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 A B S T R A C T

Generative artificial intelligence offers a new paradigm to design matter in high-dimensional 
spaces. However, its underlying mechanisms remain difficult to interpret and limit adoption 
in computational mechanics. This gap is striking because its core tools – diffusion, stochastic 
differential equations, and inverse problems – are fundamental to the mechanics of materials. 
Here we show that diffusion-based generative AI and computational mechanics are rooted in 
the same principles. We illustrate this connection using a three-ingredient burger as a minimal 
benchmark for material design in a low-dimensional space, where both forward and reverse 
diffusion admit analytical solutions: Markov chains with Bayesian inversion in the discrete 
case and the Ornstein–Uhlenbeck process with score-based reversal in the continuous case. In 
both cases, forward diffusion adds noise to degrade structure, while reverse diffusion recovers 
structure from noise. We extend this framework to a high-dimensional design space with 146 
ingredients and 8.9×1043 possible configurations, where analytical solutions become intractable. 
We therefore learn the discrete and continuous reverse processes using neural network models 
that infer inverse dynamics from data. We train the models on only 2260 recipes and generate 
one million samples that capture the statistical structure of the data, including ingredient 
prevalence and quantitative composition. We further generate five new burgers and validate 
them in a blinded restaurant-based sensory study with n = 101 participants, where three of 
the AI-designed burgers outperform the classical BigMac in overall liking, flavor, and texture. 
These results establish diffusion-based generative modeling as a physically grounded approach 
to design in high-dimensional spaces. They position generative AI as a natural extension 
of computational mechanics, with applications from burgers to matter, and establish a path 
towards data-driven, physics-informed generative design. Our source code, data, and examples 
are available at https://github.com/LivingMatterLab/AI4Food.

. Motivation

The modern hamburger emerged in the late 19th century as a simple combination of ground meat and bread [1]. Since then, 
ts formulation has evolved through incremental variation; yet, its core design remains largely unchanged [2]. Despite its global 
opularity – with more than 50 billion hamburgers consumed annually in the United States alone [3] – the massive combinatorial 
pace of possible ingredient configurations remains largely unexplored. This challenge extends far beyond food: the design of matter 
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and materials draws from vast libraries of candidate components that generate high-dimensional combinatorial spaces beyond 
systematic exploration [4]. This gap between vast design potential and limited human search motivates a new approach to discovery.
Generative AI for discovery. Generative artificial intelligence is redefining how we explore high-dimensional design spaces 
and discover new materials across science and engineering [5,6]. Scientists now apply these methods across domains such as 
computational drug design [7], molecular generation [8], and materials discovery [9], where they propose new candidates that 
extend far beyond existing datasets [10]. These problems share a fundamental challenge: the underlying design spaces grow 
combinatorially, while available training data remain sparse [11]. Diffusion-based generative models address this challenge by 
introducing a forward process that progressively randomizes data and a reverse process that reconstructs structure from noise [12]. 
This forward–reverse formulation enables controlled sampling of complex distributions and produces new candidates that remain 
consistent with observed data, while exploring previously unseen regions of the design space [13]. Diffusion models were originally 
derived from non-equilibrium statistical physics [11]. Our objective is not to re-establish this origin, but to translate these concepts 
into the language of computational mechanics. This perspective casts generative modeling in terms of stochastic processes, transport, 
and inverse problems, and makes these methods directly accessible to the mechanics community.
A mechanics perspective. From a mechanics perspective, diffusion models take a familiar form: stochastic dynamical systems 
governed by drift–diffusion equations in high-dimensional state spaces [14]. The forward process adopts Fokker–Planck diffusion of 
probability densities [15,16], 𝜕𝑝∕𝜕𝑡 = −∇⋅𝒋, where the flux, 𝒋 = 𝑝 𝒃− 1

2 𝑫 ⋅∇𝑝, governs how the probability density 𝑝 drifts and diffuses 
under the velocity 𝒃 that controls deterministic transport, and the diffusion tensor 𝑫 that controls stochastic spreading. Without 
the drift, this reduces to classical diffusion along concentration gradients [17], similar to Fickian diffusion of concentrations [18] 
or Fourier diffusion of heat [19], 𝜕𝑝∕𝜕𝑡 = −∇ ⋅ 𝒋, where the mass or heat flux, 𝒋 = −𝑫 ⋅ ∇𝑝, governs how concentration or heat 𝑝
diffuse under the diffusivity or conductivity tensor 𝑫. In the discrete setting, the same evolution reduces to a random walk on a 
graph, d𝑝𝑖∕d𝑡 =

∑

𝑗 𝖫𝑖𝑗 𝑝𝑗 , where 𝖫 denotes the graph Laplacian or Kirchhoff matrix [20], which governs the diffusion of probability 
mass across neighboring nodes 𝑝𝑖 and 𝑝𝑗 of the graph [21]. The reverse process transports probability mass up density gradients 
through a learned drift term and parallels driven transport in phase-separating systems such as Cahn–Hilliard diffusion [22]. The 
flux of these systems, 𝒋 = −𝑫 ⋅∇𝜇, derives from Onsager’s variational principle [23], which leads to linear flux-force relations driven 
by gradients of the chemical potential, 𝜇 = 𝛿∕𝛿𝑝, rather than by concentration gradients ∇𝑝 alone, to enable unmixing and uphill 
transport. This perspective places generative diffusion models within the well-established framework of gradient flows, variational 
principles, and entropy-driven evolution, and highlights that the mathematical tools of computational mechanics already provide a 
natural language to analyze, reinterpret, and extend diffusion models in generative AI [24–27].
Food as a model system. Food represents a high-impact societal challenge for generative AI, as it forms a class of complex, 
multicomponent materials in which composition, structure, and processing jointly determine mechanical response and sensory 
perception [28–31]. Food scientists are beginning to use machine learning to capture relationships between ingredients, texture, and 
consumer preference, which enables data-driven optimization of food products [32–37]. Generative models extend this approach by 
proposing entirely new formulations, which opens the door to systematically explore of the vast combinatorial ingredient space [38]. 
A new generation of AI-driven food technology companies, including pioneers such as NotCo, is already translating these ideas into 
practice by designing plant-based foods that replicate the sensory properties of animal products [39,40]. These developments position 
food as an ideal testbed for generative design in high-dimensional material systems [26].
Burgers as a benchmark. To illustrate these ideas, we introduce burgers as a minimal yet expressive model system for generative 
design. We begin with a three-ingredient problem, in which each burger consists of bun, patty, and cheese, and train diffusion models 
on only two examples, hamburger and cheeseburger, to illustrate how forward and reverse diffusion generate new combinations 
in a finite state space. From a mechanics perspective, this system defines a low-dimensional phase space in which we can explicitly 
analyze and illustrate discrete and continuous diffusion processes, and use it as a transparent setting to study transport, entropy, 
and structure formation. We then extend this framework to a realistic setting with 146 ingredients and 2260 training recipes, where 
the design space becomes astronomically large and cannot be explored exhaustively. Within this high-dimensional setting, diffusion 
models enable principled sampling of novel burgers that remain consistent with the training data, while exploring new regions 
of ingredient space. This progression – from a simple discrete system to a complex continuous problem – establishes burgers as a 
canonical model for generative design and provides a concrete entry point for applying the tools of computational mechanics to 
high-dimensional discovery problems.
Outline. Our objective is to establish diffusion models for generative material design, first through a minimal benchmark problem, a 
three-ingredient burger for which analytical solutions are possible, and then through a real-world problem with more than a hundred 
possible ingredients for which generative modeling becomes imperative. Section 2 introduces discrete diffusion for ingredient selection 
using the three-ingredient burger model system, characterized by the discrete ingredient vector 𝒙 = [ 𝑥bun, 𝑥patty, 𝑥cheese ] ∈ {0, 1}3. 
Section 3 extends this formulation to continuous diffusion for ingredient quantification using the same three-ingredient model system, 
now characterized by the continuous weight vector 𝒘 = [ 𝑤bun, 𝑤patty, 𝑤cheese ] ∈ R3. Section 4 generalizes both formulations 
from the illustrative three-ingredient space to a real-world 146-ingredient space and discusses the challenges associated with high-
dimensional generative material design. All three sections share a common structure: they begin with forward diffusion, which 
transforms structure into noise, proceed with reverse diffusion, which reconstructs structure from noise, highlight illustrative examples 
of forward and reverse diffusion, and conclude with the generation of new designs by sampling from the diffusion model. Section 5 
concludes with a discussion of the results and outlines key challenges and opportunities for computational mechanics in generative 
AI for materials.
2 
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Fig. 1. Three-ingredient burger problem. Three-ingredient space [ 𝑥bun, 𝑥patty, 𝑥cheese ] with patty, bun, and cheese (left); with each ingredient 
either present or absent, 𝒙 = [ 𝑥bun, 𝑥patty, 𝑥cheese ] ∈ {0, 1}3, generating 23 = 8 eight possible burgers (middle); training data with cheeseburger 
𝒙1 = [ 1, 1, 1 ] and hamburger 𝒙2 = [ 1, 1, 0 ] (right).

2. Discrete diffusion

We illustrate the concept of discrete diffusion through a minimal benchmark problem: ingredient selection for a three-ingredient 
burger. For this example, we introduce three binary ingredients, bun, patty, and cheese, that are either present or not, 

𝒙 = [ 𝑥bun, 𝑥patty, 𝑥cheese ] ∈ {0, 1}3 , (1)

Combinatorics introduces a total of 23 = 8 possible burgers, a bun with patty with cheese, a bun with a patty, a bun with cheese, 
a patty with cheese, just a bun, patty, or cheese, or no ingredients at all (Fig.  1).
Training data. We assume the training data contain two burgers, 

𝒙1 = [ 1, 1, 1 ] and 𝒙2 = [ 1, 1, 0 ], (2)

a cheeseburger, i.e., a bun with patty with cheese, and a hamburger, i.e., a bun with patty. We assume that both burgers are equally 
present with an empirical data distribution, 

𝑝data(𝒙) =
1
2 𝛿(𝒙 − 𝒙1) +

1
2 𝛿(𝒙 − 𝒙2) , (3)

where 𝛿 denotes the Kronecker delta, such that 𝑝data(𝒙1) = 1
2  and 𝑝data(𝒙2) =

1
2  and 𝑝data(𝒙) = 0 otherwise.

Structure. From the empirical data distribution 𝑝data(𝒙), we compute the marginal probabilities 𝖯 of each ingredient, 
𝖯(𝑥bun = 1) = 1 and 𝖯(𝑥patty = 1) = 1 and 𝖯(𝑥cheese = 1) = 1

2 . (4)

This means that, under the data distribution, the marginal probability that the bun is present is one, that the patty is present is one, 
and that the cheese is present is one half: Bun and patty are deterministic, while cheese is stochastic.
Entropy. The Shannon entropy quantifies the uncertainty associated with the probability distribution 𝑝 [41], 

𝐻(𝑝) = −
∑

𝒙 𝑝(𝒙) log 𝑝(𝒙). (5)

For the empirical data distribution, the probability mass is equally split between two states, the bun with patty with cheese, 
𝑝data(𝒙1) =

1
2  and the bun with patty, 𝑝data(𝒙2) =

1
2 , thus, 

𝐻(𝑝data) = −2 [ 1
2 log( 12 ) ] = log(2). (6)

This entropy reflects the fact that the dataset contains uncertainty along only one coordinate, cheese, while two other coordinates, 
bun and patty, are fixed. If all eight states were equally likely, 𝑝data(𝒙) = 1

8  for all 𝒙, maximum entropy would occur, with 

𝐻max = −8 [ 1
8 log( 18 ) ] = log(8). (7)

This implies that the data distribution has a significantly lower entropy than the uniform distribution, 𝐻(𝑝data) < 𝐻max. Forward 
diffusion will gradually increase entropy, and drive the distribution from log(2) towards log(8).
Geometric interpretation. The three binary ingredients define a three-dimensional discrete state space {0, 1}3, and the eight possible 
burgers correspond to the vertices of the unit cube [ 0, 1 ]3. In this discrete space, probability mass is initially concentrated on two adjacent 
vertices of a single edge, rather than spread across all eight vertices of the cube. Although the state space is three-dimensional, the dataset 
varies only along one coordinate, cheese, while the other two coordinates, bun and patty, are fixed. Forward diffusion will gradually move 
the probability mass from these two vertices towards all other vertices of the cube (Fig.  1).
3 
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2.1. Forward diffusion

