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ARTICLE INFO ABSTRACT
Dataset link: https://doi.org/10.5281/zenodo.1 We present a physics-based neural network framework for the discovery of constitutive models
9248596 in fully coupled thermoelasticity. In contrast to classical formulations based on the Helmholtz

energy, we adopt the internal energy and a dissipation potential as primary constitutive

I;t?::;:fiasticity functions, expressed in terms of deformation and entropy. This choice avoids the need to
Neural networks enforce mixed convexity—concavity conditions and facilitates a consistent incorporation of
Internal energy thermodynamic principles. In this contribution, we focus on materials without preferred
Dissipation potential directions or internal variables.

Finite strains While the formulation is posed in terms of entropy, the temperature is treated as the

Automated model discovery

independent observable, and the entropy is inferred internally through the constitutive relation,
Finite element simulation

enabling thermodynamically consistent modeling without requiring entropy data.

Thermodynamic admissibility of the networks is guaranteed by construction. The internal
energy and dissipation potential are represented by input convex neural networks, ensuring
convexity and compliance with the second law. Objectivity, material symmetry, and normaliza-
tion are embedded directly into the architecture through invariant-based representations and
zero-anchored formulations.

We demonstrate the performance of the proposed framework on synthetic and experimental
datasets, including purely thermal problems and fully coupled thermomechanical responses of
soft tissues and filled rubbers. The proposed unsupervised learning strategy is directly applied
to full-field data, with the constitutive potentials embedded into the discretized balance laws.
During training, an auxiliary entropy network is employed to predict the entropy from the
observable deformation and temperature fields, while the implicit entropy relation is recovered
by an iterative solver during inference. The results show that the learned models accurately
capture the underlying constitutive behavior. All code, data, and trained models are made
publicly available via Zenodo.org.

1. Introduction

Mechanics and thermodynamics are intrinsically intertwined. Whenever materials deform, they store energy, exchange heat,
and dissipate part of the supplied power through irreversible mechanisms [1-3]. This interplay has been studied extensively in
classical continuum thermomechanics. Early thermoelastic formulations already highlighted the coupling between deformation
and temperature [4], while later developments introduced internal-variable frameworks to describe irreversible processes [5,6].
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Variational approaches further unified energy storage and dissipation within a consistent thermodynamic setting [7-9]. Despite these
advances, constructing constitutive models that remain thermodynamically consistent while capturing complex coupled responses
across loading paths remains a challenging task.

Recent progress in physics-based machine learning aims to address this challenge by combining data-driven flexibility with
physical structure. Within this context, two complementary research directions have emerged, which differ primarily in how physical
principles are incorporated into the learning process.

The first direction focuses on constitutive modeling based on strongly-enforcing network architectures. Here, neural networks are
designed to represent material behavior directly, while thermodynamic admissibility is ensured by construction through architectural
constraints. This idea has been established in Constitutive Artificial Neural Networks for automated model discovery [10,11] and
Physics-Augmented Neural Network formulations [12]. An alternative network architecture relies on the concept of Kolmogorov-
Arnold Networks and is already applied for constitutive discovery [13-15]. Subsequent developments improve robustness and
flexibility, for example through enhanced constraint handling and parameterized model classes [16-18]. These approaches have
been successfully applied to increasingly complex inelastic materials [19,20], for instance, viscoelasticity [21-23], plasticity [24,25],
strain-induced crystallization [26], growth and remodeling [27], and non-convex anisotropic inelasticity [28]. A hierarchy of
thermodynamically consistent learning frameworks is recently presented in [29]. In the context of multiphysical extensions, recent
studies [30,31] introduce magneto-elastic multiscale formulations, while electo-elasticity is discussed in [32,33]. Overall, this line
of work provides a powerful framework for learning constitutive relations that are consistent by construction.

Complementary to this, the second direction is rooted in partial differential equations and relies on weakly-enforcing network
architectures, most prominently Physics-Informed Neural Networks (PINNs) [34]. In this setting, the governing equations are em-
bedded into the loss function, enabling the solution of forward and inverse boundary value problems without explicit discretization
schemes. Over the past years, PINNs have evolved into a versatile tool for scientific machine learning [35,36], with numerous
applications in thermal modeling. These include heat conduction in heterogeneous and anisotropic media [37-39], as well as
coupled transport phenomena such as porous and conjugate heat transfer [40,41]. Such developments demonstrate the capability
of PINN-based approaches to handle strongly coupled field problems.

At the interface of these two directions, first studies addressing coupled thermomechanical behavior have emerged. PINN-
based approaches have been applied to thermoelasticity, wave propagation, and poroelasticity [42-45], while classical continuum
formulations continue to provide the theoretical foundation for non-isothermal inelasticity at finite strains [46—-49]. More recently,
gradient-enhanced and phase-field models have been developed to describe coupled damage and failure processes [50-53]. However,
a unified data-driven framework that combines constitutive learning with fully coupled thermomechanical consistency is still lacking.

From a data-driven constitutive perspective, existing approaches typically rely on specific thermodynamic potentials. Early work
often prescribes parts of the temperature dependence and focuses on learning the remaining constitutive response [54]. More recent
developments incorporate thermodynamic structure directly into the network architecture, most notably through formulations based
on the Helmholtz energy [55]. To the authors’ knowledge, the latter represents the first strongly-enforcing network architecture
for thermoelasticity. While these approaches ensure consistency for thermoelastic processes, they do not address fully coupled
thermomechanical behavior with dissipation in a general setting.

Yet recently, a finite strain thermo-electro-mechanical framework has been proposed in [56], which discusses the use of different
thermodynamic potentials embedded into a physics-augmented neural network architecture. In particular, the authors also consider
an internal-energy-type potential depending on polyconvex deformation measures, electric displacement, and entropy, which is
especially convenient for imposing polyconvexity across the coupled fields. Moreover, they propose a calibration strategy for entropy-
based formulations in which the generally unobservable entropy is inferred from temperature data through the corresponding
constitutive relation. While several differences in the specific network parametrization and architectural design exist, the key
distinction lies in the underlying thermodynamic formulation. In particular, their framework focuses on energetic potentials for
reversible thermo-electro-mechanical behavior and does not account for dissipative mechanisms, for instance, through an additional
complementary dissipation potential.

Research gap. Recent progress in physics-based neural networks for thermomechanics has primarily focused on thermoelastic consti-
tutive modeling. These approaches typically rely on Helmholtz energy formulations with convexity-like constraints in deformation
and concavity in temperature. More recent developments also consider alternative thermodynamic potentials, including internal
energy formulations with entropy as an input variable, enabling convex representations across coupled fields. While this provides
a rigorous framework for thermo-hyperelasticity, and more generally reversible coupled multiphysical behavior, the extension to
fully coupled thermomechanical processes with dissipation remains largely unexplored. In particular, a general framework that
consistently incorporates irreversible effects through a complementary dissipation potential, embeds thermomechanical principles
by construction, and remains compatible with the observable temperature field is still an open challenge.

Aim of the study. The aim of this work is to develop a physics-based neural network framework for the discovery of constitutive
models in fully coupled thermoelastic processes. To this end, we formulate the constitutive behavior in terms of the internal energy
and a complementary dissipation potential, while treating temperature as the independent observable and entropy as an auxiliary
variable inferred through the constitutive relation. This choice avoids the mixed convexity—concavity requirements of Helmholtz-
based formulations and enables a thermodynamically consistent treatment of irreversible thermomechanical processes. Building
on this foundation, we construct neural network architectures that satisfy thermodynamic admissibility and fundamental material
principles by design.
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Outline. The remainder of this contribution is organized as follows. In Section 2, the thermomechanical framework is introduced,
including the internal energy formulation and the underlying thermodynamic structure. The neural network architecture and the
embedding of thermodynamic constraints are presented in Section 3. Subsequently, a series of numerical examples is investigated: a
purely thermal problem (Section 4.1), temperature-dependent mechanical behavior of experimental datasets (Sections 4.2 and 4.3),
and a fully coupled structural setting (Section 4.4). The results are analyzed and discussed in Section 5, followed by concluding
remarks.

2. Theoretical foundations

We aim to design a neural network architecture that satisfies the governing principles of thermoelasticity a priori. For this purpose,
we consider the continuum mechanical formulation of a fully coupled thermoelastic problem in the reference configuration. We first
state the dissipation requirement and introduce constitutive potentials that ensure thermodynamic admissibility. We then summarize
the balance equations for the coupled mechanical and thermal fields. Building on this foundation, we discuss material principles that
are mandatory for admissible constitutive modeling, with a focus on isotropic materials. Thereafter, we outline additional material
constraints that are not strictly required by the balance laws and the second law, but are highly beneficial when constructing robust
and reliable network architectures. We conclude with the discretized weak forms of the balance equations.

Thermodynamic potentials. In solid mechanics, the Helmholtz energy is commonly employed because it represents the mechanically
available energy and admits the natural variables deformation gradient F and absolute temperature T > 0. However, thermodynamic
stability requires concavity of the Helmholtz energy with respect to 7', together with mechanical stability conditions that are typically
expressed through convexity-type requirements in appropriate deformation measures. Imposing these mixed curvature properties
directly within neural network parametrizations is non-trivial.

We therefore adopt the internal energy e and describe the material state in terms of the pair (F, s), where s denotes the referential
entropy density. The constitutive structure is characterized by an energetic potential and a dissipation potential,

e=e(F,s), b =¢(F.5,8F,s), (€Y

where the semicolon indicates that (F, s) act solely as parameters of the dissipation potential. The dissipation potential ¢ accounts
for irreversible processes in the sense of generalized standard materials [3,6]. The referential thermal gradient is defined as

g = —% Grad(T) = —Grad(In(T")), 2)

whose contribution to ¢ is consistent with the concept of a conduction potential proposed in [4].

It is important to emphasize that, although the core formulation is expressed in terms of (F, s), entropy is not measured directly
in experiments. Instead, the temperature field T is accessible. Through the constitutive relation linking 7 and s, we infer the
corresponding entropy from the prescribed deformation and temperature fields. Hence, while the model is formulated in terms
of the internal energy and entropy, it remains fully compatible with measurable quantities.!

