resulting in black-box representations. In contrast, Material
Fingerprinting discovers interpretable closed-form strain energy functions in less than a second at a fraction of the computational
cost, leveraging a precomputed database that can be reused across a wide variety of experiments.

Looking forward, several avenues for extension emerge: The concept of Material Fingerprinting is not limited to the models
presented in the current database and is applicable beyond isotropic hyperelasticity. It can be extended and generalized to various
model combinations or to anisotropic, rate-dependent, and dissipative responses, as well as multiscale or multiphysics formulations.
Increasing the breadth and resolution of fingerprint databases will further enhance model discovery, while integration with high-
throughput experimental platforms could enable near real-time constitutive characterization. Finally, making the approach broadly
available as an open-source Python package will democratize the method, support adoption across laboratories, and facilitate the
development of a shared fingerprint repository for materials.

In summary, Material Fingerprinting provides a robust, rapid, interpretable, and broadly applicable framework for material model
discovery, with the potential to complement and, in many cases, replace optimization- or neural network-based calibration strategies
in computational mechanics and materials science.
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Code and data availability

Accompanying this publication, we release a pip-installable Python package for supervised Material Fingerprinting, along with the
generated fingerprint database (Flaschel et al., 2025c). All results presented in this work were obtained using Material Fingerprinting
version 0.1.3. Installation instructions, documentation, and examples are available on GitHub:

https://github.com/Material-Fingerprinting/material-fingerprinting.
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Appendix A. Stress components for incompressible load cases

In the following, we summarize the stress responses computed for all material models under the different load cases (Flaschel
et al., 2025b). We consider an incompressible, isotropic hyperelastic solid with isochoric strain energy

W =W, ,L)-plJ =11 or W =W, Ay4;)—plJ — 11,

where I, =tr(C) and I, = %[tr(C)2 - tr(Cz)] are the first and second invariants of the right Cauchy-Green deformation tensor C =
FTF, and 4, are the principal stretches, that is, the square roots of the eigenvalues of C. For all load cases, we compute the Lagrange
multiplier p by leveraging the constraint P;; = 0.

For the invariant-based models, the first Piola stress reads

_OW WL oW L

P=—-p
oF oI, oF ' oI, oF
The invariant derivatives are
al al
L _9F, 2
oF oF

We obtain the following formulas for the first and second invariants under the different loading conditions:

=2(I,F - FC).

Uniaxial tension/compression (UT).

-1/2 ,-1/2

Fyr = diag(Ayr, Ay Ay ) Cur = diag(ﬂ%n., }‘G”lr’ }‘l}ll‘)’

UT _ 52 -1 UT _ -2
17 = 2+ 245k, 1T =452+ 22y

Equi-biaxial tension/compression (ET).
Fgr = diag(Agr, A1, 4g2),  Cgr = diag(A2y, Az, Agh),

ET _ 2 4
I7" =22 + Agp>

IET =202 + b

Pure shear (PS).
Fps = diag(dps, 1, Apg),  Cps = diag(dpg, 1, Apg),
IPS =125 =1+ A3g + Apa.
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Simple shear (SS).
I ys O 1 7ss 0
Fss=[0 1 0| Cs=|rss 1475 O IP’=I°=3+y,
0 0 1 0 0 1

Writing P;; = Pgr in uniaxial tension/compression, P;; = P,, = Pgr in equibiaxial tension, P;; = Ppg in pure shear, and P, = Pgg
in simple shear, the invariant derivatives and stress components for the following considered models are:

Blatz—Ko.
ow ow

2 —g, ===,
o, v oI

W = 6,11, —3]—plJ — 1.
_ -3 _ 3 _ -3
Pyr =20,(1 = Agyp), P = 260, (Agy — Agp);

Pos =20, (4ps — Apg)s  Pos =20;7ss.
Demiray.

W = Oslexp(ay (]} = 3)) = 11 = plJ = 11, W _ O, ape®2h =3 W _y,
oI, oI,

— UT_3 _ ET_j
Pyt = 20Ayr — Agh0rareT 7 Py = 20y — Agh)fae2 7Y,

PS_ SS_
Pps =2(Aps — }‘133)5’2012‘3112(’1 ¥, Pgs = 27/355’20’2‘?‘12(’1 ¥

Gent.
W =-0;In(1 - as[1, - 3]) — plJ — 1], %=%’ %:
Pyr =20yt — Aﬁ%)%’ Pgr = 2(4gt — AE%)%’
Ppg = 2(Apg — }‘Eé)ﬁo?s_%’ Fos = 2?35#02535_3)‘
Holzapfel-type.