The forward diffusion process gradually destroys structure by randomly perturbing each ingredient. Specifically, at each time 
step, every ingredient, { bun, patty, cheese }, flips independently with a probability 𝛽. A flip means that a present ingredient becomes 
absent, or an absent ingredient becomes present (Fig.  2).
Single-ingredient transition. For a single binary ingredient 𝑥𝑖 ∈ {0, 1}, the transition matrix 𝐐1 governs the transition from one 
time step to the next, 

𝐐1 =
[

[ 1 − 𝛽 ] 𝛽
𝛽 [ 1 − 𝛽 ]

]

. (8)

Here, 𝛽 ∈ (0, 1) is the per-ingredient flip probability, which controls the strength of the diffusion level. With a probability [ 1 − 𝛽 ], 
the ingredient remains unchanged; with a probability 𝛽, the ingredient flips. For small 𝛽, ingredients flip slowly, structure decays 
gradually, and mixing is slow; for large 𝛽, ingredients flip frequently, structure disappears quickly, and the ingredient list converges 
rapidly to a uniform distribution.
All-ingredient transition. Because all three ingredients flip independently, the full transition matrix for the burger is the tensor 
product, 

𝐐3 = 𝐐1 ⊗𝐐1 ⊗𝐐1 . (9)

The matrix 𝐐3 defines a Markov chain on the eight vertices of the cube {0, 1}3. Here we model diffusion through a discrete-time 
Markov chain, because it defines a simple stochastic process on a finite state space with analytically tractable forward transitions and 
exact reverse dynamics via Bayes’ theorem. We define the forward diffusion process through a transition kernel which independently 
flips each ingredient with probability 𝛽, 

𝑝(𝒙𝑡 ∣ 𝒙𝑡−1) =
3
∏

𝑖=1
[ 𝛽 [ 1 − 𝛿𝒙𝑡,𝑖 ,𝒙𝑡−1,𝑖 ][ 1 − 𝛽 ] 𝛿𝒙𝑡,𝑖 ,𝒙𝑡−1,𝑖 ] , (10)

where 𝛿 denotes the Kronecker delta, which equals one if the ingredient state remains unchanged and zero if it flips.
One-step transition probability. We can introduce the explicit one-step transition probability of the forward diffusion Markov 
chain (10), 

𝑝(𝒚 ∣ 𝒙) = 𝛽𝑑(𝒙,𝒚) [ 1 − 𝛽 ]3−𝑑(𝒙,𝒚), (11)

where 𝑑(𝒙, 𝒚) is the Hamming distance, the number of ingredients by which two burgers 𝒙 and 𝒚 differ. For a three-ingredient burger, 
within one diffusion step, the probabilities of no flip, one flip, two flips, and all three flips are 

𝖯(𝑑 = 0|𝒙) = [ 1 − 𝛽 ]3 𝖯(𝑑 = 1|𝒙) = 3𝛽 [ 1 − 𝛽 ]2 𝖯(𝑑 = 2|𝒙) = 3𝛽2[ 1 − 𝛽 ] 𝖯(𝑑 = 3|𝒙) = 𝛽3 . (12)

For the example of a moderate flip probability of 𝛽=0.025, the flip probabilities would be 𝖯(𝑑 = 0|𝒙) = 0.92686 and 𝖯(𝑑 = 1|𝒙) = 
0.07130 and 𝖯(𝑑 = 2|𝒙) = 0.00183 and 𝖯(𝑑 = 3|𝒙) = 0.00002. This implies that, in one step, at a probability of 0.92686, the burger 
is usually preserved, but occasionally loses or gains ingredients. Over repeated steps, these random flips accumulate.
Evolution of probability distribution. To calculate the evolution of the distribution, we introduce 𝑝𝑡(𝒙), the probability distribution 
at time 𝑡, which evolves according to 

𝑝𝑡+1(𝒚) =
∑

𝒙 𝑝𝑡(𝒙) 𝑝(𝒚 ∣ 𝒙). (13)

This equation expresses the probability of burger 𝒚 at time (𝑡 + 1) as a sum over all possible previous burgers 𝒙, weighted by their 
probability 𝑝𝑡(𝒙) and the transition probability 𝑝(𝒚 ∣ 𝒙). It defines a discrete conservation law for probability mass on the state space, 
analogous to transport equations in continuum mechanics, and describes the evolution of the distribution at the ensemble level.
Analytical solution. The forward diffusion process admits a closed-form solution. For a general initial distribution 𝑝0(𝒙), the solution 
follows by linear superposition, 𝑝𝑡(𝒙) =

∑

𝒙0 𝑝0(𝒙0) 𝑝𝑡(𝒙 ∣ 𝒙0). For an initial configuration 𝒙0, like in our three-ingredient burger 
problem, the distribution at time 𝑡 depends only on the Hamming distance 𝑑(𝒙0,𝒙) and takes the following explicit form, 

𝑝𝑡(𝒙 ∣ 𝒙0) = 𝑞 𝑑(𝒙0 ,𝒙)
𝑡 [ 1 − 𝑞𝑡 ]3−𝑑(𝒙0 ,𝒙) with 𝑞𝑡 =

1
2 [ 1 − [ 1 − 2𝛽 ]𝑡] , (14)

where 𝑞𝑡 denotes the cumulative flip probability after 𝑡 steps. This implies that in practice, we can simulate the evolution of 
probabilities in Eq.  (13) simply by sampling trajectories of the underlying Markov chain, which generates stochastic paths from 
𝒙0 → 𝒙1 → ... → 𝒙𝑇  through independent Bernoulli updates at each time step.
Geometric interpretation. Forward diffusion is a symmetric random walk on the cube graph. The eight burgers represent the vertices of 
the cube. The edges connect burgers that differ in exactly one ingredient. Probability flows along the edges of the cube. Because transitions 
are symmetric, no burger is preferred. This process gradually spreads probability mass from the two training vertices to all eight vertices of 
4 
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Fig. 2. Discrete modeling of forward diffusion. Three-ingredient space with eight possible burgers with training data, cheeseburger 𝒙1 = [ 1, 1, 1 ]
and hamburger 𝒙2 = [ 1, 1, 0 ] with equal probabilities 𝑝data(𝒙1) = 0.50 and 𝑝data(𝒙2) = 0.50, highlighted in color (left); forward diffusion with 
independent equal-probability flipping of the three ingredients gradually diffuses probabilities across the cube (middle); converged state of 
maximum entropy with equal probabilities 𝑝∞ = 1

8
 across all eight burgers (right).

the cube. Over time, this mixing destroys the original structure that the bun and patty are always present and the distribution approaches 
uniformity (Fig.  2).
Entropy and convergence. For 0 < 𝛽 < 1, every ingredient has a positive probability of flipping 𝛽, and a positive probability of 
remaining unchanged [ 1 − 𝛽 ]. Consequently, from any burger state, it is possible to reach any other burger state in a finite number 
of steps. The Markov chain defined by 𝐐3 is therefore irreducible. Because self-transitions occur with probability [ 1 − 𝛽 ]3 > 0, the 
chain is also aperiodic. Hence, the chain is ergodic and admits a unique stationary distribution.
Stationary distribution. Since the transition matrix 𝐐3 is symmetric, all states are treated equally. The stationary distribution must 
therefore be uniform, 

𝑝∞(𝒙) = 1
8 𝒙 ∈ {0, 1}3. (15)

Regardless of the initial distribution, as 𝑡 → ∞, the stationary distribution will converge to this uniform distribution, 𝑝𝑡 → 𝑝∞. In 
other words, repeated random ingredient flips eventually make all eight burgers equally likely.
Entropy evolution. Recall that the Shannon entropy is 

𝐻(𝑝) = −
∑

𝒙 𝑝(𝒙) log(𝑝(𝒙)) . (16)

Initially, the data distribution is supported on two burgers. At stationarity, all eight burgers are equally likely. For the entropy, this 
implies, 

𝐻(𝑝0) = log(2) and 𝐻(𝑝∞) = log(8) = 3 log(2) = 𝐻max. (17)

The entropy increases from log(2) to log(8), a threefold increase in uncertainty. Forward diffusion increases entropy and converges 
to the maximum-entropy distribution.
Burger interpretation. Initially, bun and patty were deterministic, and only cheese varied, 𝑥cheese = {0, 1}, After sufficient diffusion, bun 
may be present or absent, 𝑥bun = {0, 1}, patty may be present or absent, 𝑥patty = {0, 1}, cheese may be present or absent, 𝑥cheese = {0, 1}. 
Forward diffusion forgets structure. All combinations become equally likely. The structured dataset dissolves into complete uncertainty. 
Forward diffusion spreads the probability mass from the two initial vertices 𝒙1 = [ 1, 1, 1 ] and 𝒙2 = [ 1, 1, 0 ], across the cube, and in 
the long-time limit, converges to the uniform distribution on all eight vertices  (Fig.  2).
Analogy to mechanics. We can interpret the discrete forward diffusion process as a random walk on a finite state space, governed by the 
Markov update, 𝑝𝑡+1(𝒚) =

∑

𝒙 𝑝𝑡(𝒙)𝑃 (𝒚 → 𝒙), which is formally analogous to a master equation that describes stochastic hopping between 
discrete configurations in lattice-based models. In this interpretation, the transition probabilities 𝑃 (𝒚 → 𝒙) define local hopping rates between 
neighboring states. The transition kernel defines a stochastic nearest-neighbor interaction on the cube, where each ingredient behaves like a 
binary degree of freedom that switches between two states with flip probability 𝛽. Repeated application of this operator leads to a progressive 
spreading of probability mass, and over time, the distribution converges towards a uniform equilibrium that corresponds to a system with 
no energetic preference among configurations. In this formulation, the generator 𝖫 acts as a discrete Laplacian on the state graph, and the 
evolution corresponds to diffusion of probability mass across neighboring configurations [42].

2.2. Reverse diffusion

While the forward diffusion process destroys structure by randomly flipping ingredients, the reverse process aims to reconstruct 
structure from partially corrupted burgers. The reverse process is governed by the time-reversed transition probability 𝑝(𝒙 ∣ 𝒙 ), 
𝑡−1 𝑡

5 
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Fig. 3. Discrete modeling of reverse diffusion. Noised data with maximum entropy and equal probabilities 𝑝∞ = 1
8
 of all eight burgers (left); 

reverse diffusion with probability-weighted flipping of the three ingredients gradually diffuses probabilities against their gradients towards the 
training set (middle); de-noised data with three possible burgers, cheeseburger 𝒙1 = [ 1, 1, 1 ] and hamburger 𝒙2 = [ 1, 1, 0 ] and newly discovered 
cheese sandwich 𝒙3 = [ 0, 1, 1 ] with probabilities 𝑝data(𝒙1) = 0.50 and 𝑝data(𝒙2) = 0.49 and 𝑝data(𝒙3) = 0.01, highlighted in color (right).

the probability that the previous burger at time (𝑡− 1) was 𝒙𝑡−1 ∈ {0, 1}3 given the observed burger at time 𝑡 is 𝒙𝑡 ∈ {0, 1}3. For the 
three-ingredient burger problem, we can calculate the reverse kernel analytically using Bayes’ theorem, 