Clausius—Duhem inequality. To construct a constitutive framework that is thermodynamically admissible by design, we start from
the second law of thermodynamics in its local form. In the reference configuration, the Clausius-Duhem inequality reads

P:F—-¢+Ts54+q-g>0, 3

where P denotes the Piola stress tensor and q the referential heat flux. Using the constitutive potentials in Eq. (1), we postulate the
state laws

pde 9 g de_0b_0% @
oF oF s 0s g

which define stress, temperature, and heat flux directly in terms of the energetic and dissipative potentials.” In particular, the
second relation establishes the link between the measurable temperature field and the entropy, which will play a central role in our
discovery framework.
Inserting Eq. (4) into the Clausius-Duhem inequality (3) yields
99 o 0p 9P
— F+ — — -g>0. 5
oF T asttog 82 ()

1 The relations induced by Legendre transformations between the internal energy and the Helmholtz energy, as well as the transformation of the dissipation
potential with respect to the entropy rate § and its conjugate variable, are closely connected to variational formulations of thermomechanics. The interested
reader is referred to [7] for a detailed discussion.

2 In the classical formulation in [1], the same procedure based on the Clausius-Duhem inequality is employed, resulting in identical energetic relations but
without introducing a dissipation potential. Instead, a viscous contribution is postulated directly at the stress level via an additive decomposition P = P8 + P¥s,
where P¥®S = [IL(F,s) : D]-cof F with D :=sym(FF~"). The present formulation shares the same thermodynamic basis and additive structure, but differs in that
dissipation is derived from a scalar potential ¢, ensuring a systematic and variationally consistent framework. In this sense, the model in [1] can be interpreted
as a special case of the generalized standard materials framework in [6], corresponding to a quadratic dissipation potential in D.
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Hence, by introducing the vector of thermodynamic states ¢ = {F, s} and rates® ¢ = {F, 5, g}, this can be written compactly as
0¢(f; 9 i>0
o¢
Hence, the Clausius-Duhem inequality reduces to a constraint on the dissipation potential ¢, which must be constructed such that
the above inequality holds for all admissible processes. One straightforward way will be discussed in Section 2.2 and will serve as
recipe to construct our neural network for the model discovery.

(6)

Balance equations. While the Clausius—-Duhem inequality constrains the local constitutive response, the evolution of the mechanical
and thermal fields is governed by the corresponding balance laws. In the reference configuration and neglecting inertia for clarity,
the balance of linear momentum is given by

DivP+ f =0, @
where f denotes the referential body force. The balance of internal energy reads
é=P: F-Divg+r, ®)

with referential heat source r. Together with suitable Dirichlet and Neumann boundary conditions for the deformation and
temperature fields, these equations define the fully coupled thermomechanical boundary value problem.

2.1. Material principles

We briefly recall fundamental admissibility requirements for constitutive modeling, restricting attention to isotropic materials,
i.e., materials without preferred internal directions. The principles of objectivity and material symmetry require that the constitutive
response is invariant under superposed rigid body motions and under rotations of the reference configuration, respectively, as
established in [1]. For isotropic materials, this implies invariance with respect to all time-dependent rotations Q(r) € SO(3) imposed
on the current configuration and all time-independent rotations Q € SO(3) imposed on the reference configuration.

Consequently, the internal energy and the dissipation potential can be represented as scalar-valued isotropic functions, which
depend on the deformation only through the right Cauchy-Green tensor C = F''F, i.e.,

e(F,s)=e(C.s),  ¢(F.5,8F,5)=¢(C,38C.s). 9

A more detailed discussion of the principles of objectivity and material symmetry, as well as their implications for constitutive
modeling, can be found in Appendix A.

2.2. Material constraints

The following constraints are not strictly required by the balance laws and the Clausius—-Duhem inequality. However, they are
frequently imposed to ensure stability and well-posedness of the constitutive model, while improving identifiability and extrapolation
properties of learned constitutive models. In this sense, they serve as guiding principles for the design of our physics-based neural
network architecture.

Thermoelastic solids. So far, the dissipation potential allows us to account for dissipative effects related to both deformation and
thermal processes. The former is typically associated with fluid-like or viscous material behavior, whereas the latter becomes relevant
for pronounced temperature gradients or rapid thermal processes, for instance under strong transient heating.

In the present work, we restrict ourselves to the class of thermoelastic solids. Accordingly, we neglect the pair (F,s) in the
argument list of ¢, while still allowing the potential to be parameterized by (F, s). Under this assumption, the state laws (4) reduce
to

= 2, T = ge >0, 1o
oF as

which implies that the internal energy is monotonically increasing with respect to the entropy.

Normalization. When the material is in its rest state, it is common to impose normalization conditions on the potentials as well as
on the constitutively dependent quantities. The rest state is characterized by a deformation gradient equal to the identity tensor, a
reference temperature 7, > 0, and the corresponding reference entropy s,. While the reference temperature must be strictly positive,
the reference entropy is less constrained. A common choice in continuum mechanics is to set s, = 0 at T = T, which we adopt
here.”

3 Note that g denotes a thermodynamic driving force rather than a kinematic rate in the sense of the force—flux framework introduced in [57,58]. However,
consistent with the variational framework in [7], in the present formulation, the dissipation potential ¢ is expressed in a mixed set of arguments, where F and
§ represent rates, while g acts as a conjugate force.

4 For instance, a standard choice for the caloric part of the Helmholtz energy w(T) = co[T =T, —Tln(%))], differentiation with respect to T yields an entropy
satisfying s, =0 at T = T,,. Here, ¢;, denotes the heat capacity.
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The normalization conditions for the potentials therefore read
e(1,0)=0, $(0;1,0)=0. (1D

The latter condition expresses that the dissipation potential vanishes in the absence of its driving force, independently of the
parametrization. For the stress and temperature, we analogously obtain

P 9
P(I,0) = ﬁ pg =0 TU0)= a—i rg =To (12)

5s=0 5=0
Convexity of the internal energy. The reduced temperature relation in Eq. (10) provides a constitutive link between entropy and
temperature. Up to this point, however, this relation is not necessarily uniquely invertible. While each entropy value yields a unique
temperature, a given temperature could, in principle, correspond to multiple entropy values. Such behavior may arise, for example,
in the presence of phase transformations, which are not considered in the present work.

We therefore additionally require

0%
Ze s (3)
that is, strict convexity of the internal energy with respect to the entropy.

Similarly, we impose convexity-related conditions with respect to F. Since convexity in F is generally too restrictive in finite
elasticity, we adopt the concept of polyconvexity [59]. Together with coercivity, polyconvexity provides a sufficient condition
for the existence of minimizers [60]. In the thermomechanical setting, the internal energy is said to be polyconvex if it admits
a representation

e=W(F,cof F,J;s), 14

which is convex in (F, cof F, J) for fixed entropy s. Here, cof F denotes the cofactor of the deformation gradient and J its determinant.

A subtle but important point is that the energy is required to be jointly convex in (F,cof F, J) and convex in s, whereas between
s and the set (F,cof F, J) only separate convexity is imposed, cf. [61].> Consequently, for the extended set of variables (F,cof F, J, s)
the full Hessian is not required to be positive (semi-)definite.

Convexity of the dissipation potential. Since we restrict ourselves to standard dissipative solids, the derivatives of ¢ with respect to F
and 5 vanish identically. For the remaining contribution q - g in the dissipation inequality (3), appropriate structural restrictions on
the dissipation potential are required. To this end, we recall a classical result from convex analysis [62]. If the potential satisfies

¢(0; F,s5)=0, (g F,5) 20, O F,s) 2 ¢p(g; F.5)— 0g - g, (15)

then the Clausius-Duhem inequality is satisfied [63]. Here, dg¢ denotes the subgradient of ¢ with respect to g. Note that Eq. (15),
imposes a stronger restriction on the dissipation potential than Eq. (11). Further, while Eq. (15) essentially enforces convexity of the
potential, convexity is only a sufficient, not a necessary, condition. More general formulations based on monotone potentials and
their incorporation into physics-based neural networks can be found in [28]. In the present work, however, we restrict ourselves to
convex dissipation potentials.

2.3. Weak forms and their linearization

The internal energy and the dissipation potential are represented by physics-based neural networks. For the identification of the
constitutive behavior, we adopt an unsupervised learning strategy. Accordingly, the neural network representations of the internal
energy and the dissipation potential are embedded into a temporal and spatial discretization of the balance laws Eq. (7) and (8). This
results in a weak formulation of the coupled thermomechanical boundary value problem, which forms the basis of the numerical
implementation.

Principle of virtual work. For a given displacement field u and the temperature field T, the internal and external virtual work must
be in equilibrium,

!
Wiot += Wing — Wexy = 0. (16)
The internal virtual work is given by

Wi 1= /B P : Grad(su)dV + /B [T 56T — q - Grad(6T)]dV, a7

5 To be more precise at this point, according to Proposition 17.5.8 in [61], the energy function is polyconvex if and only if, for every fixed temperature,
it is polyconvex as a function of the deformation gradient F, and, for every fixed F, it is concave as a function of the temperature. Based on the Legendre
transformation relating temperature and entropy, this suggests the dual interpretation that the internal energy is convex with respect to the entropy variable s,
provided sufficient regularity and invertibility of the thermodynamic relations.
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where Su and ST denote admissible test functions for the mechanical and thermal fields, respectively. The first term corresponds to
the virtual work of the stresses, while the remaining terms represent the weak form of the thermal balance, expressed in terms of
the entropy rate and the heat flux. The external virtual work reads

Wey :=/f-5udV+/ t~5udA+/r5TdV+/ q 6T dA, (18)
B 9B, B 0B,

where ¢ denotes the prescribed traction on the Neumann boundary 953, and ¢ refers to the prescribed heat flux on 9/3,. On the
Dirichlet boundaries, the essential boundary conditions

u=n, T=T (19)
are imposed. On the Neumann boundaries, the natural boundary conditions are given by

P-n=t, qg-n=—gq, (20)
where n denotes the outward unit normal vector in the reference configuration.
Spatial and temporal discretization. In space, we adopt an isoparametric finite element discretization. The displacement and

temperature fields are approximated as

Mnode Mnode

X)= Y NXu,  T'X)= Y NXOT, (21
a=1 a=1

where N, denote the shape functions and u,, T, the corresponding nodal degrees of freedom. The same interpolation functions are
employed for the geometrical mapping. For the temporal discretization, we use an implicit backward Euler scheme for the entropy
rate,

Sn+1 _—

=—a (22)

with time increment 4z. All constitutive quantities are evaluated at time level n + 1, leading to a fully coupled nonlinear system at
each time step. The entropy is treated as an auxiliary variable and is determined implicitly from the state law (10)

$n+l

aerH-a
n+a
T - Jgshta
which is solved locally at each quadrature point and time level. Insertion of the discretized fields into the weak form yields a
nonlinear algebraic system in residual form,

ru(u",T")
Atrph, Th)

=0, ae{01), (23)

= =0, 24
where the global residual vector collects the mechanical and thermal contributions. The thermal residual is scaled by the time
increment Ar to improve numerical conditioning. In analogy to the procedure of pseudo potentials [64], the individual residual
vectors are obtained by differentiating the discretized total virtual work with respect to the corresponding global vectors (e)y, of
nodal trial values,

ow" ow"
tot tot
ry = R rp = . (25)
“ osuh T osTh
glo glo

Since the trial values enter the weak form linearly, these derivatives are independent of their specific representation and can be
evaluated efficiently using algorithmic differentiation. The global residual in Eq. (24) plays a central role in the discovery procedure,
as it serves as the physics-based loss term enforcing the balance laws at the discrete level.