W = oexp(all = 3P) = 1= pld = 1}, 2 =20,a,(1, - e, ZL o,
1 2

UT _3y2
Py = 4940‘4(1}” =34yt - Aﬁgr)ea“ul -
ET 2
Par = 40,a,(I%T = 3)(Agr — ag2)e™ 2,
PS 2
Pos = 40,0,(IT° = 3)(Aps — Apdes =

SS_ay2
Psg = 40,a,(I%5 = 3)ygge™ 77"
Mooney-Rivlin.

oW oW
W =051, =31+ 6,1, - 3] - plJ - 1], E=95, E=91,

Pyr = 205(Ayr — Aga) +20,(1 = A3, Par = 205(Agr — Agy) + 260, (A3 — Ag2),
Pog =205 + 0,)(Aps — Apg)- Psg = 2(05 + 0,)7ss-
Neo-Hooke.

ow oW
W =051, -3]-plJ-1], — =05, — =0,
5[1 1-nl ] all 5 012

Pyr =205(Ayr — 11}2;)’ Pgr =205(Agr — ﬁ;;%),
Pps = 205(4ps — Apg)s  Pss = 2057ss.
For the stretch-based models, the first Piola stress reads

ow T oW 04; -T
p=22 _pFT=Y 2L T
oF * )y 94, oF

i
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Ogden (one-term).

W = 06[A7° + A58 + A3° — 31— plJ — 1], Z—I;V = Ogagat",
i

Pyr = ag (A5 — Ags/*),

Por = 06%(1;?[-1 B /1;:-}2%“))’

Pog = 0438 — A58,

Py = 06%(/1‘1’6‘1 ;ﬁ + 257! &)
Yss 07ss

2 [ 2 2
2Hrss TrssyVss T4 q Ady,  Yss\Atrss (G trgg)
an .

Ay = hz _
b 2 dss 2(4+72)

Appendix B. Computational efficiency

To assess the computational efficiency of the supervised Material Fingerprinting framework, we consider a representative numer-
ically generated dataset and compare its computational time to that of EUCLID, an optimization-based approach for material model
discovery (Flaschel et al., 2021, 2023; Abbasi et al., 2025). EUCLID discovers suitable constitutive models by defining a library of
candidate material features and solving an L ,-regularized regression problem (Frank and Friedman, 1993; Tibshirani, 1996; Efron
et al., 2004) to select the most relevant terms for describing the observed data.

A direct comparison between Material Fingerprinting and EUCLID is challenging, since EUCLID’s computational cost depends
strongly on the size and structure of the material model library, the choice of the hyperparameter p, and the employed numerical
solver. When the model library depends linearly on the parameters and p = 1, the L,-regularized EUCLID problem can be solved
efficiently using a coordinate descent algorithm (Flaschel et al., 2025a). In contrast, for nonlinear libraries, the EUCLID problem
typically requires discretization of the parameter space (Flaschel et al., 2023) or iterative optimization methods such as the Iterative
Soft-Thresholding Algorithm (ISTA) (Flaschel et al., 2025a).

To provide a representative benchmark, we reproduce a synthetic example (Flaschel et al., 2025a). Specifically, we generate
synthetic data for the Ogden model with 6, = 2.0 and & = 3.0, consisting of 50 data points for uniaxial tension over stretches between
1.0 and 1.5, and 50 data points for simple shear over shear strains between 0 and 0.5. No noise is added to the data. Using this dataset,
Material Fingerprinting successfully rediscovers the correct material model in less than 0.1 s on a standard laptop.

For comparison, we apply supervised EUCLID using ISTA to solve the corresponding optimization problem. The material model
library includes both Mooney-Rivlin and Ogden terms. We set p = 1, use a sparsity-promoting regularization parameter of 1.0, and
select a step size of 0.0001. Under these settings, EUCLID correctly discovers the Ogden model in approximately 10 s on the same
hardware. Thus, for this example, Material Fingerprinting achieves a roughly two orders of magnitude speed-up compared to EUCLID.
We note, however, that, as mentioned previously, depending on the model library and the chosen solver, EUCLID may require
significantly different computational times, particularly if the fast coordinate descent algorithm can be applied.

Finally, we note that the advantages of Material Fingerprinting are expected to be even more pronounced in the unsupervised
setting (Flaschel et al., 2025b), where it has been shown to outperform conventional approaches such as Finite Element Model
Updating by several orders of magnitude.