𝑝(𝒙𝑡−1 ∣ 𝒙𝑡) =
𝑝(𝒙𝑡 ∣ 𝒙𝑡−1) 𝑝𝑡−1(𝒙𝑡−1)
∑

𝒙 𝑝(𝒙𝑡 ∣ 𝒙) 𝑝𝑡−1(𝒙)
, (18)

where 𝑝(𝒙𝑡−1 ∣ 𝒙𝑡) is the posterior, the probability of the previous state 𝒙𝑡−1 given the current state 𝒙𝑡; 𝑝(𝒙𝑡 ∣ 𝒙𝑡−1) is the likelihood, the 
forward transition probability from Eq.  (11); 𝑝𝑡−1(𝒙𝑡−1) is the prior, the distribution of states at time (𝑡−1) obtained from the forward 
solution in Eqs. (13) and (14); and ∑𝒙 𝑝(𝒙𝑡 ∣ 𝒙) 𝑝𝑡−1(𝒙) is the evidence, the sum over all possible burger configurations 𝒙 ∈ {0, 1}3

that normalizes the probabilities to sum up to one. For the three-ingredient benchmark, we can evaluate the reverse kernel exactly, 
because the state space contains only 23 = 8 configurations. For the full 146-ingredient problem in Section 4, this exact computation 
becomes intractable, because the corresponding normalization sum ∑𝒙 would run over 2146 possible configurations. In this case, 
we will evaluate the reverse kernel approximately by learning a model 𝑝𝜽(𝒙𝑡−1 ∣ 𝒙𝑡), for example a neural network with trainable 
parameters 𝜽. In intuitive terms, if the forward process gradually moves probability mass away from the two training burgers, the 
reverse process learns how to move probability mass back towards them (Fig.  3).
Numerical reverse sampling. To generate trajectories from the reverse process, we sample sequentially from the conditional 
distributions 𝑝(𝒙𝑡−1 ∣ 𝒙𝑡) in Eq.  (18). Starting from a noisy configuration 𝒙𝑇  that we typically draw from an approximately uniform 
distribution, we iteratively generate a sequence 𝒙𝑇 → 𝒙𝑇−1 → ⋯ → 𝒙0, by sampling 𝒙𝑡−1 from 𝑝(𝒙𝑡−1 ∣ 𝒙𝑡) at each step. This procedure 
defines a stochastic trajectory that progressively reconstructs structure by transporting probability mass from high-entropy states 
towards the low-entropy data distribution.
Geometric interpretation. The forward process defines a random walk on the cube: Transitions along the edges are symmetric, all 
directions are equally likely, and probability spreads uniformly across the cube. The reverse process defines a biased random walk on the 
cube: Transitions are no longer symmetric, but depend on the data distribution. Edges that point towards high-density vertices, [ 1, 1, 0 ] and 
[ 1, 1, 1 ], have a higher transition probability, while edges pointing away from the data manifold have a lower transition probability. Bayes’ 
theorem assigns transition probabilities along the edges of the reverse random walk so that probability mass flows preferentially towards the 
training vertices, [ 1, 1, 0 ] and [ 1, 1, 1 ]. In the long-time limit, this biased random walk concentrates probability near the initial data support. 
It reduces entropy and restores structure (Fig.  3).

2.3. Discrete forward and reverse diffusion

We now illustrate the behavior of discrete diffusion for the eight possible burgers defined by binary ingredient selection (Figs. 
4 and 5). The forward diffusion problem (11) admits a closed-form solution: For an initial configuration 𝒙0, the distribution 𝑝𝑡 at 
time 𝑡 only depends on the Hamming distance 𝑑(𝒙0,𝒙) and takes the explicit form 𝑝𝑡(𝒙 ∣ 𝒙0) = 𝑞 𝑑(𝒙0 ,𝒙)

𝑡 [ 1 − 𝑞𝑡 ] 3−𝑑(𝒙0 ,𝒙), where 
𝑞𝑡 =

1
2 [ 1 − [ 1 − 2𝛽 ]𝑡 ] represents the cumulative flip probability after 𝑡 diffusion steps. For the reverse diffusion problem (18), we 

generate trajectories Bayes’ theorem by sampling sequentially from the posterior transition probabilities 𝑝(𝒙𝑡−1 ∣ 𝒙𝑡), which we 
obtain from Bayes’ theorem using the forward transition probabilities and marginals, where the dependence on the initial data 𝒙0
is implicitly encoded through the forward marginals 𝑝𝑡−1(𝒙). This procedure produces stochastic paths 𝒙𝑇 → 𝒙𝑇−1 → ⋯ → 𝒙0 that 
reconstruct likely ingredient configurations consistent with the forward diffusion process. During forward diffusion (Fig.  4), the 
model begins with a degenerate distribution concentrated on two equally probable training burgers, cheeseburger and hamburger, 
with 𝑝0 = 0.500 (red lines), and progressively spreads probability mass towards the cheese sandwich, plain bun, cheese patty, and 
plain patty (orange lines), and with a slight delay towards the plain cheese and the empty burger box (blue lines). Over time, 
the distribution approaches uniformity with 𝑝 = 0.125, as evidenced by the convergence of all state probabilities towards the 
∞
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Fig. 4. Forward diffusion in discrete ingredient space. Forward diffusion noises the training data to obtain a uniform distribution. Starting from 
two training states, cheeseburger and hamburger, probability mass spreads across all states and approaches a uniform distribution as reflected by 
the convergence of individual state probabilities (left), homogenization of the probability distribution (center), and increase in Shannon entropy 
(right).

Fig. 5. Reverse diffusion in discrete ingredient space. Reverse diffusion recovers the training distribution from the uniform state. Starting 
from the noised state, probability mass concentrates back onto the original two burgers as reflected by the divergence of state probabilities 
(left), re-localization in probability space (center), and rapid entropy decrease (right). Thin lines indicate stochastic realizations; thick lines show 
ensemble averages.

same value and the corresponding increase in Shannon entropy to 𝐻(𝑝∞) = 2.079. This reflects the role of forward diffusion 
as a mixing process, which gradually removes information about the initial configuration. During reverse diffusion (Fig.  5), the 
model inverts the diffusion dynamics. Starting from an approximately uniform distribution with 𝑝∞ = 0.125, reverse diffusion 
progressively concentrates probability mass back onto the training states. This manifests itself in a separation of probabilities towards 
the cheeseburger and hamburger that converge towards 𝑝0 = 0.500 as the entropy decreases towards 𝐻(𝑝0) = 0.6931. The thin lines 
of the individual stochastic trajectories visualize the variability, while the thick lines of the ensemble average follow a smooth and 
consistent contraction towards the data distribution. Taken together, these results demonstrate that in the discrete setting, diffusion 
operates over a finite combinatorial state space, where all configurations are accessible during forward diffusion and the learned 
reverse dynamics selectively reconstruct the observed data modes.

Analogy to mechanics. The increase of entropy during forward diffusion reflects the loss of information and the approach to equilibrium, 
consistent with the second law of thermodynamics. Conversely, reverse diffusion reduces entropy by reintroducing structure through a learned 
drift term and effectively acts as a data-driven inverse process. In this sense, it resembles transport against concentration gradients, ∇𝑝, or 
uphill diffusion, where probability mass flows towards higher-density regions under the action of an externally learned driving force. This is 
analogous to driven transport processes in mechanics, such as unmixing processes that restore structure from a mixed state under an external 
force.
7 
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Fig. 6. Generating new burgers by discrete diffusion. Sampling complexity for discovering a new burger, a cheese sandwich [ 1, 0, 1 ], with 
Hamming distances of 𝑑 = 2 and 𝑑 = 1 from the training data, hamburger [ 1, 1, 0 ] and cheeseburger [ 1, 1, 1 ]. Probability of endpoint discovery 
𝑝end increases with flip probability 𝛽 and saturates at the uniform limit 𝑝∞ = 1

8
 (left); probability of pathwise discovery 𝑝path increases from 

an initial small-𝛽 scaling, 𝑝path ≈ (𝛽), and approach unity as trajectories explore the full state space (middle); number of sample trajectories 
required for 95% discovery 𝑁95 decreases rapidly with increasing flip probability 𝛽 (right).

2.4. Generating new burgers by discrete diffusion

We next quantify the ability of discrete diffusion to generate burgers not present in the training set. As a representative example, 
we consider the cheese sandwich [1, 0, 1], which differs from the training burgers by one ingredient flip from the cheeseburger, 𝑑
= 1, and two flips from the hamburger, 𝑑 = 2. We report sampling complexity via the probabilities 𝑝path and 𝑝end that quantify the 
likelihood that a single trajectory passes through or ends at the defined target burger, and via the number of independent samples 
required to achieve 95% probability of discovery 𝑁95 = [ log(0.05)∕log(1 − 𝑝)] after 𝑇  = 100 diffusion steps (Fig.  6). Discovery 
probability increases rapidly with increasing flip probability 𝛽 : For small 𝛽, discovery is limited by the probability of rare multi-bit 
flips, while for large 𝛽, the process approaches uniform sampling over the state space. As a results, the endpoint probability 𝑝end
increases with flip probability 𝛽 and approaches the uniform value 𝑝∞ = 1

8  that reflects complete mixing over the eight possible 
burgers. This discrete solution agrees with the analytical solution, 𝑝end = 1

2 𝑞 [1− 𝑞] with 𝑞 = 1
2 [1− [1−2 𝛽]𝑇 ], where 𝑇  is the number 

of diffusion steps. In contrast, the pathwise probability 𝑝path initially obeys small-𝛽 scaling, 𝑝path ≈ (𝛽), but then rises to approaches 
unity, since the cheese sandwich can be encountered at any intermediate step along a trajectory. The corresponding discovery cost 
𝑁95 decreases sharply with increasing flip probability 𝛽.

3. Continuous diffusion

We now move from discrete diffusion for ingredient selection to continuous diffusion for ingredient quantification. Instead of binary 
ingredients, we consider real-valued ingredient weights, 

𝒘∗ = [𝑤∗
bun, 𝑤

∗
patty, 𝑤

∗
cheese ] ∈ R3, (19)

where each component denotes the weight in grams of the ingredient. For convenience, we normalize all weights by the weights 
of a normal sized bun 𝑤0

bun = 55 g, a small patty 𝑤0
patty = 45 g, and a slice of cheese 𝑤0

cheese = 14 g, and translate the burger into a 
coordinate system with the cheeseburger at the origin, 

𝒘 = [𝑤bun, 𝑤patty, 𝑤cheese ] = [𝑤∗
bun∕𝑤

0
bun, 𝑤

∗
patty∕𝑤

0
patty, 𝑤

∗
cheese∕𝑤

0
cheese ] − [ 1, 1, 1 ] ∈ R3 . (20)

In these two coordinate systems, the cheeseburger is represented as 𝒘∗
1 = [ 55 g, 45 g, 14 g ] and 𝒘1 = [ 0, 0, 0 ] and the hamburger is 

𝒘∗
2 = [ 55 g, 45 g, 0 g ] and 𝒘2 = [ 0, 0,−1 ].

Training data. The training data consist of 𝑁 burgers, {𝒘𝑖}𝑁𝑖=1, each representing a set of ingredient weights. For this case, the 
empirical data distribution is 𝑝data(𝒘) = 1

𝑁
∑𝑁

𝑖=1𝛿(𝒘 − 𝒘𝑖 ), where, in the continuous case, 𝛿 is the Dirac delta distribution. Here, 
similar to the discrete case, we assume that the training data consist of two burgers, 

𝒘1 = [ 0, 0, 0 ] and 𝒘2 = [ 0, 0,−1] , (21)

a cheeseburger with a standard size bun, patty, and cheese, and a hamburger with a standard size bun and patty, but no cheese, 
with equal probabilities, 

𝑝 (𝒘) = 1 𝛿(𝒘 −𝒘 ) + 1 𝛿(𝒘 −𝒘 ) , (22)
data 2 1 2 2
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such that 𝑝data(𝒘1) =
1
2  and 𝑝data(𝒘2) =

1
2 .

Geometric interpretation. The three continuous ingredient weights define a three-dimensional state space R3, with an infinite number of 
possible burgers, where the cheeseburger defines the origin, burgers with lower ingredient weights like the cheese-less hamburger have negative 
coordinates, and burgers with higher ingredient weights like the two-patty Mc Double have positive coordinates. Unlike in the discrete case, 
the state space is now continuous. The discrete corners of the cube are replaced by the entire three-dimensional Euclidean space. Each burger 
is now a point in R3. The training data form a low-dimensional cloud within this space, in our example, represented by only two points.