3. Physics-based neural network architecture

With the theoretical foundations of the previous section, we are now enabled to design a physics-based neural network
architecture that satisfies physics a priori. To this end, we will learn both the internal energy e and the dissipation potential ¢
by means of physics-constraint neural networks. As we have seen, convexity for both potentials is an essential ingredient. To this
end, we will employ Input Convex Neural Networks (ICNNs) [65] to construct generally convex networks. We will address how to
incorporate the material principles discussed in Section 2.1 and constraints in Section 2.2 into the overall architecture

3.1. Zero-anchored neural networks

In the following, we introduce the general architecture of the neural networks employed in this contribution. In Section 3.2, we
discuss how these architectures are tailored to the requirements of joint and separate convexity for the internal energy, the convex
dissipation potential being parameterized by (F, s), and the prediction of entropy for stabilizing the training process.
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Fully input convex neural network. To begin with, we comment on fully Input Convex Neural Networks (FICNNs). Their construction
relies on three fundamental properties of convex functions: the sum of convex functions is convex, a non-negative scaling of a convex
function remains convex, and the composition fog is convex if f is convex and monotonically non-decreasing and g is convex.
Based on these principles, the architecture reads
X, =09 (VoXo +bg) = o (by) . (26)
Xp1 =0, (Wexp + VX0 +bs) =0y (by).
where the activation functions ¢, are required to be convex and monotonically non-decreasing. The weight matrices in the recurrent
branch satisfy W, € RJ5", while initially V, € R™". Additionally, there are no constraints imposed on the biases. The subtraction
of 6,(b,) is in line with [28] and ensures that the network is zero-anchored, i.e., the output vanishes for vanishing input without
affecting convexity.
In our setting, convex functions are often provided as inputs to the ICNN rather than the raw arguments. To preserve convexity
under such compositions, we additionally restrict V, € RI;".

Partially input convex neural networks. While the internal energy depends exclusively on arguments for which convexity is required,
the dissipation potential may be parameterized by F and s. For this reason, we employ a partially Input Convex Neural Network
(PICNN) [65], slightly adapted following [28],

x¢ = oy (Vg[x5 © [Vir % + 5], | + UG %0+ ) = o0 (U7 %] + )

x5 = oo (Welxe o [Wn +b2] [+ Ve[xs 0 [V +e7] |+ U2 X 405 ) —or (U7X +15 ). 27)

X = S (WoxE 1) =1, (7).
where [+], denotes the ReLU activation. All weights associated with the convex branch ()¢ are constrained to be non-negative in
order to preserve convexity. In contrast, neither the weights nor the activation functions f, in the parametrization branch («)?, nor
the weights appearing in the coupling terms (+)°?, are subject to sign constraints.

Finally, we emphasize a crucial difference compared to neural networks employing ICNNs for elastic [12,18] and inelastic
materials [22,28]. In the present setting, strict convexity with respect to the entropy is required. Although monotonicity is preserved
under composition with increasing convex functions, multiplication by zero would reduce a strictly convex function to a merely
convex one. To prevent such degeneracy, all weights associated with the convex branch are constrained to be strictly positive.

Auxiliary multilayer perceptron. Although the entropy can be obtained by iteratively solving Eq. (23), this approach may be inefficient
during training. The reason is that automatic differentiation would need to propagate gradients through all iterations of the solver
unless implicit differentiation is employed. As an alternative, we approximate the entropy using an auxiliary multilayer perceptron
(MLP)

Xeo1 = Fe(WeXp +by) = fr(by), (28)

which is anchored at the origin in the same manner as the previously introduced networks. No additional constraints are imposed
on the activation functions, weights, or biases. After training, the iterative solver of Eq. (23) is reintroduced during inference.

Loss function. The training objective consists of a physics-based loss, a regularization term, and an auxiliary loss,

L=y Lp+ AN LN +AR LR + Ap Lok (29)
—_———
ﬂphys
The physics loss £, enforces the discrete balance laws and is constructed from the global residual vector introduced in Eq. (24).

It is decomposed into contributions associated with Dirichlet boundaries and Neumann boundaries (including free nodes), where
Ap and Ay are scaling parameters.

Each contribution is defined as the mean squared error of the corresponding residual components. Denoting by rj, and ry the
residual vectors associated with Dirichlet and Neumann boundaries, respectively, we define

Lp=MSE(ry), Ly =MSE(ry). (30)

To ensure a consistent scaling of the residual contributions, the external loads entering the weak form are normalized. In particular,
the prescribed mechanical tractions and body forces, as well as the thermal fluxes and heat sources, are scaled such that their
respective maximum absolute values are equal to one. This normalization, indicated by (s), is performed separately for the
mechanical and thermal problems based on their individual maximal absolute load values. Consequently, the mechanical and thermal
contributions are scaled independently, preventing an artificial imbalance between the two fields.

The regularization term Ly is introduced to enhance the stability of the training procedure and to control the complexity of the
neural networks. In particular, sparsity-promoting regularization can be employed to drive insignificant parameters towards zero,
which is beneficial from both a mechanical interpretation and a model reduction perspective. To this end, the regularization term
is formulated as a penalty on the parameter tensors of selected subnetworks. Considering the parameter tensors W;, V;, U;, and b;
associated with subnetwork i, a combination of L!- and L2-type contributions is employed to balance sparsity and smoothness, i.e.,

o= Y Y [l AP e 3D
i€ PE(W,.V,,U;.b;}
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Fig. 1. Overall network architecture consisting of the subnetworks MLP,, FICNN,, FICNNf, FICNNf ;, and PICNNg, together with their
interactions. In a first step, the entropy s is predicted by MLP,. Subsequently, s and the deformation gradient F are provided as inputs to
the respective subnetworks, from which the first Piola-Kirchhoff stress P is obtained via differentiation. In parallel, the referential heat gradient
g is processed by PICNNg, which is additionally parameterized by (F,s), yielding the referential heat flux g through differentiation.

where |[P||; = ¥, |P,| denotes the entry-wise L'-norm and ||P|| the Frobenius norm. Here, Jeg denotes the set of subnetworks
subject to regularization, and /1;1), /15.2) are the corresponding regularization coefficients.

Finally, the auxiliary loss enforces consistency between the thermodynamic state law Eq. (10) and the entropy predicted by the
auxiliary MLP introduced in Eq. (28). It is defined as

Lo = MSE(T"+1 - ﬂ) (32)
aux asm+l ]’
and is evaluated at each quadrature point in the domain.

The proposed framework shares conceptual similarities with the Virtual Fields Method (VFM), in the sense that the governing
equations are enforced in weak form using finite element test functions as virtual fields. However, in contrast to classical VFM
approaches, the present method does not rely on explicitly constructed virtual fields or direct inversion, but instead minimizes the
residual of the discretized weak form within a data-driven optimization framework. In the purely mechanical setting, this residual
minimization is also related to the Equilibrium Gap Method, although here it is embedded into a neural network-based constitutive
learning framework.

3.2. Neural network representation of internal energy, dissipation potential, and entropy

After we introduced the general neural network architectures, we now detail their specific design for the internal energy and
the dissipation potential, which satisfies the material principles and constraints outlined in Sections 2.1 and 2.2. Furthermore,
we describe the design for the prediction of entropy. An overview of the network architecture and the interactions between the
subnetworks is provided in Fig. 1.

Internal energy. We begin by specifying the material principles imposed on the internal energy. As discussed above, the internal
energy is formulated as a scalar-valued isotropic function and is therefore expressed in terms of the principal invariants [66-68]

1, :=tr(C), I, :=tr(cofC), J :=det(F), (33)

which ensure objectivity and material symmetry and provide a polyconvex set of arguments. All inputs are shifted with respect to
the rest configuration F = I,

I =1,-3, I, :=1,-3, Ji=J-1, 5i=s5—1s, (34
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such that the reference state corresponds to zero input. Based on these ingredients, we postulate the following decomposition of the
internal energy,

e(F,s)=ny [&(F,s)+eq(F)—np J|, (35)

where the individual contributions are introduced in the following.
To construct a convex representation, we introduce an auxiliary internal energy é based on fully input-convex neural networks
(FICNNs), cf. Eq. (26),

&(F,s)=FICNNg ([}, I, J, =J, 51) + {FICNNE ([ 1,, I,, J, =J1)}, = {FICNN,®}, —n {0}3, (36)

where FICNNF  is scalar-valued, whereas FICNN and FICNN; produce feature vectors of equal dimension.® The Softplus
activation function is denoted by {.},, and the operator * denotes the elementwise product followed by summation over the feature
dimension, such that the resulting contribution is scalar-valued. The parameter n corresponds to the number of output features, and
the subtraction term ensures proper normalization in the trivial case FICNN g = FICNN; = 0. The above decomposition reflects the
partially separable convex structure of the internal energy: the first term captures joint convexity in deformation and entropy, while
the second term enriches the representation through additional separable convex contributions.

Since polyconvexity alone is not sufficient to guarantee the existence of minimizers, a suitable coercive growth behavior of the
energy is additionally required. To promote this property, we augment the internal energy by a small growth contribution,

eq(F) = g [[I} =3 = In(det(C))] + [I, — 3 — In(det(cof C))] + [J — 1 = In(J)]]

S 37
=ey [} + L+ J —7In(J)], @7

where ¢, > 0 is chosen sufficiently small. This term enhances the growth of the energy under large distortional deformations and
prevents volumetric collapse as J — 0. Notably, e,, satisfies the normalization conditions of both energy and stress. A more in depth
discussion of the proposed growth energy can be found in Appendix B.