Table B.1

Top five discovered constitutive models for rubber at 20°C, comparing full- and lower-stretch ranges. The values represent
the maximum cosine similarity cs,,,, between the experimental fingerprint and all fingerprints generated for each model. The
cosine similarity quantifies the agreement between model predictions and experimental data, with cs,,, indicating the best match
achieved by each model.

'max

Top Rubber 20°C (full-stretch range) Rubber 20°C (lower-stretch range)
models | npodel CSmax | Model CSmax
1 Gent 0.996 | Mooney-Rivlin 0.999
2 Ogden 0.987 | Ogden 0.999
3 Neo-Hooke 0.978 | Neo-Hooke 0.996
4 Mooney-Rivlin 0.934 | Gent 0.995
5 Demiray 0.751 | Demiray 0.936
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Fig. B.1. Comparison of top five discovered models for rubber at 20°C for (a) full-stretch range and (b) lower-stretch ranges. Each subplot shows
the experimental data (black dots) and the predictions from the five top-ranked hyperelastic models in the database (Table 1) discovered through
Material Fingerprinting. The coefficient of determination R?> quantifies the model-data agreement for each experimental mode.

Appendix C. Model similarity

Depending on the available experimental data, multiple models in the database may be capable of reproducing the measurements.
In the following, we investigate the cosine similarity and fitting accuracy of different models in the database exemplarily for the rubber
dataset at 20 °C. We consider two scenarios; one in which we use the full dataset, and another in which we include only approximately
half of the stretch ranges. Table B.1 reports the maximum cosine similarities cs,, obtained for the top five material models in the
database. For the full dataset, the Material Fingerprinting method clearly identifies the Gent model as the best-performing model,
yielding the highest cosine similarity. However, when we consider only the lower-stretch range, several models achieve identical
cosine similarities. This is expected, as many hyperelastic models become indistinguishable at small stretches. Finally, Fig. B.1 presents
the stress-stretch/strain data together with the predictions of the top five hyperelastic models. As anticipated, when we use only half
of the stretch range, more models are able to fit the data. A similar trend is expected for optimization-based model discovery methods,
which likewise require sufficient data coverage, especially in the nonlinear regime, to achieve reliable and unique model discovery.

Appendix D. Extrapolation behavior

To examine the extrapolation behavior of the discovered models for the considered datasets, we investigate whether experimental
data from uniaxial tension tests alone are sufficient to discover the same constitutive model as when all available loading modes
are used, see Figs. 3-5. For each material dataset (rubber at two temperatures, hydrogel, and four brain regions), we apply Material
Fingerprinting using only the uniaxial tension data as input for model discovery. We then evaluate the predictions of the discovered
model against the unseen data. Whenever the discovered model deviates from the one obtained using the full dataset, we add an
additional testing mode as input for Material Fingerprinting.

Figs. D.1-D.3 illustrate, for each material, the loading modes that are required to discover the same model as obtained with the
full dataset. For all considered materials except for the brain cortex and the hydrogel, uniaxial tension data are sufficient to discover
the most suitable model via Material Fingerprinting. For the brain cortex, uniaxial tension and compression data are required to
discover the most suitable model. For the hydrogel, uniaxial tension and equibiaxial tension data are required to discover the most
suitable model.
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Fig. D.1. Stress-stretch data and discovered models for rubber at two temperatures (Treloar, 1944). Uniaxial tension tests are used for model

discovery with Material Fingerprinting whereas equibiaxial tension and pure shear data are unseen. Plots show experimental data and predictions
with discovered Gent-type model.

Material Fingeprinting Extrapolation \
Uniaxial Tension Equibiaxial Tension Pure Shear
o Data . 2000 o Data o Data A
Mooney-Rivlin (R?=0.990) Mooney-Rivlin (R?=0.978) 14.00 Mooney-Rivlin (R?=0.995)
20.00 1750 .
12.00
15.00
15.00 10.00
= "= 12.50 =2
22 & =
=, £410.00 = 5%
= 10.00 - (=]
[sny S oD 6.00
® 4.00
5.00 5.00
2.50 2.00
0.00 0.00 0.00

1.00 1.50 2.00 2.50

/\U‘l

3.00 3.50 4.00

1.00

1.20 1.40 1.60 1.80

AT

2.00 2.20

1.50

175

)\I’S

Fig. D.2. Stress-stretch data and discovered models for hydrogel (Yohsuke et al., 2011). Uniaxial and equibiaxial tension tests are used for
model discovery with Material Fingerprinting whereas pure shear data are unseen. Plot shows experimental data and predictions with discovered
Mooney-Rivlin-type model.
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(a) Brain cortex (CX).
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(b) Brain corona radiata (CR).
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(d) Brain corpus callosum (CC).