3.1. Forward diffusion

Forward diffusion gradually destroys structure by noising the training data. It modifies each burger point by random Gaussian 
noise, and at the same time, gently pulls it towards the origin. Specifically, we introduce continuous forward diffusion through a 
stochastic differential equation, 

d𝒘𝑡 = 𝒇 (𝒘𝑡, 𝑡) d𝑡 + 𝑔(𝑡) d𝑩𝑡, (23)

where 𝒘𝑡 ∈ R3 is the ingredient-weight vector at diffusion time 𝑡, with components 𝒘𝑡 = [𝑤bun(𝑡), 𝑤patty(𝑡), 𝑤cheese(𝑡) ], d𝒘𝑡 is the 
stochastic differential that represents the infinitesimal random increment of the process that consists of a deterministic drift and a 
stochastic fluctuation, 𝒇 (𝒘𝑡, 𝑡) is the drift vector that defines the systematic trend, 𝑔(𝑡) is the diffusion coefficient that defines the 
noise magnitude, and d𝑩𝑡 is the vector-valued stochastic differential of Brownian motion. The Brownian motion of the continuous 
diffusion case represents a continuous-time limit of the multinomial transitions or ingredient flipping of the discrete diffusion case.
Ornstein–Uhlenbeck forward process. Here we model diffusion through a variance-preserving Ornstein–Uhlenbeck process [43], 
because it provides a linear Gaussian diffusion with a closed-form solution that enables analytically tractable forward and reverse 
processes, 

d𝒘𝑡 = − 1
2 𝛽(𝑡)𝒘𝑡 d𝑡 +

√

𝛽(𝑡)d𝑩𝑡 . (24)

The first term, − 1
2 𝛽(𝑡)𝒘𝑡, is the drift that removes information by contracting all weights towards zero. The second term, 

√

𝛽(𝑡)d𝑩𝑡, 
is the stochastic diffusion that increases entropy by injecting isotropic Gaussian noise to spread the weights outward. The parameter 
𝛽(𝑡) > 0 is the noise schedule or diffusion rate that controls both the strength of fluctuations and the timescale of drift. It increases 
as time progresses, from an initial weak contraction and weak noise towards a strong contraction and strong noise. This stochastic 
differential equation has the following closed-form conditional distribution, 

𝑝(𝒘𝑡|𝒘0) =  (𝒘𝑡|𝜇(𝑡)𝒘0, 𝜎(𝑡)𝑰 ) , (25)

with 
𝜇(𝑡) = exp( − 1

2𝛼(𝑡) ) and 𝜎(𝑡) = 1 − exp(−𝛼(𝑡)) and 𝛼(𝑡) = ∫ 𝑡
0 𝛽(𝑠)d𝑠 , (26)

where 𝜇(𝑡) is the signal attenuation factor that determines how much of 𝒘0 remains, 𝜎(𝑡) is the noise variance that is accumulated 
by time 𝑡, and 𝛼(𝑡) is the integrated noise.
Analogy to mechanics. The Ornstein–Uhlenbeck process is equivalent to a linear Langevin equation that governs stochastic relaxation 
under competing dissipation and fluctuations. At the ensemble level, the process satisfies a Fokker–Planck equation that describes probability 
transport under linear drift and isotropic diffusion [15,16]. Here, 𝛽 acts as a relaxation rate that controls both noise intensity and drift 
strength, and sets the timescale of mixing. Increasing 𝛽 results in faster exploration of the state space over finite time horizons, while leaving 
the equilibrium distribution unchanged.
One-step all-weight diffusion. As illustrative example, we assume a three-ingredient burger, with initial ingredients 

𝒘∗
0 = [ 55 g, 45 g, 0 g ] or 𝒘0 = [ 0, 0,−1 ] , (27)

which corresponds to a hamburger with a 55 g bun and a 45 g patty. For Ornstein–Uhlenbeck forward diffusion, the noisy burger 
is 𝒘𝑡 = 𝜇(𝑡)𝒘0 +

√

𝜎(𝑡) 𝝐 with 𝝐 ∼  (0, 𝐼). We choose a representative diffusion time such that 𝛼(𝑡) = log(2), and assume a Gaussian 
noise realization of 𝝐 = [ 0,

√

2, 1 ]. For this example, the signal attenuation factor 𝜇(𝑡) and the noise variance 𝜎(𝑡) become, 𝜇(𝑡) = 0.707
and 𝜎(𝑡) = 0.5. The resulting mean, 𝜇(𝑡)𝒘0 = [ 0, 0,−0.707 ], and injected noise, 

√

𝜎(𝑡) 𝝐 = [ 0.000, 1.000, 0.707 ], produce a noisy burger 
with the following weights, 

𝒘𝑡 = [ 0, 1, 0 ] or 𝒘∗
𝑡 = [ 55g, 90g, 14g ]. (28)

The initial hamburger 𝒘0 = [ 0, 0,−1 ] turns into a Mc Double 𝒘𝑡 = [ 0, 1, 0 ], with a 55 g bun and two 45 g patties and 14 g cheese. 
This diffusion corresponds to a simultaneous perturbation along the patty and cheese axis. The signal attenuation factor 𝜇 shrinks 
the hamburger to the origin, the cheeseburger, in analogy to an exponential damping. The noise variance 𝜎 controls the magnitude 
of the injected noise and grows monotonically with time. Here we applied a large noise realization of 𝝐 = [ 0,

√

2, 1 ] in a single step. 
Typically 𝝐 is much smaller, and it would be highly unlikely to reach the Mc Double within a small number of steps.
Geometric interpretation Geometrically, each burger is a point in R3, with coordinates given by its ingredient weights. Forward diffusion 
maps each point to a Gaussian cloud centered at 𝜇(𝑡)𝒘 . As the mean 𝜇(𝑡) decreases, the center contracts towards the origin. As the variance 
0
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𝜎(𝑡) increases, the cloud expands towards a sphere. As time grows, distinct burgers become less distinguishable, because their Gaussian 
clouds overlap more strongly, and the distribution smoothens out. In the long-time limit, the influence of the initial data vanishes and the 
distribution approaches an isotropic spherical Gaussian distribution centered at the origin, that represents maximum uncertainty about the 
ingredient weights. This is the continuous analogue of the discrete random walk on the cube: Instead of probability mass spreading discretely 
between vertices, probability density spreads continuously in R3 and loses the sharp structure of the training data.
Analogy to mechanics. We can describe the forward diffusion process by a Fokker–Planck equation, 𝜕𝑝∕𝜕𝑡 = −∇ ⋅ (𝒃 𝑝) + 1

2∇ ⋅ (𝑫 ⋅∇𝑝 ), 
where 𝑝(𝒘, 𝑡) is the probability density of burgers with ingredient weights 𝒘 at time 𝑡, 𝒃 = − 1

2 𝛽𝒘 is the drift, and 𝑫 = 𝛽 𝑰 is the 
diffusion tensor. For a constant diffusion tensor 𝑫 = 𝛽 𝑰 , this reduces to a drift–diffusion equation, 𝜕𝑝∕𝜕𝑡 = 1

2 𝛽 ∇
2𝑝 − ∇ ⋅ ( 1

2 𝛽𝒘 𝑝 ), that 
highlights the combined effects of isotropic diffusion and a linear restoring force. This structure is directly analogous to transport equations 
in continuum mechanics, where advection and diffusion jointly govern the evolution of conserved quantities. Continuous forward diffusion 
takes the interpretation of the continuum limit of the discrete Markov process, in which the generator of the random walk converges to a 
diffusion operator. In this sense, forward diffusion provides a bridge between stochastic hopping on a finite state space and transport in a 
continuous ingredient-weight space, analogous to the transition from lattice models to continuum models in classical mechanics.

3.2. Reverse diffusion

While forward diffusion gradually destroys structure by repeatedly noising the training data, reverse diffusion aims to reconstruct 
structure by progressively sharpening noisy samples. Instead of pushing burger points towards the origin and injecting noise, the 
reverse process defines a drift, which in general must be learned from data, that pulls noisy weight vectors back towards regions of 
high data density. Specifically, we introduce continuous reverse diffusion through a time-reversed stochastic differential equation 
that incorporates a score function, 

d𝒘𝑡 = [ 𝑔2(𝑡)∇𝒘 log(𝑝𝑡(𝒘𝑡)) − 𝒇 (𝒘𝑡, 𝑡) ]d𝑡 + 𝑔(𝑡)d𝑩̃𝑡 , (29)

where ∇𝒘 log(𝑝𝑡(𝒘)) is the score function in terms of 𝑝𝑡(𝒘), the marginal distribution of 𝒘𝑡, and d𝑩̃𝑡 is reverse-time vector-valued 
stochastic differential of Brownian motion.
Ornstein–Uhlenbeck reverse process. Here, in analogy with the forward diffusion process, for reverse diffusion, we use the 
time-reverse Ornstein–Uhlenbeck process [44], 

d𝒘𝑡 = [ 1
2 𝛽(𝑡)𝒘𝑡 + 𝛽(𝑡)∇𝒘 log(𝑝𝑡(𝒘𝑡)) ]d𝑡 +

√

𝛽(𝑡)d𝑩̃𝑡. (30)

The first term, 12 𝛽(𝑡)𝒘𝑡, is the reverse drift that counteracts the contraction of the forward process and re-expands the state away 
from the origin. The second term, 𝛽(𝑡)∇𝒘 log(𝑝𝑡(𝒘𝑡)), is the score term that steers samples along the direction of increasing likelihood 
towards the data manifold. Together, these two deterministic components define an effective probability force that reconstructs 
structure from noise. The third term, 

√

𝛽(𝑡) d𝑩̃𝑡, is the stochastic diffusion that injects controlled randomness to ensure sufficient 
exploration of the state space and prevent collapse onto a single trajectory. We can interpret reverse diffusion as a guided stochastic 
relaxation process that converts Gaussian noise into structured samples by following the gradient flow of the log-density while 
maintaining thermal fluctuations.
Score function. Our example permits an analytic evaluation of the score function, ∇𝒘 log(𝑝𝑡(𝒘)), because the linear Gaussian forward 
process transforms the discrete training distribution into a tractable Gaussian mixture, for which the log-density gradient admits 
a closed-form expression. For a training set of 𝑁 samples {𝒘𝑖}𝑁𝑖=1, the empirical data distribution is 𝑝data(𝒘) = 1

𝑁
∑𝑁

𝑖=1 𝛿(𝒘 − 𝒘𝑖).
Under forward Ornstein–Uhlenbeck diffusion, each point mass evolves into a Gaussian with mean 𝜇(𝑡)𝒘𝑖 and covariance 𝜎(𝑡)𝑰 , and 
the forward marginal distribution at time 𝑡 is available in closed form, 

𝑝𝑡(𝒘) = 1
𝑁

∑𝑁
𝑖=1 

(

𝒘;𝜇(𝑡)𝒘𝑖, 𝜎(𝑡)𝑰
)

, (31)

with Ornstein–Uhlenbeck moments 𝜇(𝑡) = exp(− 1
2 𝛼(𝑡)) and 𝜎(𝑡) = 1 − exp(−𝛼(𝑡)). For the present example, the training set contains 

two burgers only, the cheeseburger with 𝒘1 = [ 0, 0, 0 ] and the hamburger with 𝒘2 = [ 0, 0,−1 ], and this expression reduces to 
𝑝𝑡(𝒘) = 1

2 
(

𝒘;𝜇(𝑡)𝒘1, 𝜎(𝑡)𝑰
)

+ 1
2 

(

𝒘;𝜇(𝑡)𝒘2, 𝜎(𝑡)𝑰
)

. Taking the gradient of the log-density yields 

∇𝒘 log(𝑝𝑡(𝒘)) =
𝑁
∑

𝑖=1
𝛾𝑖(𝒘, 𝑡)

𝜇(𝑡)𝒘𝑖 −𝒘
𝜎(𝑡)

with 𝛾𝑖(𝒘, 𝑡) =
exp

(

−‖𝒘 − 𝜇(𝑡)𝒘𝑖‖
2∕(2𝜎(𝑡))

)

∑𝑁
𝑗=1 exp

(

−‖𝒘 − 𝜇(𝑡)𝒘𝑗‖
2∕(2𝜎(𝑡))

)
, (32)

where 𝛾𝑖(𝒘, 𝑡) denotes the posterior probability weight of component 𝑖, that is, the probability that 𝒘 originated from the 𝑖th 
training sample under the forward process. This expression shows that the score is a weighted average of linear restoring directions 
pointing from 𝒘 towards the forward-diffused training samples 𝜇(𝑡)𝒘𝑖. The sum in the denominator runs over the training data 
𝑁 . For the three-ingredient benchmark, we can evaluate the score function exactly, because the discrete training data has only 
two configurations, cheeseburger and hamburger. For the full 146-ingredient problem in Section 4, this exact computation becomes 
intractable, because the corresponding normalization sum would run over 2260 training configurations. In this case, we will evaluate 
the score function approximately by learning a model 𝒔𝜽(𝒘, 𝑡), for example a neural network with trainable parameters 𝜽.
Numerical reverse sampling. To generate reverse trajectories, we discretize the reverse process with the Euler–Maruyama method 
[45]. At each reverse step 𝑘, we evaluate the score at the current state and at the corresponding forward time 𝑡 = 𝑇 − 𝑘𝛥𝑡, which 
10 
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decreases from 𝑇  to 0 during sampling. The numerical update is 
𝒘𝑘+1 = 𝒘𝑘 + [ 1

2 𝛽𝒘𝑘 + 𝛽 ∇𝒘 log(𝑝𝑡(𝒘𝑘)) ]𝛥𝑡 +
√

𝛽𝛥𝑡 𝝃𝑘 with 𝝃𝑘 ∼  (𝟎, 𝑰) (33)

where 𝝃𝑘 is a standard Gaussian random vector. This procedure transports samples from the noisy terminal mixture 𝑝𝑇 (𝒘) back 
towards the empirical two-burger distribution at 𝑡 = 0. This continuous reverse process is the analogue the discrete reverse process 
in Section 2, where we sample from the discrete posterior transition probabilities, for which Bayes’ rule defines the reverse kernel 
exactly.