We next enforce the normalization condition of the Piola stress tensor stated in Eq. (12). Following [18], we introduce the stress
normalization factor

0é 0é 4
=(2—+4—+ = , 38
"p ( o1, T or, aJ) F-T 38
5=0
which corresponds to the stress scaling at the reference configuration. In addition, temperature normalization is imposed via
-1
0é
np = TO % F—I] . (39)
5=0

Since the auxiliary energy is constructed to be monotonically increasing with respect to entropy, the derivative dé/ds is strictly
positive, ensuring that this normalization is well-defined.” Moreover, due to the adopted ICNN architecture, the normalization
condition of the energy is satisfied by construction.

Dissipation potential. Lastly, we represent the dissipation potential by a neural network. Analogous to the internal energy, it is
formulated as a scalar-valued isotropic function. Following [68], we introduce the invariants

I, :=g-8g Is:=g-C-g Ig :=g-cofC-g. (40)
Further, we reformulate these quantities in terms of tensor-induced norms. For a symmetric positive definite tensor A, we define
lvll 4 == Vv-A-v, 41D

which satisfies absolute homogeneity and the triangle inequality and is therefore convex in v. Using this construction, we introduce
the modified invariants

I=ligllp. s :=liglc- Is = llglleorCs (42)

which preserve isotropy and ensure convexity with respect to g.® The dissipation potential is then represented by a partially Input
Convex Neural Network (PICNN), see Eq. (27),

#(g:; F,5) = PICNN ([ 1y, Is, I1, [J, 51). (43)

® Note that —J is provided as an additional input. This choice is motivated by the adapted architecture in Eq. (26), where we enforce V, € RIG". As a
consequence, the network is restricted to forming convex, monotonically non-decreasing combinations of its inputs. While this is consistent with convex input
arguments such as I, and I,, polyconvexity requires the energy to be convex with respect to J, without imposing monotonicity. Including both J and —J as
inputs allows the network to represent general convex functions in J within this constrained architecture.

7 In [56], the temperature normalization is enforced by e(F,s) = é(F,s) + [TO - ] s. While this construction ensures the temperature normalization

%
ds |F =1 s5=0
at the reference state, it does not inherently guarantee the monotonicity of the internal energy with respect to the entropy s in Eq. (10), i.e., de/ds > 0.

8 Due to the square root, it should be noted that the modified invariants are not differentiable at g = 0. To circumvent this problem, we use a regularized

square root computation \/;c = \/% where e =0.01, cf. [23,28].
ite
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which is convex with respect to g while being parameterized by J and 5. Additional scaling by invariants such as I, or I, is omitted,
since the dependence on F and its cofactor is already captured through I5 and I.

Due to the adopted architecture, the dissipation potential satisfies ¢(0; F,s) = 0 by construction. Non-negativity is ensured by
applying an appropriate non-negative activation function to the scalar output neuron. Noteworthy, a shifted activation function
must be omitted for the output layer; otherwise, also non-negative output functions such as ReLU may produce negative values.
Consequently, the architecture guarantees non-negative dissipation by design, cf. Eq. (15).

Auxiliary entropy network. Lastly, we specify the auxiliary multilayer perceptron (MLP) in Eq. (28), which is employed during
training to predict the entropy s. To this end, we introduce the temperature shift with respect to the reference state

T:=T-T,, (44)
which, together with the shifted deformation invariants, serves as input to the network. Accordingly, the entropy is approximated
as

s=MLP([I}, I,, J, T). (45)

Since the entropy in the reference configuration is chosen as s, = 0, the zero-anchored architecture of the MLP is consistent with this
normalization. After training, the auxiliary MLP is replaced by the iterative solver enforcing the implicit state law for the entropy in
Eq. (10). Note that this idea is similar to the case of inelasticity, where an auxiliary feed-forward network is used to predict internal
variables [69], while more advanced recurrent architectures have been employed in subsequent works [28,70]. In the present setting,
however, a standard feed-forward architecture seems to be sufficient, as the state law is local and does not require time integration.

4. Training and testing

In the following, we examine the proposed physics-based network architecture for learning constitutive behavior in thermoelas-
ticity. To this end, we study four different test cases: two based on experimental data, presented in Sections 4.2 and 4.3, and two
based on synthetic data, presented in Sections 4.1 and 4.4. The first three examples address behavior at the material-point level, or
over a small spatial domain in the case of transient heat diffusion. In the final example, we investigate the ability of the architecture
to learn from full-field data and assess its accuracy in predicting nodal reactions for an unseen boundary value problem.

In this study, we do not address the measurement of physical fields, such as displacement, temperature, and their associated
reactions, and instead assume full access to all fields. Although this is clearly an idealized setting, the training of physics-based
neural networks and the associated acquisition of experimental data constitute a substantial research topic in their own right.

The influence of the displacement field on the constitutive behavior arises primarily through its spatial gradient and time
rate. This contrasts with the temperature field, which enters the formulation indirectly through both the internal energy and the
dissipation potential via the entropy. In our experience, and consistent with common practice in the machine learning community,
this tends to bias the training towards the entropy/temperature contribution, whose magnitude is generally larger than that of
the spatial and temporal gradients. Therefore, in line with the normalization procedure of the loss introduced in Eq. (30), we
track the maximum temperature during training and normalize the entire temperature field by this value. As a consequence, the
temperature gradients are scaled accordingly. During testing, this normalization value must be taken into account when evaluating
unseen problems.

In all examples, we employ the relative activity of the individual subnetworks as an evaluation metric. To this end, we quantify
the activity of each subnetwork by aggregating the norms of its parameters (weights and biases). More specifically, for each
parameter tensor W;, V;, U;, and b;, an activity measure is computed as its Frobenius norm, and subsequently summed over all
parameters belonging to the respective subnetwork i. Denoting the resulting activity of subnetwork i by A;, the relative activity is
defined as

. A
A; s 4 , (46)
which represents the normalized contribution of each subnetwork to the overall model activity.

The physics-based network is implemented in JAX using the Flax package. Weight constraints are enforced using a projected
gradient descent scheme, whereby the updated weights are projected onto the admissible set after each optimization step. Details
of the imposed constraints are provided in Appendix C.

Unless stated otherwise, all hyperparameters (training, constraints, regularization) and network architectures are kept identical
across the examples. Their specific values are summarized in Appendix C. Furthermore, the synthetic data are generated using
the constitutive models presented in Appendix D. Notably, these models are formulated in terms of the Helmholtz energy and
a temperature-based dissipation potential. Hence, we do not explicitly prescribe within the network architecture the constitutive
model used to generate the data; rather, during training, the network must learn the intrinsic relation implied by the Legendre
transformation. For completeness, a brief summary of the constitutive equations in terms of the Helmholtz energy is provided in
Appendix E.
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Fig. 2. Boundary value problem for the transient heat diffusion example. A cubic specimen with edge length 1 mm is subjected to a time-
dependent temperature at the exterior boundary and a constant temperature at the interior boundary. The prescribed loading is given by

T(t) = [300 —293.15] sin(%‘t) + 293.15, while the initial temperature is T,

e = 293.15K. The domain is discretized using 4 x 4 X 4 elements
with edge length 0.25 mm.

4.1. Synthetic data: Heat diffusion

To begin with, we consider the discovery of the constitutive behavior of a purely transient heat problem, i.e., a rigid heat
conductor. Due to its transient nature, both the internal energy associated with the heat capacity and the dissipation potential
governing the heat flux are non-zero. As shown in Appendix D, we assume Fourier’s law for the heat flux. From the perspective of
the dissipation potential (here equivalent to a conduction potential), Fourier’s law induces a specific parametrization with respect
to the temperature or, equivalently, the entropy. Consequently, the network is required to learn this parametrization from the data.

This example is formulated in an unsupervised learning setting, where the neural network is trained by minimizing the residual
of the governing balance equations. Full-field data of the temperature evolution are assumed to be available, while the constitutive
behavior is inferred through the physics-based loss.

The boundary value problem is loosely inspired by experimental setups for the measurement of U-values in civil engineering
applications [71]. While heat fluxes and temperatures are reported in the literature, typically only the fluxes at the interior and
exterior boundaries are measured. However, for the identification of transient behavior, access to the temperature field across the
wall is required. Otherwise, one is restricted to assuming a constant temperature gradient, which is not consistent with transient
heat conduction.

Fig. 2 illustrates the considered boundary value problem. In accordance with realistic building conditions, the exterior
temperature follows a sinusoidal variation over time, whereas the interior temperature is assumed to remain constant, cf. [71]. The
domain is discretized using 64 hexahedral elements with an edge length of 0.25 mm. Fig. 3 shows the temperature distribution along
the wall thickness direction (from interior to exterior) at two distinct time instances r = 2 s and ¢ = 4 s. The resulting temperature
profile is nonlinear due to transient effects, which cannot be captured when using a single element.

For training, the weighting of the auxiliary loss is set to 4, = 10°, and the model is trained for 3000 epochs. The evolution of
all individual loss terms, as well as the total loss, is shown in Fig. 4 (left). As observed, the loss decreases rapidly during the initial
phase of training up to approximately epoch 250, followed by a slower convergence regime.

Fig. 4 (right) shows the relative activity of the individual subnetworks corresponding to the model with the lowest loss. The
purely mechanical network FICNN is fully inactive, as expected for a purely thermal problem. Nevertheless, due to the use of
the Softplus activation function, the subnetwork FICNN; still contributes to the overall energetic response. The activity of the
coupled subnetwork FICNN,  is close to zero, indicating that the energetic behavior is sufficiently captured by entropy alone. It is
plausible that stronger regularization would further suppress this contribution. In contrast, the dissipation network clearly dominates
the overall activity, which is consistent with the fact that the heat flux—and thus the governing physics—is directly encoded in the
dissipation potential via the entropy dependence implied by Fourier’s law.

The results for the discovered constitutive behavior of the heat flux are shown in Fig. 5. Due to the transient nature of the
problem, the reference solution exhibits non-zero heat flux at 7 = 4 s and ¢ = 8 s, even in the absence of an instantaneous temperature
gradient between interior and exterior boundary values. The predictions obtained from the model using the auxiliary MLP for entropy
estimation and from the reinstated formulation using an iterative solver are nearly identical. This demonstrates that the auxiliary
MLP does not introduce a noticeable approximation error. For the iterative approach, a Newton-Raphson scheme is employed.
Furthermore, the parity plots of the heat flux component in the direction of heat flow show good agreement with the reference
solution at both the interior and exterior boundaries.
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Fig. 3. Temperature distribution at two exemplary time steps along the wall thickness direction for the transient heat diffusion problem. Although
the temperatures at the interior and exterior boundaries are identical, a nonlinear temperature profile emerges within the wall as a result of
transient effects. The edge length of one finite element is 0.25 mm.
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Fig. 4. Left: Training history of the physics-based neural network for the transient heat diffusion problem. Shown are the total loss as well as
its individual contributions, including the physics-based residual losses, the loss of the auxiliary network, and the regularization term, over the
course of training iterations. Right: Relative activity according to Eq. (46) of the individual subnetworks for the transient heat diffusion problem.
The diagram shows the normalized contributions of internal energy, dissipation, and auxiliary MLP to the overall activity. It can be observed
that the thermal response is dominated by dissipative effects, while the remaining contributions are of significantly smaller magnitude.