Fig. D.3. Stress-stretch and stress-strain data and discovered models for brain tissue in four

regions (Budday et al., 2017). For brain CX,

uniaxial and compression tension tests are used for model discovery with Material Fingerprinting and simple shear data are unseen. For brain CR,
BG, and CC, solely uniaxial tension tests are used for model discovery with Material Fingerprinting whereas uniaxial compression and simple shear

data are unseen. Plots show experimental data and predictions with discovered Ogden-type model.
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Appendix E. Experimental data

Table E.1

Nominal stress vs. stretch data for rubber (Treloar, 1944). First Piola stress P, in MPa.
Rubber 20°C Rubber 50°C
uT ET PS uT ET PS
Aut Py, Agr Py, Aps Py, Aur P, Agr P, Aps Py,

1.00 0.000 1.00 0.000 1.00  0.000 1.00 0.000 1.00 0.000 1.00 0.000
1.13 0.136 1.08 0.160 1.05 0.063 1.11 0.165 1.02 0.147 1.04 0.170
1.41 0.334 1.15 0.260 1.13 0.158 1.23 0.289 1.08 0.298 1.23 0.399
1.89 0.519 1.21 0.331 1.20  0.238 1.57 0.537 1.16 0.478 1.48 0.627
2.45 0.680 1.32 0.439 1.33 0.330 2.12 0.805 1.37 0.743 2.52 1.030
3.06 0.866 1.43 0.514 1.45 0.417 2.73 1.030 1.57 0.921 3.51 1.490
3.62 1.060 1.70 0.657 1.86  0.594 3.36 1.300 1.96 1.170 4.33 1.900
4.06 1.240 1.95 0.773 2.40 0.767 3.95 1.570 2.46 1.490 5.07 2.360
4.82 1.600 2.50 0.968 2.99  0.945 4.39 1.790 2.79 1.780 5.74 2.740
5.41 1.950 3.04 1.260 3.50 1.130 5.29 2.290 3.14 2.040 6.24 3.220
5.79 2.300 3.44 1.470 3.98 1.300 6.11 2.800 3.45 2.330 6.36 3.630
6.23 2.680 4.03 1.970 4.39 1.480 6.54 3.750 3.60 2.530 6.65 4.490
6.96 3.780 4.26 2.230 4.72 1.640  6.95 5.270 3.86 2.960 6.91 5.340
7.25 4.490 4.45 2.450 4.99 1.820 7.43 7.730 4.11 3.240 7.06 6.230
- - - - - - 7.76 10.200 4.60 4.240 7.26 7.000
- - - - - - - - 5.06 6.150 7.42 7.890
- - - - - - - - 5.28 6.990 7.56 9.180
- - - - - - - - 5.42 8.180 7.83 10.900
- - - - - - - - 5.59 9.870 - -

- - - - - - - - 5.67 11.600 - -

Table E.2
Nominal stress vs. stretch data for PAAm hydrogel
(Yohsuke et al., 2011). First Piola stress P, in MPa.

Hydrogel
uT ET PS
AUT Pll AET Pl] APS PII

1.00 0.000 1.00 0.000 1.00 0.000
1.06 1.019 1.06 1.943 1.06 1.575
1.13 1.947 1.13 3.615 1.13 2.593
1.25 3.340 1.25 5.752 1.25 4.080
1.38 4.551 1.38 7.616 1.38 5.572
1.54 5.948 1.54 9.481 1.54 6.968
1.72 7.116 1.72 11.000 1.72 8.413
1.91 8.421 1.91 12.864 1.91 9.717
2.10 9.543 2.10 14.638 2.10 10.838
2.29 10.755 2.29 16.319 2.29 11.961
2.47 11.781 2.47 18.089 2.47 13.174

2.72 13.320 - - 2.72 14.430
3.03 15.373 - - - -
3.32 17.238 - - - -
3.60 19.331 - - - -
4.00 22,963 - - - -
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Table E.3
Nominal stress vs. stretch and shear strain data for brain tissue (Budday et al., 2017). Cortex,
corona radiata, basal ganglia, and corpus callosum. First Piola stress components P}, and P, in kPa.