Analogy to mechanics. We can interpret the reverse diffusion process as a stochastic gradient flow that reconstructs the data distribution, 
analogous to drift towards energy minima in dissipative mechanical systems. In the deterministic limit, this reduces to a gradient flow, 
d𝒘∕d𝑡 = −∇𝑈 (𝒘, 𝑡), with 𝑈 (𝒘, 𝑡) = − log(𝑝𝑡(𝒘)), consistent with variational formulations of dissipative systems. The learned score function 
plays the role of an effective driving force that guides trajectories towards regions of high probability density. In this interpretation, the 
dynamics take the form, d𝒘 = −∇𝑈 (𝒘)d𝑡+

√

𝛽 d𝒘𝑡, with an effective potential, 𝑈 (𝒘) = − log(𝑝(𝒘)), so that the score function, ∇ log(𝑝(𝒘)), 
corresponds to a conservative force driving the system towards equilibrium, while the additional linear term reflects the restoring drift inherited 
from the forward Ornstein–Uhlenbeck process.
Relation to discrete diffusion. In the discrete diffusion model, the reverse process learns a conditional probability, 𝑝𝜽(𝒙𝑡−1 ∣ 𝒙𝑡), 
by minimizing a cross-entropy loss. This loss is equivalent to minimizing the Kullback–Leibler divergence between the true and 
learned reverse transition kernels. In the continuous diffusion model, the reverse process learns the score function, ∇𝒘 log(𝑝𝑡(𝒘)), by 
minimizing a score-matching loss. This loss is equivalent to minimizing a time-integrated Kullback–Leibler divergence between the 
true reverse-time stochastic process and the model-implied reverse-time process. In both cases, forward diffusion increases entropy, 
reverse diffusion learns dynamics that reduce entropy, and training minimizes a divergence between true and learned reverse 
processes. The discrete cross-entropy loss and the continuous score-matching loss are two manifestations of the same principle: 
learning the time-reversed dynamics of diffusion.
Burger interpretation. In the continuous burger example, the true reverse-time dynamics reflect the structure of the training weight 
distribution. Recall that, for our given training data, under 𝑝data(𝒘), the bun weight is 55 g, the patty weight 45 g, and the cheese weight either 
14 g or 0 g, with normalized coordinates 𝒘1 = [ 0, 0, 0 ] and 𝒘2 = [ 0, 0,−1 ]. Suppose we observe a noisy burger, 𝒘𝑡 = [ 0, −1, 0 ], a cheese 
sandwich with a negative patty coordinate, 𝑤∗

patty = −1, that translates into a zero patty weight, 𝑤patty = 0 g. Under the true reverse-time 
distribution, it is highly unlikely that a realistic previous burger has a zero patty weight. Therefore, the true score, ∇𝒘 log(𝑝𝑡(𝒘)), points in 
a direction that increases the patty weight and moves the sample towards the high-density region, near 𝒘𝑡 = [ 0, 0, 0 ] or 𝒘𝑡 = [ 0, 0,−1 ]. 
If the learned score, 𝒔𝜽(𝒘𝑡, 𝑡), predicts a different direction, the score-matching loss (𝜃) between the true reverse-time process and the 
learned reverse-time process increases. Minimizing the score-matching loss ensures that the reverse diffusion process restores realistic ingredient 
weights, while allowing natural continuous variability around the learned burger manifold.
Geometric interpretation. Forward diffusion corresponds to a probability flow that contracts samples towards the origin and adds isotropic 
Gaussian noise, to converge towards a spherical Gaussian distribution. Reverse diffusion introduces a learned drift term that follows the 
gradient field of the log-density, and steers samples towards regions of high probability under the data distribution. Geometrically, forward 
diffusion spreads the probability mass, while reverse diffusion pulls it back towards the data manifold.
Analogy to mechanics. From a mechanics perspective, the reverse process defines time-reversed stochastic dynamics, in which the score 
function, ∇𝒘 log(𝑝𝑡(𝒘)), acts as an effective force that drives the system towards high-probability configurations. This is analogous to gradient 
flow in an energy landscape, where the log-density plays the role of a free energy. The resulting dynamics resemble rare-event sampling and 
barrier-crossing processes such as Kramers escape problems [46], and connect to probabilistic path formulations of stochastic dynamics in 
the spirit of Onsager’s principle [47].

3.3. Continuous forward and reverse diffusion

We now illustrate the behavior of continuous diffusion in the three-dimensional ingredient space defined by bun, patty, and 
cheese weights (Figs.  7 and 8). In analogy to the discrete diffusion example (Figs.  4 and 5), we adopt a constant diffusion rate, 
𝛽(𝑡) = 𝛽, for which the integrated noise simplifies to 𝛼(𝑡) = 𝛽𝑡, the signal attenuation factor is 𝜇(𝑡) = 𝑒−𝛽𝑡∕2, and the noise variance is 
𝜎(𝑡) = (1− 𝑒−𝛽𝑡), with a time 𝑇=1 and 100 steps. During forward diffusion (Fig.  7), the model begins with a distribution concentrated 
on two equally probable training burgers, cheeseburger and hamburger, whose ingredient weights define two distinct points in 
the continuous space. As diffusion proceeds, stochastic trajectories spread outward from these initial states, leading to increasing 
variability in bun, patty, and cheese weights (left). This spreading is reflected in the progressive broadening of the probability density 
in the cheese space (center), where initially sharp peaks evolve into a diffuse distribution. Over time, the distribution approaches a 
Gaussian-like equilibrium with maximal entropy, as evidenced by the convergence of the entropy curves towards a plateau (right). 
This behavior reflects the role of forward diffusion as a stochastic mixing process that continuously perturbs and ultimately erases 
information about the initial configuration (Fig.  9, left). During reverse diffusion (Fig.  8), the model inverts the diffusion dynamics. 
Rather than starting from unconstrained Gaussian noise, we initialize the reverse process by sampling directly from the terminal 
forward distribution 𝑝𝑇 (𝒘). Reverse diffusion progressively contracts trajectories back towards the training states. This manifests 
itself in a convergence of ingredient weights towards the characteristic values of the cheeseburger and hamburger (left), accompanied 
by a re-localization of probability density into concentrated regions in the cheese space (center). The entropy decreases towards 
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Fig. 7. Forward diffusion in continuous ingredient space. Forward diffusion creates a noised state from the training data. Starting from two 
training states, cheeseburger and hamburger, individual trajectories progressively diffuse and spread in the weight space as reflected by the 
evolution of ingredient weights (left), broadening of the cheese probability density (center), and increase in cheese entropy (right).

Fig. 8. Reverse diffusion in continuous ingredient space. Reverse diffusion reconstructs the training distribution from the noised state. Starting 
from a diffuse distribution, trajectories progressively concentrate back onto the original two burgers as reflected by the convergence of ingredient 
weights (left), re-localization of the probability density (center), and decrease in cheese entropy (right). Thin lines indicate stochastic realizations; 
thick lines show ensemble averages.

Fig. 9. Forward and reverse diffusion in continuous ingredient space. Forward diffusion creates the noised state from the training data, 
Hamburger (red lines) and Cheeseburger (blue lines) (left). Reverse diffusion reconstructs the training data, Hamburger (red lines) and 
Cheeseburger (blue lines), from the noised state (middle). Illustration of the training data, Hamburger and Cheeseburger, and other possible 
burgers, Mc Double, BigMac, Double Cheeseburger, and Quarter Pounder, in ingredient weight space (right).
12 
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Table 1
Generating new burgers by continuous diffusion. Burgers, weights, coordinates, squared distance to training manifold, and probabilities 𝑝path
and 𝑝end that a single trajectory passes through or ends at the target burger at a 20% tolerance for continuous forward diffusion with 5M sampled 
trajectories with 100 steps.
 burger burger geometry diffusion rate 𝛽 = 0.10 diffusion rate 𝛽 = 0.25
 𝒘∗ 𝒘 𝑑 𝑝path 𝑝end 𝑝path 𝑝end  
 Hamburger [ 55, 45, 0 ] g [ 0, 0,-1 ] 0.000 0.5012912 0.0562541 0.5125357 0.0194421  
 Cheeseburger [ 55, 45, 14 ] g [ 0, 0, 0 ] 0.000 0.5028274 0.0572939 0.5201618 0.0212541  
 Mc Double [ 55, 90, 14 ] g [ 0, 1, 0 ] 1.000 0.0016643 0.0005516 0.0146338 0.0025231  
 BigMac [ 78, 90, 14 ] g [ 0.418, 1, 0 ] 1.084 0.0007236 0.0002504 0.0094108 0.0017217  
 Double Cheeseburger [ 55, 90, 28 ] g [ 0, 1, 1 ] 1.414 0.0000136 0.0000054 0.0011225 0.0002582  
 Quarter Pounder [ 72, 120, 14 ] g [ 0.309, 1.667, 0 ] 1.695 0.0000002 0.0000002 0.0001581 0.0000438  

its initial value (right) as the burgers recover structured information (Fig.  9, middle). The thin lines of the individual stochastic 
trajectories visualize the variability, while the thick lines highlight the path of a single trajectory. Taken together, these results 
demonstrate that, in the continuous setting, diffusion operates over a continuous state space, where forward diffusion spreads 
probability mass into a high-dimensional Gaussian distribution and the learned reverse dynamics reconstruct the underlying data 
manifold.