4.2. Experimental data: Porcine tissue

Next, we investigate the ability of the proposed approach to discover temperature-dependent mechanical behavior from
experimentally measured data of porcine tissue [72]. The reported stress—stretch data for uniaxial tension, given in terms of the
Piola stress tensor and the deformation gradient, are summarized in Table 1. This dataset was also analyzed in [55], where a
physics-based neural network architecture for thermoelasticity based on the Helmholtz energy was proposed. In their approach,
incompressible material behavior is assumed and enforced directly within the network architecture. As our discovery scheme is
based on the discretized weak form, the associated reaction forces are obtained by integrating the Piola stress over the boundary
surface. However, in contrast to the previous examples, this setting should be considered as supervised learning at the material
point level, where the network is trained directly on observed stress—deformation data.

Before proceeding with the identification, we briefly discuss two modeling limitations present in the dataset. First, the reported
data contain multiple states in which the deformation gradient is equal to the identity tensor and the stress tensor vanishes,
while corresponding to different temperatures. At first glance, this may appear reasonable; however, within a thermomechanical
setting, such data are not sufficient to consistently characterize stress-free states when thermal expansion is taken into account. In
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Fig. 5. Comparison of the heat flux component g, for the transient heat-conduction problem. Left: Temporal evolution of the heat flux at selected
inner and outer locations, comparing the reference solution with the predictions of the auxiliary MLP and the Newton solver. Right: Parity plot
of predicted versus reference heat flux values.

Table 1

Piola stress P, as a function of the axial stretch F,; for incompressible uniaxial loading at different temperatures for the porcine tissue [72]. The
table summarizes the thermo-mechanical response used to generate the training data, illustrating the temperature dependence of the constitutive
behavior.

T =310.15K T =318.15K T =323.15K T =333.15K T =343.15K T =353.15K

F [-] P, [MPa] F [-] P, [MPa] F [-] P, [MPa] F [-] P, [MPa] Fy [-] P, [MPa] F, [-] P, [MPa]
1.0 0.0000 1.0 0.0000 1.0 0.0000 1.0 0.0000 1.0 0.0000 1.0 0.0000
1.2 0.0217 1.2 0.0146 1.2 0.0146 1.2 0.0108 1.2 0.0108 1.2 0.0108
1.4 0.0436 1.4 0.0314 1.4 0.0314 1.4 0.0221 1.4 0.0221 1.4 0.0221
1.5 0.0787 1.5 0.0527 1.5 0.0527 1.5 0.0320 1.5 0.0320 1.5 0.0320
1.6 0.1756 1.6 0.1069 1.6 0.0875 1.6 0.0469 1.6 0.0469 1.6 0.0469
1.7 0.3406 1.7 0.2271 1.7 0.1700 1.7 0.0718 1.7 0.0671 1.7 0.0594
1.8 0.5556 1.8 0.3850 1.8 0.2900 1.8 0.1144 1.8 0.0928 1.8 0.0778

the presence of thermal expansion, a stress-free state at varying temperatures generally corresponds to a temperature-dependent
configuration. A common interpretation is therefore to introduce an individual reference temperature 7|, for each experiment,
such that the initial state satisfies F = I and P = 0 at T = T,. In contrast, within our framework, the reference temperature—
and consequently the reference entropy s,—is treated as a material parameter. As a result, multiple stress-free states at different
temperatures cannot be uniquely determined without explicitly accounting for thermally induced deformation. The missing
information in the dataset is thus the deformation associated with thermal expansion, even if its magnitude may be small.

Second, the assumption of incompressibility appears questionable in a thermomechanical setting. An isotropic material undergo-
ing thermal loading exhibits isotropic thermal expansion, which inherently leads to volumetric changes. Hence, the material response
is intrinsically compressible, even in the absence of mechanical loading.

Both issues could, in principle, be addressed by adapting the network architecture accordingly. For example, the multiplicative
structure of the Helmholtz energy employed in [55] provides a convenient mechanism to incorporate such effects. However, in the
present work, we deliberately avoid tailoring the architecture to enforce incompressibility or multiple reference configurations, as
this would reduce the generality of the approach. Instead, we restrict the loading conditions to be consistent with the available data,
i.e., incompressible uniaxial deformation with prescribed F;;, and train the model solely on the corresponding stress component P,;.
As a consequence, non-zero transverse stresses P,, and Pj; arise implicitly, but are not considered further in this study.

Since the reference temperature is not provided in the dataset, we set the normalization factor to n; = 1 and allow the network
to implicitly identify the reference temperature during training. It is worth noting that normalization of stress and temperature is not
a fundamental requirement, although it is commonly employed to improve numerical conditioning. In our experiments, omitting
normalization led to reduced stability when using the auxiliary MLP for entropy prediction. Therefore, we employ the iterative
solver also during training, which increases the computational cost but improves robustness. In line with [55], the model is trained
for 30,000 epochs.

Fig. 6 (left) illustrates the evolution of the individual loss terms. Although the loss exhibits intermittent spikes to higher values,
an overall decreasing trend is clearly visible, indicating stable convergence in a broader sense.
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Fig. 6. Left: Training history of the physics-based neural network for the temperature dependent porcine tissue dataset [72]. Shown are the total
loss as well as its individual contributions, including the physics-based residual losses and the regularization term, over the course of training
iterations. Right: Relative activity according to Eq. (46) of the individual subnetworks for the porcine tissue. The diagram shows the normalized
contributions of internal energy. No transient thermal effects are present. Training is performed using an iterative solver instead of the auxiliary
network.

The corresponding relative activity of the subnetworks, evaluated at the parameter state with the lowest loss, is shown in Fig.
6 (right). In contrast to the previous example, all constitutive subnetworks exhibit non-negligible activity. This suggests that a
separation based on convexity with respect to deformation and entropy alone may not be sufficient to represent the observed material
behavior. Furthermore, the regularization loss remains consistently active throughout training, indicating that the model complexity
is not significantly suppressed and that regularization does not dominate the learning process.

The discovered neural constitutive response is shown in Fig. 7. The model qualitatively reproduces the experimental data,
capturing both the temperature-dependent mechanical response and the softening behavior with increasing temperature. Moreover,
the predicted responses are of comparable magnitude to those obtained in [55].

Interestingly, despite not explicitly enforcing a normalization of the internal energy, the trained network learns a representation
whose derivative with respect to entropy yields a reference temperature that is consistent with the near stress-free states across the
considered temperature range. This indicates that the network is capable of implicitly identifying a thermodynamically consistent
energy structure.

Finally, we emphasize again that, although the results are qualitatively comparable to those reported in [55], the underlying
modeling assumptions differ significantly. Therefore, a direct quantitative comparison is not appropriate, and this example should
be interpreted as a proof of concept rather than a benchmark comparison.

4.3. Experimental data: Carbon-filled black rubber

Our final experimental study considers the dataset reported in [73] for carbon-filled rubber (type NR-2). We extract fifteen
data points from the dataset, which are summarized in Table 2. This dataset was also analyzed in [55] using a physics-based
neural network formulation based on the Helmholtz energy, employing once again the modeling assumption of incompressibility.
Accordingly, we follow a similar procedure as described in the previous example in Section 4.2.

Fig. 8 (left) illustrates the evolution of both the individual and total loss terms during training. As in the previous example,
occasional spikes are observed; however, the overall trend remains clearly decreasing, indicating convergence of the training process.
The corresponding relative activity of the subnetworks is shown in Fig. 8 (right). In this case, the contributions of the individual
constitutive subnetworks are more evenly distributed, suggesting that multiple mechanisms are required to represent the material
behavior.

The identified constitutive response is shown in Fig. 9. First, it is noted that, although less pronounced than in the previous
example, the stress at F;; = 1 is non-zero for all temperatures. This is consistent with the earlier discussion, as thermal expansion
is not explicitly accounted for and the reference configuration is not temperature-dependent. As before, we set the normalization
factor to np = 1 and allow the network to implicitly identify the reference temperature.

In contrast to the findings reported in [55], the best-performing model in our study is not able to capture the temperature
dependence in the range of T = 363K to T = 393K. Specifically, the model predicts a continued softening of the mechanical
response with increasing temperature in this regime, rather than the observed stiffening behavior. In [55], this behavior is attributed
to thermoelastic inversion [74,75]. It remains unclear whether the inability of the present model to reproduce this effect is due
to limitations of the network architecture or arises from the differing modeling assumptions, such as the treatment of reference
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Fig. 7. Comparison of the discovered model and the reference data for porcine tissue under incompressible uniaxial loading at different
temperatures. The Piola stress P, is plotted as a function of the axial stretch F,,. The reference data are shown as discrete points, while
the continuous curves represent the response of the discovered model. Left: Enlarged view near F,; = 1. Right: Full stretch range, demonstrating
that the discovered model accurately captures the strongly nonlinear and temperature-dependent constitutive response.

Table 2
Piola stress P}, as a function of the axial stretch F;; = 4 for incompressible uniaxial loading at different temperatures for the carbon-filled black
rubber (type NR-2) [73]. The table summarizes the thermo-mechanical response used to generate the training data, illustrating the temperature
dependence of the constitutive behavior.