Cortex Corona radiata
uc uT SS uc uT SS
Aur Py Ayc Py Yss Py Aur Py Ayc Py Yss Py

1.00 0.000 0.90 -1.148 0.00 0.000 1.00 0.000 0.90 -0.759  0.00 0.000
1.01 0.025 0.91 -1.001 0.01 0.015 1.01 0.016 0.91 -0.666  0.01 0.008
1.01 0.046 0.91 —-0.884 0.03 0.029 1.01 0.024 0.91 -0.572  0.03 0.016
1.02 0.067 0.92 —-0.763 0.04 0.049 1.02 0.035 0.92 —-0.483 0.04 0.024
1.03 0.084  0.93 —0.658 0.05 0.063 1.03 0.051 0.93 —-0.413 0.05 0.032
1.03 0.101 0.93 -0.568 0.06 0.081 1.03 0.057 0.93 -0.354  0.06 0.041
1.04 0.118 0.94 —0.487 0.08 0.098 1.04 0.064 0.94 -0.296  0.08 0.049
1.04 0.132 0.94 —-0.413 0.09 0.119 1.04 0.072 0.94 —-0.245 0.09 0.060
1.05 0.149 0.95 —-0.350 0.10 0.141 1.05 0.079 0.95 -0.202  0.10 0.068
1.06 0.166 0.96 -0.292 0.11 0.165 1.06 0.087 0.96 -0.167  0.11 0.082
1.06 0.186 0.96 —-0.238 0.13 0.194 1.06 0.094 0.96 -0.136  0.13 0.096
1.07 0.209 0.97 -0.191 0.14 0.229 1.07 0.105 0.97 -0.105 0.14 0.113
1.08 0.237 0.98 -0.148 0.15 0.270 1.08 0.115 0.98 -0.080 0.15 0.135
1.08 0.271 0.98 —-0.104 0.16 0.323 1.08 0.129 0.98 -0.054 0.16 0.160
1.09 0.313 0.99 —0.066 0.18 0.379 1.09 0.142 0.99 -0.039 0.18 0.188
1.09 0.365 0.99 —-0.031 0.19 0.456 1.09 0.158 0.99 -0.019 0.19 0.223
1.10 0.415 1.00  0.000 0.20 0.544 1.10 0.178 1.00 0.000 0.20 0.261

Basal ganglia Corpus callosum
uc UT SS uc uT SS
Aur Py Ayc Py Yss Py, Aur Py Ayc Py ss Py,

1.00 0.000 0.90 —-0.553 0.00 0.000 1.00 0.000 0.90 -0.456  0.00 0.000
1.01 0.015 0.91 —-0.491 0.01 0.007 1.01 0.008 0.91 —-0.385 0.01 0.004
1.01 0.025 0.91 —0.432 0.03 0.014 1.01 0.015 0.91 -0.327  0.03 0.007
1.02 0.035 0.92 -0.378 0.04 0.021 1.02 0.020 0.92 -0.276  0.04 0.011
1.03 0.045 0.93 -0.327 0.05 0.031 1.03 0.025 0.93 -0.230 0.05 0.017
1.03 0.054  0.93 —-0.284 0.06 0.040 1.03 0.030 0.93 -0.195 0.06 0.022
1.04 0.062 0.94 -0.241 0.08 0.049 1.04 0.034 0.94 -0.160  0.08 0.032
1.04 0.071 0.94 -0.210 0.09 0.058 1.04 0.038 0.94 -0.136  0.09 0.034
1.05 0.079 0.95 -0.175 0.10 0.070 1.05 0.042 0.95 —-0.105 0.10 0.042
1.06 0.086 0.96 -0.148 0.11 0.081 1.06 0.045 0.96 -0.089 0.11 0.047
1.06 0.096 0.96 -0.127 0.13 0.093 1.06 0.049 0.96 -0.073 0.13 0.056
1.07 0.105 0.97 —-0.102 0.14 0.109 1.07 0.053 0.97 -0.056 0.14 0.063
1.08 0.115 0.98 —-0.078 0.15 0.126 1.08 0.058 0.98 —-0.043 0.15 0.075
1.08 0.128 0.98 —-0.053 0.16 0.145 1.08 0.063 0.98 -0.030 0.16 0.085
1.09 0.143 0.99 —-0.036 0.18 0.169 1.09 0.070 0.99 -0.016 0.18 0.101
1.09 0.158 0.99 -0.017 0.19 0.197 1.09 0.078 0.99 -0.010 0.19 0.119
1.10 0.178 1.00  0.000 0.20 0.226 1.10 0.086 1.00 0.000 0.20 0.143
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