3.4. Generating new burgers by continuous diffusion

We quantify how well continuous diffusion generates burgers beyond the two training examples, hamburger and cheeseburger. 
We define a burger as discovered when a sampled trajectory enters a tolerance box of 20% around the target burger, with dimensions 
of 𝛥𝒘∗ = [±11.0,±9.0,±2.8 ] g in bun, patty, and cheese. We estimate both the pathwise discovery probability 𝑝path, which counts 
whether a trajectory visits the target at any time, and the endpoint discovery probability 𝑝end, which counts whether the end state 
lands inside the tolerance box. We sample 5 million trajectories over a total time of 𝑇 = 1 with 100 steps at 𝛥𝑡 = 0.01 each. 
We report the results for six burgers in both raw weight space 𝒘∗ and transformed cheeseburger-centered coordinates 𝒘 (Table 
1). The training data define a one-dimensional manifold, the line segment connecting hamburger and cheeseburger. The burgers 
we seek to discover are located progressively further away from this manifold: McDouble at a distance 𝑑=1, BigMac at 𝑑=1.084, 
Double Cheeseburger at 𝑑=1.414, and Quarter Pounder at 𝑑=1.695. The probabilities 𝑝path and 𝑝end quantify the likelihood that 
a single trajectory passes through or ends at a defined target burger. Discovery difficulty grows sharply with distance from the 
training manifold (Fig.  10). Specifically, 𝑁95 = [log(0.05)∕ log(1 − 𝑝)] denotes the number of independent samples required to 
achieve 95% probability of discovery. Its logarithm, log10(𝑁95), is approximately linear in the distance squared, 𝑑2, which implies 
an approximately exponential increase in the number of required samples with squared geometric distance from the training data. 
For a diffusion rate of 𝛽=0.10, the slopes of this linear relation, visualized through the dashed and solid lines are 1.928 and 2.263 
for endpoint and pathwise discovery (Fig.  10, left). Increasing the diffusion rate to 𝛽=0.25 notably decreases these slopes to 0.935 
and 1.266 (Fig.  10, right), indicating a broader exploration of the ingredient-weight space under stronger diffusion.
Analogy to mechanics. The observed exponential growth of sampling cost with squared distance is analogous to rare-event dynamics 
in stochastic systems, where transition probabilities decay exponentially with an effective energy barrier. In this interpretation, the squared 
distance from the training manifold plays the role of a barrier height, and discovering new burgers corresponds to a first-passage event across 
this barrier. This behavior is consistent with Arrhenius-type scaling [48] in which transition rates depend exponentially on barrier height, 
𝑁95 ∼ exp (𝑐 𝑑2 ), where 𝑐 is a constant that depends on the diffusion rate 𝛽.
The individual burgers follow this trend: At small diffusion, 𝛽=0.10, the Mc Double, which differs from cheeseburger only through a 
second patty, requires 𝑁path

95 =1799 and 𝑁end
95 =5430 samples for pathwise and endpoint discovery. The BigMac, which combines an 

increased bun weight with a second patty, is slightly farther from the training manifold and requires 4139 and 11,963 samples. The 
Double Cheeseburger, which moves simultaneously in patty and cheese, is markedly harder to discover, with 220,273 and 554,764 
samples. The Quarter Pounder is furthest from the training manifold and becomes effectively unreachable at 𝛽=0.10, as it requires 
approximately 1.5 × 107 samples for pathwise and endpoint discovery. Increasing the diffusion rate to 𝛽=0.25 substantially lowers 
the discovery cost of unseen burgers: The Mc Double drops from 𝑁path

95 =1799 to 204, the BigMac from 4139 to 317, the Double 
Cheeseburger from 220,273 to 2675, and the Quarter Pounder from 1.5 × 107 to 18,959 for pathwise discovery. Endpoint discovery 
remains consistently more expensive than pathwise discovery, since it requires the final state rather than any intermediate state to 
reach the target. At the same time, stronger diffusion reduces endpoint retention of the training burgers themselves, and increases 
the 𝑁end

95  of the hamburger and cheeseburger from 50 to 150. This reveals a trade-off: Increasing the diffusion rate 𝛽 improves the 
exploration of unseen burgers, but reduces the probability of ending near the original training modes. Taken together, this example 
shows that continuous diffusion does not generate new burgers uniformly. Instead, it preferentially explores a neighborhood around 
the training manifold, and the cost of discovering new burgers grows rapidly with distance in transformed ingredient-weight space.
Analogy to mechanics. Increasing the diffusion rate 𝛽 reduces the characteristic relaxation time and allows trajectories to explore larger 
regions of the state space within a fixed time horizon. This is analogous to increasing the temperature in Langevin dynamics [49], where 
stronger stochastic forcing accelerates relaxation and broadens the distribution around equilibrium. In both cases, higher noise levels enhance 
exploration while reducing retention near equilibrium configurations.
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Fig. 10. Generating new burgers by continuous diffusion. Sampling complexity for discovering new burgers, Mc Double, BigMac, Double 
Cheeseburger, and Quarter Pounder, beyond the training data, Hamburger and Cheeseburger. Number of sample trajectories required for 95% 
discovery vs. squared distance to training manifold for diffusion rates 𝛽=0.10 (left) and 𝛽=0.25 (right). Squares and dashed lines indicate endpoint 
discovery; circles and solid lines indicate pathwise discovery for paths with 100 steps. Discovery scales linearly with the distance squared, on 
the logarithmic scale, implying an exponential growth of discovery cost with squared distance from training data.

4. Generative AI for burgers

We now extend the discrete and continuous diffusion formulations from the three-ingredient benchmark with 𝑛 = 3 ingredients, 
two training burgers, and 23 = 8 possible burgers to a real-world problem with 𝑛 = 146 ingredients and 2260 training burgers. 
Similar to Sections 2 and 3, we represent each burger through a binary ingredient mask 𝒙 that indicates the presence or absence of 
each ingredient and the ingredient weight 𝒘 that specifies the weight in grams, 

𝒙 ∈ {0, 1}𝑛 and 𝒘 ∈ R𝑛 . (34)

Notably, the number of possible burgers grows exponentially with the number of ingredients as 2𝑛, which renders exhaustive 
exploration infeasible and motivates generative modeling. For 146 independent ingredients that can be present or absent, the discrete 
design space consists of 2146 = 8.92×1043 possible burgers. To generate candidate burgers, we integrate a discrete diffusion model [50] 
that generates ingredient masks with a continuous diffusion model [13] that generates ingredient weights, conditional on a given 
mask. Yet, the transition from the three-ingredient benchmark to the real-world problem marks a fundamental shift in the nature 
of the problem: in the low-dimensional setting of Sections 2 and 3, the reverse dynamics are analytically tractable, the score function 
is known, the reverse transitions are computable, and the underlying physics admit a closed-form description. In contrast, in the 
high-dimensional setting, the score function becomes intractable, the reverse dynamics can no longer be computed explicitly, and the 
physics must be inferred from data through learned models.

4.1. Discrete diffusion

We model ingredient selection using a multinomial diffusion process [50], that directly extends the discrete diffusion formulation 
introduced in Section 2 to a high-dimensional setting. We represent ingredient presence through a binary vector, 𝒙 ∈ {0, 1}𝑛, which 
we modulate via forward and reverse diffusion. The forward diffusion process gradually destroys structure as 

𝑝(𝒙𝑡 |𝒙𝑡−1) = 
(

𝒙𝑡 || [ 1 − 𝛽𝑡 ]𝒙𝑡−1 + 𝛽𝑡∕𝐾
)

, (35)

where  denotes a categorical distribution over 𝐾 categories applied independently to each ingredient. Its parameter is ([ 1−𝛽𝑡 ]𝒙𝑡−1+
𝛽𝑡∕𝐾), where 𝛽𝑡 is the flip probability at time 𝑡, and 𝐾 is the number of categories. In our application, ingredient selection is binary, 
𝐾 = 2, meaning an ingredient is either present or absent. We can reparameterize Eq. (35) to obtain a Bernoulli distribution with 
parameter ([ 1−𝛽𝑡 ]𝒙𝑡−1+𝛽𝑡 [ 1−𝒙𝑡−1 ]), which flips the ingredient state with a probability 𝛽𝑡 and keeps it the same with a probability 
𝛽𝑡. Since these distributions form a Markov chain with independent Bernoulli corruption, 

𝑝(𝒙𝑡 ∣ 𝒙𝑡−1) =
𝑛
∏

𝑖=1
𝑝(𝑥𝑡,𝑖 | 𝑥𝑡−1,𝑖) with 𝑝(𝑥𝑡,𝑖 = 1 ∣ 𝑥𝑡−1,𝑖) = [ 1 − 𝛽𝑡 ]𝑥𝑡−1,𝑖 +

1
2 𝛽𝑡 , (36)

we can explicitly calculate the distribution at any time 𝑡 in terms of the initial data 𝒙0 and the cumulative retention factor 𝛼̄𝑡, 

𝑝(𝒙𝑡 |𝒙0) = (𝒙𝑡 | 𝛼̄𝑡 𝒙0 +
1
2 [ 1 − 𝛼̄𝑡 ]) with 𝛼̄𝑡 =

𝑡
∏

[ 1 − 𝛽𝜏 ] , (37)

𝜏=1
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where 𝛼̄𝑡 is the product of the per-step retention factors [ 1−𝛽𝜏 ], which quantifies how much of the original ingredient configuration 
𝒙0 remains after 𝑡 diffusion steps.
The reverse diffusion process reconstructs structure by approximating the time-reversed transition probabilities. During training, the 
clean configuration 𝒙0 is known, which allows us to evaluate the posterior distribution via Bayes’ theorem, 

𝑝(𝒙𝑡−1 ∣ 𝒙𝑡,𝒙0) =
𝑝(𝒙𝑡 ∣ 𝒙𝑡−1) 𝑝(𝒙𝑡−1 ∣ 𝒙0)

∑

𝒚∈{0,1}𝑛 𝑝(𝒙𝑡 ∣ 𝒚) 𝑝(𝒚 ∣ 𝒙0)
. (38)

The likelihood 𝑝(𝒙𝑡 ∣ 𝒙𝑡−1) denotes the forward diffusion transition probability, which is given by independent Bernoulli flips with 
probability 𝛽𝑡 for each ingredient. The prior 𝑝(𝒙𝑡−1 ∣ 𝒙0) represents the marginal distribution of the forward process at time (𝑡 − 1), 
obtained from the closed-form solution of the diffusion process. The evidence acts as a normalization constant that ensures the 
posterior sums to one. It is the sum over all possible configurations 𝒚 ∈ {0, 1}𝑛 of the product 𝑝(𝒙𝑡 ∣ 𝒚) 𝑝(𝒚 ∣ 𝒙0), which corresponds 
to the total probability of observing 𝒙𝑡 under all possible previous states. As such, this posterior combines likelihood information 
from the noisy state 𝒙𝑡 with prior information propagated from the original configuration 𝒙0. Because the forward process factorizes 
across ingredients, this update operates independently for each ingredient. For each ingredient 𝑖, we obtain a Bernoulli distribution, 

𝑝(𝑥𝑡−1,𝑖 ∣ 𝑥𝑡,𝑖, 𝑥0,𝑖) ∝ 𝑝(𝑥𝑡,𝑖 ∣ 𝑥𝑡−1,𝑖) 𝑝(𝑥𝑡−1,𝑖 ∣ 𝑥0,𝑖), (39)

with normalization over 𝑥𝑡−1,𝑖 ∈ {0, 1}. While this posterior provides a closed-form expression for the reverse dynamics during 
training, its evaluation requires knowledge of 𝒙0 and is therefore not directly usable at generation time. We therefore introduce a 
neural network model 𝜇𝜽(𝒙𝑡, 𝑡) where 𝜽 denotes the network parameters to predict the clean configuration from a noisy sample [12], 

𝒙̂0 = 𝜇𝜽(𝒙𝑡, 𝑡) ≈ E[𝒙0 ∣ 𝒙𝑡 ] (40)

We use this estimate to approximate the intractable posterior by replacing the unknown 𝒙0, 
𝑝𝜃(𝒙𝑡−1 ∣ 𝒙𝑡) ≈ 𝑝(𝒙𝑡−1 ∣ 𝒙𝑡, 𝒙̂0). (41)

The discrete diffusion model defines the ingredient selection 𝒙, which conditions the continuous diffusion model to generate the 
corresponding ingredient weights 𝒘.
Geometric interpretation. The discrete diffusion process defines a random walk on a 146-dimensional hypercube, where vertices represent 
ingredient configurations and edges correspond to single ingredient flips. Forward diffusion spreads probability mass locally and progressively 
disperses it across the hypercube. In high dimensions, however, concentration effects dominate: most configurations lie near the boundary, 
typical distances increase, and the distribution rapidly approaches a high-entropy regime in which structure is difficult to distinguish. Reverse 
diffusion must therefore recover structure from weak signals in a space where relevant configurations occupy only a small fraction of the 
domain. This highlights the need for learned generative models that capture correlations between ingredients and guide probability mass 
towards realistic configurations.