T =283K T =303K T =323K T =343K T =363K T =373K T =383K T =393K

Fjp A1 Py [IMPal  Fyp [[] Py [MPal Fyy [-1 Py [MPal Fy [-1 Py [MPal Fy; [-] Py [MPal Fy; [-1 P [MPal Fy [-1 Py [MPal Fy; [-] P, [MPal

1.00000  0.000000 1.00000  0.000000 1.00000  0.000000 1.00000  0.000000 1.00000  0.000000 1.00000  0.000000 1.00000  0.000000 1.00000  0.000000
1.06605  0.450927 1.07206  0.398578 1.06455 0.351218 1.05925  0.302547 1.06152  0.285128 1.07430  0.397746 1.04399  0.238756 1.06077  0.318900
1.11608  0.638094 1.12397  0.601937 1.13816  0.617895 1.11824 0.581138 1.11104  0.480744 1.13038  0.598524 1.10160  0.509104 1.10742  0.530547
1.17084  0.836345 1.19056  0.852403 1.21525 0.849735 1.17495 0.765233 1.15913  0.622078 1.18448 0.781625 1.15635 0.746744 1.15566  0.724084
1.22446  1.003285 1.23686  0.971640 1.27205 1.014738 1.22774  0.899099 1.19393  0.738158 1.22118  0.874767 1.19527  0.863940 1.19929  0.861042
1.27520  1.144868 1.29581  1.140401 1.33427  1.207609 1.26509  0.992175 1.23815  0.848395 1.26319  0.986624 1.23880  0.998858 1.24398  0.987548
1.31610  1.271632 1.34446  1.284534 1.38272  1.364871 1.31732  1.142058 1.28148  0.951697 1.29581 1.078572 1.28960 1.125183 1.28524  1.108225
1.36402  1.435798 1.39946  1.488493 1.42278  1.520404 1.36520  1.304146 1.32340 1.062818 1.33547 1.179858 1.33547 1.273180 1.31793  1.209076
1.41088 1.665726 1.44406  1.744582 1.44906  1.689422 1.42109  1.528480 1.36048 1.177797 1.37632  1.306539 1.36755 1.373510 1.35812  1.350267
1.44961 1.928275 1.47214  1.959235 1.47487 1.871115 1.46120 1.772867 1.40003 1.297129 1.40575  1.399503 1.40175  1.492410 1.39659  1.472431
1.48409 2.297364 1.49862  2.281025 1.49969 2.101319 1.48787  1.998354 1.43794  1.442473 1.44462 1.546719 1.43794  1.652962 1.43458 1.625800
1.51142  2.638657 1.52043 2.511789 1.52464  2.323838 1.51355  2.205599 1.46723  1.565359 1.47214 1.687119 1.47650  1.832872 1.47214  1.789919
1.53723  2.999732 1.54088  2.825084 1.54140  2.570015 1.53618  2.433870 1.50290 1.771054 1.50930 1.881512 1.50717  2.002299 1.50504  1.987391
1.55437  3.310288 1.55592  3.072414 1.55798  2.794081 1.55540  2.649906 1.53671  1.992777 1.53618  2.062994 1.54140 2.188844 1.53932  2.191808
1.56927  3.647574 1.57183  3.375458 1.57183  3.018656 1.57132  2.883669 1.56927  2.246406 1.57029  2.301634 1.57081  2.397227 1.57336  2.370705

configurations and compressibility. Apart from this discrepancy, the model achieves a comparable level of accuracy to [55] in
the lower temperature range, indicating that the essential temperature-dependent behavior is captured in this regime. However, it
should be emphasized that rubber compounds are inherently thermoviscoelastic, and their response over a wide temperature range
is governed by the interplay of viscous and entropy-driven mechanisms. At low temperatures, viscous effects are pronounced and
lead to elevated stresses, while increasing temperature reduces these contributions, resulting in a decrease in stress. At sufficiently
high temperatures, the viscous effects become negligible and the entropy-driven elastic response leads to an increase in stiffness and
stress. Since the present framework is restricted to thermoelasticity without explicit viscous mechanisms, the learned constitutive
response can only represent this behavior in an effective manner, without resolving the underlying rate-dependent physics.

This observation highlights that, despite the thermodynamic consistency enforced by construction, data-driven constitutive mod-
els may remain physically incomplete if relevant mechanisms are not included in the model class. Consequently, the interpretation
of learned constitutive behavior requires careful assessment, particularly when extrapolating beyond the training regime.

4.4. Synthetic data: Structural examples

Up to this point, the investigations have primarily focused on homogeneous problems. Moreover, the considered examples either
addressed purely thermal behavior or mechanical responses parameterized by temperature, rather than a fully coupled interaction
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Fig. 8. Left: Training history of the physics-based neural network for the temperature dependent carbon-filled black rubber dataset [73]. Shown
are the total loss as well as its individual contributions, including the physics-based residual losses and the regularization term, over the course
of training iterations. Right: Relative activity according to Eq. (46) of the individual subnetworks for the carbon-filled black rubber. The diagram
shows the normalized contributions of internal energy. No transient thermal effects are present. Training is performed using an iterative solver
instead of the auxiliary network.
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Fig. 9. Comparison of the discovered model and the reference data for carbon-filled black rubber (type NR-2) under incompressible uniaxial
loading at different temperatures. The Piola stress P, is plotted as a function of the axial stretch F;,. The reference data are shown as discrete
points, while the continuous curves represent the response of the discovered model. Left: Full stretch range. Right: Enlarged view, demonstrating
that the discovered model is unable to explain the thermal stiffening effect in high temperature ranges.

between thermal and mechanical fields. In particular, essential coupling mechanisms such as thermal expansion, the influence of
large deformations on heat conduction, or the generation of heat due to elastic deformation [76] have not yet been taken into
account. Experimental evidence for the latter effect, even in metallic materials, is reported, for instance, in [77].

To address this limitation, we now investigate the discovery of a fully coupled thermomechanical model, as introduced in
Appendix D, with material parameters adopted from the literature [50,52,53]. In addition, a nonlinear contribution to the caloric
part of the Helmholtz energy is employed to account for temperature-dependent heat capacity.

Section 4.4.1 presents the specimen used for training and outlines the corresponding training procedure. In Section 4.4.2, the
predictive capabilities of the discovered model are evaluated on an unseen boundary value problem.
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This example follows an unsupervised learning approach based on the discretized weak form of the governing equations. Full-
field data of displacement and temperature, as well as the associated boundary conditions, are assumed to be known, while the
constitutive response is identified through the minimization of the residual.

4.4.1. Training: Plate with an elliptic hole

Training neural networks requires datasets with sufficiently high information content to enable an (almost) unique identification
of the network parameters. A common strategy in physics-based modeling, which we also employed in previous studies on
inelasticity, is to consider specimens with highly non-homogeneous geometries in order to induce rich spatial variations in the
physical fields. In addition, complex loading paths are typically applied to further increase the diversity of the data. While this
approach is effective, it also increases the complexity of both the experimental setup and the data generation process.

In contrast, we adopt a training strategy based on simple geometries and loading paths, while incorporating multiple independent
scenarios simultaneously. From the perspective of automation and data generation, this approach offers a scalable alternative.

To this end, the specimen and the three loading scenarios used simultaneously for training are depicted in Fig. 10. The first
scenario is purely deformation-driven, which nevertheless induces temperature changes due to the intrinsic thermomechanical
coupling. The second scenario corresponds to purely thermal loading. The third scenario considers a fully coupled loading involving
both deformation and temperature. In all cases involving temperature, a holding phase is introduced to facilitate the identification
of transient effects.

The domain is discretized following [78] using 952 hexahedral elements and 1647 nodes. Each scenario is simulated using 40
time steps; however, the total duration differs between scenarios, resulting in different time increments.

The network is trained for 20,000 epochs with a weighting parameter of 1, = 10!. The evolution of the total loss and all individual
loss components is shown in Fig. 11 (left). Initially, all loss terms are of comparable magnitude. As training progresses, the losses
decrease steadily, with the entropy-related loss £,,, exhibiting the most pronounced reduction.

The corresponding relative activity of the subnetworks for the best-performing model is shown in Fig. 11 (right). From
a constitutive perspective, the coupled subnetwork FICNNf = dominates the internal energy, whereas the purely mechanical
subnetwork FICNNg contributes only marginally. Furthermore, the dissipation network exhibits significant activity, which can
again be attributed to the parametrization induced by Fourier-type heat conduction.

4.4.2. Testing: Spring-like specimen

It remains to assess the predictive capability of the discovered neural network with respect to nodal reactions for an unseen
boundary value problem. To this end, we consider a spring-like specimen, depicted in Fig. 12, which is evaluated under two different
testing scenarios. In the first scenario, both sinusoidal deformation and temperature loading are applied at the top clamping of the
specimen. In contrast, the second scenario maintains a constant temperature at both the top and bottom boundaries, equal to the
initial temperature throughout the domain. Thus, any temperature evolution arises solely from deformation-induced effects.

The geometry is discretized using 3640 hexahedral elements and 4716 nodes. Both testing scenarios are simulated using 40 time
steps.

It should be noted that the auxiliary MLP for entropy prediction is not employed during testing, as it primarily serves to accelerate
and stabilize training. Instead, all evaluations are performed using the Newton-Raphson scheme.

Testing #1. The results at five representative snapshots during loading are shown in Fig. 13. The spatial distribution of the nodal
forces in vertical direction, comparing the reference solution F, . and the prediction F,, as well as the heat flows Q,; and Q, are
in good agreement across all snapshots. Note that the forces F, correspond to the surface integrals of the tractions ¢, while the
heat flow corresponds to the surface integral of the heat flux ¢. This agreement is further confirmed quantitatively in Fig. 14. The
corresponding parity plots indicate good agreement for both the reaction forces at the top and bottom boundaries and the reaction
heat flow. Only minor deviations in the heat flow at the bottom boundary are observed, which are considered negligible.

These results indicate that the discovered model is capable of accurately predicting the thermomechanical response for an unseen
boundary value problem with combined loading conditions.

Testing #2. While the first scenario demonstrates strong predictive performance, the second scenario specifically targets the ability
of the model to capture deformation-induced self-heating effects. The results for five representative snapshots are shown in Fig.
15. As expected, the temperature decreases under tensile loading and increases under compressive loading, reflecting thermoelastic
coupling. This cyclic behavior is consistently observed due to the sinusoidal deformation.

For the nodal forces, the predicted distributions closely match the reference solution across all time steps. However, in contrast
to the first scenario, noticeable discrepancies are observed in the heat flow. In particular, for the second and fourth snapshots,
non-zero heat flows appear within the interior of the domain, which is inconsistent with the absence of thermal Dirichlet boundary
conditions.

The quantitative comparison in Fig. 16 confirms these observations. While the reaction forces at both boundaries are accurately
captured, the predicted heat flow deviates significantly from the reference solution. These deviations are evident not only in
magnitude but also in the qualitative temporal evolution, where the predicted response exhibits higher-frequency oscillations.

In summary, the model accurately captures the mechanical response across all scenarios. The thermal response is also well
predicted when a pronounced temperature field is present. However, the model fails to accurately reproduce deformation-induced
heating effects. This limitation is likely due to the significantly smaller magnitude of the temperature changes associated with this
phenomenon, which are on the order of 10~ K, and thus are difficult to resolve during training.