4.2. Continuous diffusion

We model ingredient quantification using a score-based diffusion process in which we represent ingredient weights similar to 
Section 3 as a vector of real-valued variables, 𝒘 ∈ R𝑛, that we modulate via forward and reverse diffusion. In analogy with Section 3, 
we model forward diffusion using the Ornstein–Uhlenbeck process [43], 

d𝒘𝑡 = − 1
2 𝛽(𝑡)𝒘𝑡 d𝑡 +

√

𝛽(𝑡)d𝑩𝑡 , (42)

and reverse diffusion using the time-reverse Ornstein–Uhlenbeck process [13], 
d𝒘𝑡 = [ 1

2 𝛽(𝑡)𝒘𝑡 + 𝛽(𝑡)∇𝒘 log(𝑝𝑡(𝒘𝑡)) ]d𝑡 +
√

𝛽(𝑡)d𝑩̃𝑡, (43)

where d𝒘𝑡 denotes the stochastic differential that represents the infinitesimal random increment of the process. Both equations share 
deterministic drift, forward − 1

2 𝛽(𝑡)𝒘𝑡 or reverse + 1
2 𝛽(𝑡)𝒘𝑡, and stochastic diffusion, 

√

𝛽(𝑡)d𝑩𝑡 or 
√

𝛽(𝑡)d𝑩̃𝑡 in terms of the stochastic 
differential of the Brownian motion d𝑩𝑡 or d𝑩̃𝑡. In addition, reverse diffusion also contains the score function, ∇𝒘 log(𝑝𝑡(𝒘)), a vector 
field that drives diffusion uphill towards higher probability regions [51,52]. The time-varying diffusion rate 𝛽(𝑡) > 0 controls the 
magnitude of both drift and diffusion. It increases as time progresses, 𝛽(𝑡) = 𝛽min + 𝑡 [ 𝛽max − 𝛽min], from an initial weak contraction 
and weak noise at 𝛽min towards a strong contraction and strong noise at 𝛽max. Similar to Section 3, the stochastic differential Eq. (42) 
has the following closed-form conditional distribution, 

𝑝(𝒘𝑡|𝒘0) =  (𝒘𝑡|𝜇(𝑡)𝒘0, 𝜎(𝑡)𝑰 ) , (44)

with 
𝜇(𝑡) = exp( − 1

2𝛼(𝑡) ) and 𝜎(𝑡) = 1 − exp(−𝛼(𝑡)) and 𝛼(𝑡) = ∫ 𝑡
0 𝛽(𝑠)d𝑠 , (45)

where 𝜇(𝑡) is the signal attenuation factor 𝜎(𝑡) is the noise variance accumulated by time 𝑡, and 𝛼(𝑡) is the integrated noise.
Score function. The score function, ∇𝒘 log(𝑝𝑡(𝒘)), is the gradient of the log-density at time 𝑡. It points in the direction of the steepest 
increase in probability density. In contrast the low-dimensional system in Section 3, where we could evaluate the score function 
15 



V. Tac and E. Kuhl Computer Methods in Applied Mechanics and Engineering 461 (2026) 119171 
explicitly, the high-dimensional setting makes the marginal density 𝑝𝑡(𝒘) intractable: Analytically evaluating the score function 
would require integration over all training configurations, which becomes computationally prohibitive. We therefore approximate 
the vector-valued score function by a neural network model [13], 

𝒔𝜽(𝒘, 𝑡) ≈ ∇𝒘 log(𝑝𝑡(𝒘)) , (46)

parametrized in terms of the parameters 𝜽, the network weights and biases. We train the neural networks to learn the score 𝒔𝜽(𝒘, 𝑡)
by minimizing the score-matching loss , the error between the true score function, ∇𝒘 log(𝑝𝑡(𝒘)), and the approximated score of the 
model, 𝒔𝜽(𝒘, 𝑡), 

(𝜽) = ∫ 𝑇
0 E𝑝𝑡 [ ‖∇𝒘 log(𝑝𝑡(𝒘)) − 𝒔𝜽(𝒘, 𝑡)‖2 ]d𝑡 , (47)

where ‖ ⋅‖ is the Euclidean norm, E𝑝𝑡  denotes the expectation taken over noisy samples 𝒘𝑡, and the integral over 𝑡 averages the loss 
across all noise levels. The term inside the expectation, ‖∇𝒘 log(𝑝𝑡(𝒘))−𝒔𝜽(𝒘, 𝑡)‖2, penalizes discrepancies between the true direction 
in which the probability density increases most, ∇𝒘 log(𝑝𝑡(𝒘)), and the direction predicted by the model, 𝒔𝜽(𝒘, 𝑡). By minimizing 
the loss function over the parameter space 𝜽, as 𝜽∗ = min𝜽 (𝜽), we find the model parameters 𝜽∗ that best approximate the true 
gradient field of the log-density.
Continuous diffusion conditioned on ingredient selection. Eqs. (42) to (49) present continuous diffusion modeling in its general 
form. In practice, however, we seek to model a conditional probability distribution, 𝑝(𝒘|𝒙), conditioned on the recipe mask 𝒙 produced 
by the discrete diffusion model. We therefore model the conditional distribution 𝑝𝑡(𝒘 ∣ 𝒙), which we induce by conditioning the 
initial data distribution 𝑝(𝒘0 ∣ 𝒙) and propagating it through the forward diffusion process. This conditioning allows the model to 
generate ingredient weights that are consistent with a given ingredient selection while preserving the statistical structure of the 
training data. Accordingly, we redefine the score function as 

𝒔𝜽(𝒙,𝒘, 𝑡) ≈ ∇𝒘 log(𝑝𝑡(𝒘|𝒙)) . (48)

Now, instead of training the score-matching loss (49) to learn the score function 𝒔𝜽(𝒘, 𝑡), we train the revised score-matching loss, 

(𝜽) = ∫ 𝑇
0 E𝑝𝑡 [ ‖∇𝒘 log(𝑝𝑡(𝒘 ∣ 𝒙)) − 𝒔𝜽(𝒙,𝒘, 𝑡)‖2 ]d𝑡 , (49)

to learn the revised score function 𝒔𝜽(𝒙,𝒘, 𝑡) to approximate the gradient field of the conditional log-density, 𝑝𝑡(𝒘|𝒙). Combined 
with the discrete diffusion model for ingredient selection, this conditional formulation enables the generation of complete burgers 
defined by both ingredient selection 𝒙 and ingredient weights 𝒘.
Training and validation. We construct the mask model using a neural network with an embeddings layer with 1000 embeddings 
for the time variable, and three fully connected layers of 512 neurons each to predict the logits of the mask model. We then use the 
logits with the softmax function to produce the raw probabilities. We use minibatching with 𝑛 = 1000 for training and train with 
a learning rate of 5 ⋅ 10−4 using the Adam optimizer for 100,000 epochs. We construct the value model using a feed-forward neural 
network with four hidden layers of 256 neurons each. The vectors for 𝒙 and 𝒘 form the input for 𝑠𝜽. We use a batch size of 400 and 
a learning rate of 1 ⋅ 10−3 with the Adam optimizer and train for 20,000 epochs. We split the training, 80% for training and 20% 
for validation and use Nvidia H100 and L40S GPUs. We use 1000 steps for the noising and denoising processes and select scaling 
parameters 𝛽min = 0.001 and 𝛽max = 3 [53].

4.3. Discrete and continuous diffusion in high-dimensional ingredient space

We now illustrate the behavior of discrete and continuous diffusion in a high-dimensional ingredient space defined by 𝑛 = 146 
ingredients (Fig.  11). In contrast to the three-ingredient benchmark with only 23 = 8 possible burgers and two training samples, the 
present setting spans an exponentially large combinatorial design space of 2146 = 8.92 × 1043 possible ingredient combinations, while 
the available training data comprise only 2260 burgers. This extreme sparsity fundamentally changes the nature of the problem: we 
can no longer solve the reverse dynamics analytically; instead, we must learn them from data. Fig.  11 demonstrates that, despite this 
challenge, diffusion retains its characteristic behavior. Forward diffusion progressively destroys structure by randomizing ingredient 
presence and weights, and drives the system towards a high-entropy state. Reverse diffusion – learned through neural networks – 
reconstructs structured burgers by concentrating probability mass onto the data manifold defined by the training set. The resulting 
stochastic trajectories exhibit variability at the individual level, while maintaining a consistent ensemble behavior that indicates that 
the learned reverse dynamics successfully capture the underlying statistical structure of the high-dimensional ingredient distribution. 
Taken together, these results show that diffusion models extend naturally from low-dimensional analytical settings to realistic, 
high-dimensional design spaces, where they act as data-driven operators that transform noise into structured, physically meaningful 
configurations.

4.4. Generating new burgers in high-dimensional space

We next evaluate the ability of the learned diffusion model to generate new burgers beyond the 2260 training examples in a 
space of 2146 possible designs. We compare the statistical properties of 1,000,000 generated burgers with the training data for 
both discrete diffusion (Fig.  12) and continuous diffusion (Figs.  13 and 14). The close agreement in ingredient counts, marginal 
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Fig. 11. Reverse diffusion in high-dimensional continuous ingredient space. Reverse diffusion recovers the training distribution from the 
uniform state. Starting from the noised state, probability mass concentrates back onto the original two burgers as reflected by the re-localization 
in probability space (left), and the entropy decrease (right). Thin lines indicate stochastic realizations; thick lines show ensemble averages.

Fig. 12. Discrete diffusion in high-dimensional space. Comparison of 2260 training burgers and 1,000,000 samples generated by the learned 
discrete diffusion model. Distribution of the number of ingredients per burger (left); inter-ingredient correlation matrix for the top 50 most 
frequent ingredients in the training set (middle) and in the generated samples (right). The close agreement between training and sampling 
statistics demonstrates that the model accurately captures both marginal distributions and pairwise correlations in the discrete ingredient space.

probabilities, pairwise correlations, rare ingredients, and weight distributions demonstrates that the model accurately preserves 
both low-order statistics and higher-order dependencies of the data. This includes not only the most frequent ingredients, but also 
low-frequency events and the full correlation structure across all ingredients. This indicates that the learned generative process 
faithfully captures the underlying data distribution, even in an extremely high-dimensional and sparsely sampled regime. At the 
same time, the generated burgers are not simple reproductions of the training set. Instead, the model samples novel combinations 
of ingredients and weights that lie off the observed data manifold while remaining statistically consistent with it. This is the key 
hallmark of generative modeling: the ability to interpolate, extrapolate, and explore unseen regions of a vast combinatorial design 
space.

From the generated samples, we select five AI-generated burgers for experimental validation in a sensory study, using a previously 
reported dataset [26]. While the previous study focuses on evaluating AI-generated burgers in terms of sensory performance, 
nutrition, and environmental impact, here, we use a subset of these results solely to illustrate the proposed diffusion-based 
framework. We do not explicitly optimize or design these burgers in the classical sense, but sample them from the learned generative 
distribution, which is asymptotically dense in the high-dimensional design space and provides representative realizations of feasible 
configurations. We prepare the burgers according to the AI-generated ingredient lists, and evaluate them in a blinded sensory study 
with n = 101 participants in a real restaurant setting (Fig.  15). Remarkably, three of the AI-generated burgers outperform the 
classical BigMac in overall liking, the delicious burger 2 significantly (5.7 ± 1.2 vs. 5.3 ± 1.5, p<0.05), while the delicious burger 
1 (5.5 ± 1.4) and sustainable burger 2 (5.4 ± 1.6) show higher mean scores without reaching statistical significance. In flavor, both 
delicious burgers significantly outperform the BigMac (both 5.8 ± 1.3 vs. 5.4 ± 1.5, p<0.05). Notably, the sustainable burger 2, 
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Fig. 13. Continuous diffusion in high-dimensional space. Comparison of 2260 training burgers and 1,000,000 samples generated by the 
learned continuous diffusion model. Occurrence probability of the top 10 most frequent ingredients (left) and average ingredient weights for 
the most frequent ingredients by total weight (right). The close agreement between training and sampling statistics demonstrates that the model 
accurately captures both ingredient prevalence and quantitative composition.

Fig. 14. Continuous diffusion in high-dimensional space. Comparison of 2260 training burgers and 1,000,000 samples generated by the 
learned continuous diffusion model. Inter-ingredient correlations between training and sampling across all 146 ingredients (left), occurrence 
probability of the bottom 5 least frequent ingredients (top right) and average ingredient weights for the least frequent ingredients by total weight 
(bottom right). The close agreement between training and sampling statistics, including pairwise correlations and rare ingredients, demonstrates 
that the model accurately captures both high-order dependencies and rare-event structure across the full distribution.

which uses an animal-meat–mushroom blend, scores comparably to all entirely animal-based burgers across key attributes (p>0.05), 
including overall liking (5.4 ± 1.6), flavor (5.4 ± 1.6), and texture (5.1 ± 1.6) which suggests that partial substitution of animal 
protein with mushroom does not substantially degrade perceived texture [54]. In a complementary texture profile analysis, a double 
compression test that mimics the process of chewing, the stiffnesses of the AI-generated burger patties range from 612 ± 171 kPa for 
the delicious burger 1 to 27 ± 18 kPa for the sustainable burger 1, and span the range of the classical BigMac of 279 ± 130 kPa [55]. 
This agreement indicates that the generated configurations are not only statistically consistent, but also physically feasible in 
terms of measurable mechanical response. Taken together, these results demonstrate that diffusion-based generative models do not 
merely reproduce existing designs, but can discover entirely new, high-quality solutions that surpass established human-designed 
benchmarks. In the context of a design space of astronomical size and limited training data, this highlights the power of generative 
AI as a tool for high-dimensional discovery and data-driven innovation.

5. Discussion

The objective of this manuscript was to develop a unified generative framework that links discrete ingredient selection and 
continuous ingredient quantification through diffusion processes, and to connect diffusion-based generative AI to classical concepts 
in computational mechanics. We show that both formulations follow the same stochastic degradation and learned inversion principle, 
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Fig. 15. Generating new burgers in high-dimensional space. Sampling complexity for discovering five target burgers, Double Cheeseburger, 
Mc Double, Quarter Pounder, BigMac, and Cheeseburger, reported as number of sample trajectories required for 95% discovery vs. squared 
distance to training manifold (bottom left). Number of ingredients and patty stiffness of BigMac and five AI-generated burgers (top left). 
Photographs of the prepared burgers, including the BigMac, two delicious burgers, two sustainable burgers, and one nutritious burger (top 
right). Blinded sensory evaluation results from n = 101 restaurant participants rating overall liking, flavor, and texture on a 7-point Likert scale 
(bottom right). Three AI-generated burgers outperform the BigMac in overall liking and flavor, and one AI-generated burger exceeds the BigMac 
in texture. These results demonstrate that AI-driven generative design can produce novel food formulations that rival or exceed established 
commercial benchmarks in real-world sensory perception.

which enables the generation of novel burgers that preserve the structure of the training data while extending beyond the training 
manifold.

Analogy of discrete and continuous diffusion in low dimensions. Sections 2 and 3 highlight the direct analogy between discrete 
and continuous diffusion as two parallel formulations of the same generative principle in a low-dimensional setting. In the discrete 
case, burger configurations evolve on the finite state space {0, 1}3 via a Markov chain (Eq. (11)), admit a closed-form solution 
(Eq. (14)), and can be reversed exactly using Bayes’ theorem (Eq. (18)), with sampling performed through categorical transitions. 
In the continuous case, ingredient weights evolve in R3 via an Ornstein–Uhlenbeck stochastic differential equation (Eq. (24)), admit 
a Gaussian closed-form solution (Eq. (25)), and are reversed through the score function (Eq. (30)), with trajectories generated via 
Euler–Maruyama discretization. In both settings, the three-ingredient benchmark makes the reverse dynamics analytically tractable 
and provides a unified and interpretable framework that connects discrete probabilistic transitions with continuous score-based 
diffusion. This unified view expands across discrete and continuous representations, forward and reverse processes, and low- and 
high-dimensional settings (Table  2).
Analogy of discrete and continuous diffusion in high dimensions. Sections 4.1 and 4.2 extend the analogy between discrete 
and continuous diffusion to high-dimensional generative modeling, where exact analytical solutions are no longer tractable and must 
be approximated through learning. In the discrete case, burger configurations evolve on the exponentially large state space {0, 1}𝑛
via a factorized Markov chain (Eq. (35)), where forward transitions remain analytically defined (Eq. (37)), but reverse transitions 
become intractable due to the summation over all possible configurations (Eq. (38)). We therefore approximate the reverse process 
by a neural network that predicts the clean configuration (Eq. (40)), via sampling through learned categorical transitions (Eq. (41)). 
In the continuous case, ingredient weights evolve in R𝑛 via a stochastic differential equation (Eq. (42)), where the forward process 
admits a closed-form Gaussian solution (Eq. (44)), but the reverse-time dynamics depend on the score function through the reverse 
stochastic differential equation (Eq. (43)), which is unknown in high dimensions and must be learned from data. We therefore 
approximate the reverse process by a neural network that predicts the underlying data structure through the score function (Eq. (46)), 
via sampling through integration of the learned stochastic dynamics. In both settings, high dimensionality transforms analytically 
tractable reverse dynamics into learning problems, where neural networks approximate either posterior distributions in discrete 
space (Eq. (40)) or score functions in continuous space (Eq. (46)). This establishes a unified generative framework in which discrete 
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Table 2
Unified analogy of diffusion models. Representations, directions, dimensionality, governing equations, and 
canonical references.
 concept discrete diffusion continuous diffusion  
 example ingredients weights  
 state space 𝒙 ∈ {0, 1}𝑛 binary hypercube 𝒘 ∈ R𝑛 , Euclidean space  
 forward diffusion Markov chain Ornstein–Uhlenbeck process  
 Markov [56], Kolmogorov [57] Ornstein–Uhlenbeck [43], Fokker–Planck [15,16]  
 𝑝(𝒙𝑡|𝒙𝑡−1) (Eq. (35)) d𝒘𝑡 = − 1

2
𝛽𝑡𝒘𝑡d𝑡 +

√

𝛽𝑡 d𝑩𝑡 (Eq. (42))  
 interpretation random bit flips with flip rate 𝛽𝑡 Gaussian perturbation with diffusion rate 𝛽𝑡  
 entropy evolution probability spreads over 2𝑛 states density spreads towards isotropic Gaussian  
 forward solution closed form: 

𝑝(𝒙𝑡|𝒙0) (Eq. (14))
closed form Gaussian: 
𝑝(𝒘𝑡|𝒘0) =  (𝜇(𝑡)𝒘0 , 𝜎(𝑡)𝑰) (Eq. (44))

 

 reverse diffusion Bayesian inversion reverse-time Ornstein–Uhlenbeck process  
 Bayes [58] Anderson [44]  
 𝑝(𝒙𝑡−1|𝒙𝑡) (Eq. (18)) d𝒘𝑡 = [ 1

2
𝛽𝑡𝒘𝑡 + 𝛽𝑡∇ log(𝑝𝑡)]d𝑡 +

√

𝛽𝑡d𝐵̃𝑡 (Eq. (43))  
 interpretation probability update on graph nodes drift along score field ∇ log(𝑝𝑡)  
 low-dim reverse solution exact transitions for finite states exact score of Gaussian mixture  
 high-dim reverse solution intractable sum over 2146 states intractable sum over training data  
 learning denoisingdiffusionprobabilisticmodel score-based generative model  
 Ho et al. [12] Song et al. [13]  
 𝑝𝜃 (𝒙0|𝒙𝑡) (Eq. (40)) 𝑠𝜃 (𝒘, 𝑡) ≈ ∇𝒘 log(𝑝𝑡(𝒘)) (Eq. (46))  
 interpretation learn posterior/logits learn score function  
 sampling sequential categorical updates: Euler–Maruyama integration: [45]  
 𝒙𝑡−1 ∼ 𝑝𝜃 (𝒙𝑡−1|𝒙𝑡) 𝒘𝑡−𝛥𝑡 = 𝒘𝑡 + [ 1

2
𝛽𝑡𝒘𝑡 + 𝛽𝑡 𝑠𝜃 (𝒘𝑡 , 𝑡)]𝛥𝑡 +

√

𝛽𝑡𝛥𝑡 𝝃  
 unifying view learning to reverse entropy-increasing stochastic processes
 generative role select ingredients 𝒙 assign weights 𝒘  
 geometric interpretation graph transport on hypercube continuum transport on energy landscape  
 mechanics analogy probability flux on discrete graph probability density flow in continuous field  
 unifying principle learn reverse Markov dynamics learn reverse stochastic dynamics  

and continuous diffusion differ only in representation, but share the same underlying principle of learning to reverse stochastic 
degradation. This transition becomes explicit when contrasting the analytically tractable low-dimensional case with the learned 
high-dimensional case for both discrete and continuous diffusion (Table  2).
From burgers to matter. Our results position generative AI for burgers as a direct analogue of generative AI for matter, as recently 
demonstrated by MatterGen, a generative framework that designs inorganic materials with targeted properties [9]. In our framework, 
ingredients play the role of chemical elements, and the ingredient table mirrors the periodic table as a discrete basis for constructing 
complex systems. Both problems share the same combinatorial explosion: selecting subsets and assigning weights defines an 
astronomically large design space that vastly exceeds available training data. Diffusion models address this challenge by learning to 
generate structured configurations – recipes or crystal structures – that satisfy underlying statistical and physical constraints while 
remaining novel [59]. This establishes a common paradigm where generative models enable inverse design: burgers can be optimized 
for taste, nutrition, and sustainability, just as materials can be designed for stability, functionality, and resource constraints.
From food science to computational mechanics. We can now witness the first applications of diffusion models in the field 
of computational mechanics: solving inverse problems and uncertainty quantification in physics-based systems [60], generating 
of constitutive laws under physics constraints [52], forecasting and reconstructing the dynamics of incompressible flows [61], 
reconstructing complex microstructures in materials engineering [62], generating shell structures with targeted stress–strain 
responses [63], and generating energy-absorbing metamaterials and structures [64]. In contrast to these application-specific formula-
tions, our framework provides a unified abstraction that links discrete and continuous design spaces through a common diffusion-based 
transport mechanism. Rather than targeting a single task—such as reconstruction, inference, or constitutive generation, we interpret 
diffusion models as a general operator for transforming simple priors into structured matter and connect generative AI directly to the 
principles of computational mechanics. While the present study does not explicitly impose physical constraints during training, we 
can incorporate physical feasibility by conditioning the generative process on governing laws [59] or by constructing representations 
that satisfy the physics a priori [52]. This parallel highlights a unifying paradigm: generative AI acts as a data-driven engine for high-
dimensional discovery that transforms discrete building blocks – ingredients or elements – into optimized, functional matter across 
domains. These developments build on a common theoretical foundation in denoising diffusion probabilistic models [12], score-
based generative modeling [13], and automated model discovery in mechanics [65], and extend from images [66] to proteins [7] 
and inorganic materials [67], which underscores the generality of diffusion-based inverse design across domains. In both discrete and 
continuous settings, training minimizes a Kullback–Leibler divergence [68] between forward and reverse processes, which quantifies 
a mismatch in probability flux, and admits an interpretation as a free-energy functional in the sense of variational diffusion [25].
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6. Conclusion

We have introduced a unified diffusion-based framework for generative design that combines discrete ingredient selection with 
continuous ingredient quantification. The formulation establishes a direct correspondence between Markov chains and stochastic 
differential equations, and between Bayesian inversion and score-based learning. Both models generate structured samples that 
recover the training data and produce novel configurations beyond the training manifold. Discovery probability decays rapidly 
with geometric distance in ingredient space, which identifies distance as a governing variable for exploration in high dimensions. 
These results establish diffusion models as a principled tool for design in spaces where combinatorial complexity prohibits exhaustive 
search. Beyond its educational value, this framework provides a transparent testbed for analyzing exploration, discovery, and inverse 
design in high-dimensional spaces. It offers a mechanics-based language to quantify how generative models navigate combinatorial 
design spaces and to develop new strategies for property-targeted discovery. At its core, our framework builds on concepts that 
are fundamental to mechanics – stochastic processes, diffusion, and inverse problems – and recasts them as engines for generative 
modeling. While we use burgers as a minimal and interpretable benchmark for structured matter, generally, diffusion-based methods 
in machine learning extend directly to materials, biological systems, and other high-dimensional design spaces. This work reframes 
diffusion not only as a model of physical processes, but as a general mechanism for the design of matter and materials.
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