Whether alternative training strategies — such as selectively constraining parts of the network or focusing specific subnetworks
on deformation-induced heating — can overcome this limitation remains an open question and is left for future work.

17



H. Holthusen et al. Computer Methods in Applied Mechanics and Engineering 459 (2026) 119082

e it

10

Training #2

—>
S
<
I
L
=
—>
=

- - -

Tinit = 293.15 K Tinit = 293.15 K Tinit = 293.15 K
S ;ST S SSS
— 2f 1 _ 310 [ 310
: : 2 £ o2f =
—1r 2 — = — =
= = SR =
S S S
= | = 0 | 1293.15 0 | 129315
0 5 10 0 7.5 15 0 10 20
Time ¢ [s] Time ¢ [s] Time ¢ [s]

Fig. 10. Setup of the boundary value problem and training scenarios for the plate with an elliptic hole. Top: Geometry and dimensions of the
specimen [78], the thickness is t = 1 mm. Middle: Three distinct training scenarios with different combinations of mechanical loading u (¢) and
thermal loading T'(¢) applied at the top boundary, while the bottom boundary is fixed and the initial temperature is 7;,;, = 293.15K. Bottom:
Corresponding temporal evolution of the prescribed displacement and temperature for each training case. Solid black lines denote the prescribed
displacement, whereas the temperature evolution is represented by colored lines transitioning from red to blue. (For interpretation of the

references to color in this figure legend, the reader is referred to the web version of this article.)

5. Discussion

Physics-based neural networks learn entropy-based thermomechanics. The central result of this work is that physics-based neural
networks can successfully learn constitutive behavior in fully coupled thermomechanics when formulated in terms of internal energy
and dissipation. While such entropy-based formulations are well-established from a thermodynamic perspective [5], they have so
far found limited use in constitutive modeling, partly due to the difficulty of constructing intuitive and expressive models directly
in terms of entropy and internal energy. The proposed framework overcomes this limitation by enabling not only the identification
of model parameters, but the discovery of suitable constitutive representations themselves. In this sense, the neural network does
not rely on a predefined model structure, but is able to approximate constitutive relations that may not be available in closed form
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the course of training iterations. Right: Relative activity according to Eq. (46) of the individual subnetworks for the plate with an elliptic hole
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Fig. 12. Boundary value problem and testing scenarios for the spring-like structure. Left: Geometry and boundary conditions, including prescribed
displacement u,(f) and temperature T(r) at the top boundary, while the bottom boundary is fixed and maintained at constant temperature
T = 293.15K. The initial temperature is set to T;,; = 293.15K. Right: Two testing scenarios used for model evaluation. In Testing #1, coupled
thermo-mechanical loading is applied via time-dependent displacement and temperature. In Testing #2, only mechanical loading is applied while
the temperature is kept constant, such that thermal effects arise solely from the deformation. Solid black lines denote the prescribed displacement,
whereas the temperature evolution is represented by colored lines transitioning from red to blue. (For interpretation of the references to color
in this figure legend, the reader is referred to the web version of this article.)

a priori. Across all examples, the discovered models reproduce the governing mechanical and thermal responses while satisfying
thermodynamic admissibility by construction. This is particularly important because the present framework is formulated in terms
of deformation and entropy, whereas temperature remains the experimentally accessible quantity. The results therefore show that
the entropy-based formulation is not merely a theoretical alternative, but a practically viable route for constitutive discovery
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Fig. 13. Results for Testing #1 of the spring-like structure under coupled thermo-mechanical loading. Shown are five representative time steps
during the loading process. For each snapshot, the temperature field T, the heat flow Q, and the forces F, are depicted. The reference solution
(*),ef is compared against the predictions of the discovered model. The results demonstrate that the learned model accurately captures the fully

coupled thermo-mechanical response.
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Fig. 14. Quantitative comparison of the predicted and reference responses for Testing #1 of the spring-like structure under coupled thermo-
mechanical loading. Left: Temporal evolution of the reaction heat flow Q (top) and the reaction forces F, (bottom) at the top and bottom
boundaries. Right: Corresponding parity plots comparing predictions and reference values. The results show good agreement for both mechanical
and thermal quantities, with only minor deviations in the heat flow at the bottom boundary.

in thermomechanics. This is confirmed consistently across the purely thermal setting (Section 4.1), the temperature-dependent
mechanical examples (Sections 4.2 and 4.3), and the fully coupled structural problem (Section 4.4). In this sense, the network
does not only fit data, but learns a constitutive structure that is consistent with the energetic and dissipative principles of coupled
thermomechanics.

The internal-energy formulation enables robust, consistent, and architecture-embedded thermodynamics. A key conceptual advantage
of the proposed framework lies in the choice of internal energy as primary energetic potential. In contrast to Helmholtz-based
formulations, this avoids the need to impose mixed convexity—concavity conditions with respect to deformation and temperature.
Instead, the model is constructed from the convex-like internal energy and a convex dissipation potential, which can be represented
naturally through input-convex neural networks. Moreover, thermodynamic consistency is not enforced a posteriori but embedded
directly into the architecture through invariant-based representations and zero-anchored convex constructions. Objectivity, isotropy,
monotonicity in entropy, and convexity of the energetic and dissipative parts are therefore guaranteed by design. The numerical
examples demonstrate that this combination is not only thermodynamically sound but also computationally robust, as stable training
is achieved across all considered regimes (Sections 4.1-4.4). This supports the view that constitutive learning should be formulated
as structured model discovery rather than unconstrained regression [10-12,18].

Multiphysics discovery requires comprehensive loading paths and benefits from structured training strategies. The examples show clearly
that constitutive discovery in thermomechanics cannot be judged from isolated observations, but requires testing procedures that
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forces F, are depicted. The reference solution (s), is compared against the predictions of the discovered model. While the forces are accurately
reproduced, noticeable discrepancies are observed in the heat flow, including non-physical fluxes within the interior of the domain.
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Fig. 16. Quantitative comparison of the predicted and reference responses for Testing #2 of the spring-like structure under purely mechanical
loading with constant temperature boundary conditions. Left: Temporal evolution of the reaction heat flow Q (top) and the reaction forces F,
(bottom) at the top and bottom boundaries. Right: Corresponding parity plots comparing predictions and reference values. While the reaction
forces are accurately captured, significant deviations are observed in the heat flow, both in magnitude and temporal evolution, including spurious
oscillations and increased scatter in the parity plot.

span the full loading history, including transient, coupled, and path-dependent effects. This is particularly evident in the heat
conduction example, where resolving the temporal evolution is essential to identify dissipation (Fig. 5). In the structural setting,
multiple training scenarios are deliberately combined to activate deformation-driven, thermal, and fully coupled mechanisms (Fig.
10). This strategy proves sufficient to identify a model that generalizes to a new geometry and unseen loading conditions (Figs.
13 and 14). These results indicate that, for multiphysics discovery, diversity and complementarity of loading paths are equally
important to the complexity of individual experiments, as they allow the network to disentangle energetic storage, dissipation, and
coupling effects over time, cf. [79].

Interpretability and efficiency: subnetworks learn physically meaningful roles while auxiliary models accelerate training. A notable feature
of the framework is that the learned subnetworks acquire physically interpretable roles. In the heat conduction example, the
relative activity analysis shows that the dissipation network dominates, while purely mechanical energetic contributions remain
inactive, as expected (Fig. 4). In contrast, all energetic branches become relevant in temperature-dependent mechanical problems,
and the coupled energetic contribution is most active in the fully coupled structural case (Fig. 11). This provides a first layer
of interpretability by linking network components to physical mechanisms. At the same time, the auxiliary entropy network
significantly accelerates training without degrading the final constitutive response, similar to its usage in case of inelasticity [69]. As
demonstrated in the thermal example, predictions obtained with the auxiliary network closely match those based on the reinstated
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Newton solver (Fig. 5), indicating that the auxiliary model serves as an efficient surrogate during training while preserving the
thermodynamic structure during inference.

Data quality and scale separation fundamentally limit thermomechanical discovery. The porcine tissue and rubber examples highlight
that constitutive discovery is inherently limited by the consistency and completeness of the available data. Missing information,
such as thermal expansion or consistent rest configurations, restricts identifiability and prevents a fully consistent thermomechanical
interpretation (Figs. 7 and 9). While qualitative trends, such as temperature-dependent softening, are still captured, these examples
demonstrate that data must be compatible with the underlying thermodynamic framework. In addition, the structural test reveals
that weak coupling effects, such as deformation-induced temperature changes, remain difficult to identify (Figs. 15 and 16).
Since these effects are orders of magnitude smaller than the dominant thermal contributions, they are overshadowed during
training [80]. This indicates that small-scale multiphysics interactions require targeted excitation or adapted training strategies
to become identifiable. In this context, it remains an open question whether enriched data generation strategies, such as multiscale
simulations as used in neural networks for magneto-elasticity [31], all-at-once approaches [81], or tailored dual-stage approaches
combining data-driven identification with physics-augmented neural networks [82], can improve identifiability and robustness in
thermomechanical discovery. Overall, the results show that the success of thermomechanical discovery is inseparable from the design
of the data and the relative scale of the underlying physical effects.

Conclusion

A physics-based neural network framework for the discovery of constitutive models in fully coupled thermomechanics has
been presented. The approach is formulated in terms of the deformation gradient and entropy that uses the internal energy and
a dissipation potential. This enables a thermodynamically consistent treatment of thermomechanical processes while retaining
temperature as the experimentally observable variable. Thermodynamic admissibility is ensured by construction through convex
energetic and dissipative potentials and invariant-based representations embedded in the network architecture.

The numerical investigations demonstrate that the proposed framework captures transient thermal behavior, temperature-
dependent mechanical response, and fully coupled thermomechanical effects within a unified setting. In particular, the learned
models generalize to unseen boundary value problems and yield accurate predictions of structural reactions, indicating that the
approach identifies constitutive behavior beyond pointwise data fitting.

At the same time, the study highlights inherent limitations of data-driven thermomechanical discovery. The quality of the
identified models depends critically on the consistency and completeness of the available data, and weak coupling effects may
not be resolved if they are not sufficiently represented in the training scenarios.

Overall, the results indicate that internal-energy-dissipation-based neural networks provide a promising and structurally consis-
tent framework for constitutive discovery in thermomechanics. Future works may focus on improving the identification of small-scale
coupling effects, extending the approach to inelastic materials, and designing data generation strategies tailored to multiphysics
settings.

CRediT authorship contribution statement

Hagen Holthusen: Writing — review & editing, Writing — original draft, Visualization, Validation, Software, Methodology,
Investigation, Funding acquisition, Formal analysis, Data curation, Conceptualization. Paul Steinmann: Writing — review & editing,
Writing — original draft, Funding acquisition. Ellen Kuhl: Writing — review & editing, Writing — original draft, Supervision, Funding
acquisition.

Statement of Al-assisted tools usage

The authors acknowledge the use of OpenAI’s ChatGPT, an Al language model, for assistance in generating and refining text.

The authors reviewed, edited, and take full responsibility for the content and conclusions of this work.

Declaration of competing interest

The authors declare that they have no known competing financial interests or personal relationships that could have appeared
to influence the work reported in this paper.

24



H. Holthusen et al. Computer Methods in Applied Mechanics and Engineering 459 (2026) 119082

Acknowledgments

We thank Karl A. Kalina for some enlightening discussions on the topic of physics-constrained neural networks. This work
was supported by the Deutsche Forschungsgemeinschaft (German Research Foundation) 280 417002380, by the Stanford Bio-X
Snack Grant 2025, and by the NSF CMMI Award 2320933. Further, Paul Steinmann and Ellen Kuhl acknowledge support from the
European Research Council (ERC) under the Horizon Europe program (Grant -Nos. 101052785 and 101141626, projects: SoftFrac
and DISCOVER). Funded by the European Union. Views and opinions expressed are however those of the author(s) only and do not
necessarily reflect those of the European Union or the European Research Council Executive Agency. Neither the European Union
nor the granting authority can be held responsible for them.

Funded by European Research Council
the European Union Established by the European Commission

Appendix A. Objectivity and material symmetry

Objectivity. The principle of objectivity requires invariance of the constitutive response under superposed rigid body motions. In
precise terms, this means that for all time-dependent rotations and admissible states, i.e.,

Y O(t) € SOQ3),Y(F,s, F,5,8) :
e(F,s)=e(QF,s),
¢(F.5,g: F,5) = ¢(QF. 5, 8: OF, s), (A1)
OP(F,s,F,s,g) = P(QF,s,QF,3,g),
q(F.s.F.5.8) = q(QF.5.OF.5.8).

where QF denotes the material time derivative of QF and g is a referential quantity. Scalar quantities such as the absolute
temperature T remain invariant under these transformations.

Material symmetry. The principle of material symmetry requires invariance under superposed time-independent rotations of the
reference configuration belonging to the symmetry group of the material. For isotropic materials, this symmetry group coincides
with the full orthogonal group O(3); if only proper rotations are considered, it reduces to SO(3). Accordingly, for all rotations and
admissible states, one has

YQ €S0Q3),V(F,s, F,5,8) :
e(F,s5) = e(FQ,s),
W(F.5,8 F,5)= $(FQ,5,0" g: FQ.s), (A.2)
P(F,s,F.5,8)Q0 = P(FQ,s,FQ.5,0" ),
Q"q(F.s,F.5,8)=q(FQ,s,FQ.,5,0" ),

Scalar quantities such as the absolute temperature T again satisfy this requirement trivially.
Appendix B. Coercivity of the proposed growth energy

Let F € R¥3 with det F = J > 0, and let C = FT F. The energy density in Eq. (37) can be written as egr(F) = €, W(F) with
W (F) = ||F|% + llcof F||2. + J =7 —7InJ, (B.1)

where || « || - denotes the Frobenius norm.
We first estimate the logarithmic term. Since the logarithm grows slower than any positive power, for every € > 0 there exists a
constant C, > 0 such that

InJ <eJ*3+C, VvJI>O0. (B.2)
Hence,

~7InJ > -7eJ*3 - C. (B.3)
Substituting this estimate into the expression for W gives

W (F) > IF||% + llcof F||2. + J — 7eJ¥/3 - C. (B.4)
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The negative term —7¢J*/3 is controlled by the cofactor term. Indeed, if ,, 4,, 4; > 0 are the singular values of F, then J = 14,4,
and by the arithmetic mean-geometric mean inequality,

lcof FlI% = (A1 40)> + (Ap23)% + (A341)% = 3J4/3. (B.5)
Therefore,
43 _ 1 2 4/3 1 2
J3 < Fllcof Flf: or = 3> —3lcof . (B.6)

Using this in the previous lower bound yields

W) 2 | FIE + (1- 73£) llcof FI|% +J — C. (B.7)
We now choose ¢ > 0 small enough so that the coefficient of the cofactor term remains positive. For example, with ¢ = 13—4, we
obtain
Te 1
l-—==. B.8
) (B.8)
Thus,
W(F) 2 | FIE + 3 llcof FI + - C. ®.9)

Since J > 0, the term J is non-negative and may be dropped in a lower bound. Consequently,
W(F) > |FIl3 + %llcofFlle -C. (B.10)

Finally, the estimate J4/3 < %llcof F||2F shows that the cofactor term also controls J4/3. Hence, after possibly decreasing the positive
constant and renaming the additive constant, there exist constants ¢; > 0 and ¢, € R such that’

W(F) > ¢; (IFII + llcof FII% + J43) + ¢. (B.11)
Therefore, the energy satisfies a coercivity estimate of the form
W(F) > c; (IF|I. + llcof FI|% + J") + ¢, (B.12)

with constants ¢; > 0 and ¢, € R. A commonly used sufficient growth condition for existence results in nonlinear elasticity is,
cf. [61,83],

p

p>2, q>—, r>1. (B.13)
p—
For the energy density in Eq. (37), these conditions are satisfied by
p=2, q=2, r=%>l. (B.14)

In addition, the energy W (F) satisfies
lim W(F) = +o0, (B.15)
J—0*

due to the logarithmic term —In J, which ensures that the energy becomes unbounded as the determinant of F approaches zero.

Appendix C. Hyperparameters and neural networks architectures

The hyperparameters for training are listed in Table C.3, while the architectures for the individual neural networks are given in
Table C.4.

Appendix D. Constitutive material laws

The training data are generated using two different constitutive models. In both cases, the formulation is based on a Helmholtz
energy w(F,T) and a dissipation (conduction) potential y(g; F,T) defined in the reference configuration.'’

. 3 1 . 1 3 N 3
9 For instance, for ¢, = 2 and ¢, = —C, we have [IFI1% + 5||cofF||2F —C2¢ (IFI2 + llcof F|| + J*3) + ¢, since EllcofFlle > gHcorFlle + gJ“/".

10 We use the notation of y here to emphasize that the potential is parameterized by the temperature instead of the entropy.
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Table C.3
Training hyperparameters.
Category Parameter Value
Number of epochs -
Optimization Learning rate 1x1073
P Gradient clipping Disabled
Clip norm 1.0
Optimizer ADAM
Ap (Dirichlet force) 1
Active f 1
Loss weighting Ay (Active .orc.e)
Ag (regularization) 1
A, (auxiliary mismatch) -
L Energy networks (L') 1073
Regul t
cguiarization Dissipation networks (L') 10-5
. Energy kernels Weights > 1077
t t:
Constraints Dissipation kernels Weights >0
Numerics Precision float64
Table C.4
Neural network architectures.
Network Layers Activations Output Output act. Output bias
FICNN . (joint energy) [12, 12] exp, exp 1 softplus Yes
FICNNf (energy features) [12, 12, 12] exp, softplus, softplus 12 identity Yes
FICNN; (entropy features) [12, 12, 12] exp, exp, exp 12 identity Yes
PICNN, (dissipation potential) [12, 12, 12] softplus, softplus, softplus 1 ReLU No
PICNN (coupling branch) [6, 6, 6] GELU, GELU, GELU - - -
MLP, (auxiliary entropy) [12, 12] GELU, GELU 1 identity Yes

Thermal model. For the purely thermal study, a model is considered with a passive mechanical response. The Helmholtz energy is
defined as

V(F,T) = Wren(C) + yn(T), (D.1)
with the mechanical contribution
Wmech:all+bl2+613_%1n(13): (D.2)

where I, = tr(C), I, = tr(cof C), and I5 = det(C), and

d=2a+4b+2c. (D.3)
The thermal contribution is given by
T
win(T) = cro [[T —Ty]-Tln (F)] . (D.4)
0
The dissipation potential is defined as
A
2(&T.C)= - Tg-cof(C) g (D.5)
The material parameters are
a=1GPa, b=1GPa, c=1GPa, (D.6)
Ar=302mWmm™! K7, g =150 mImm™ K7!, T, =293.15K. D.7)

Fully coupled thermomechanical model. For the fully coupled analysis, a thermomechanical model is employed. The Helmholtz energy
is decomposed as

Y(F,T) = Yneen(O) + win(T) + e (C, T). (D.8)
The mechanical contribution reads
A
Ve = 5 [ =3 =In(1p)] + § [I = 1= In(13)]. (D.9)
where 4 and u denote the Lamé parameters. The thermal contribution is given by
van(T) = erg [y+y2 ~Tln <yl)] : (D.10)
0
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with
-1+ v1+8T —1++/1+8T,
sz’ J’O=T- (D.11)
The thermo-mechanical coupling term is defined as
3

Wept = 5 K g [T = Tp] In(3). (D.12)

where k = A+ % u is the bulk modulus. The dissipation potential is again given by
A

2(&T.C)= =L Tg cof(€) - g (D.13)
The material parameters are taken from the literature [50,52,53]

2=101.160 GPa,  u=73.255GPa,  ay=1.1x10" K7, (D.14)

Arp=3502mWmm™' K7L, epg =359 mimm T K7L, T =293.15 K. (D.15)

Appendix E. Balance of energy in terms of Helmholtz energy

State law. Choosing the Helmholtz energy y(F,T) as the energetic potential leads to the following alternative form of the state
laws compared to Eq. (10)

p= s=- (E.1)

JF° T
Governing equation. Inserting the state laws in Eq. (E.1) into the energy balance (8) yields the governing equation for heat diffusion

o’y Py
-T— T =-Divq+r+T —— : F. E.2
oT? AT SFor (E.2)

For implementation purposes, it is worth noting that the mixed derivative with respect to F can be expressed in terms of the
right Cauchy-Green tensor C = FTF as

0y %y
—— =2F ——. E.
0FoT 0CoT (E.3)
The weak form presented in Section 2.3 can be adapted accordingly.

Data availability

Our source code and examples are available at https://doi.org/10.5281/zenodo.19248596.
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