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 a b s t r a c t

We propose a complement to constitutive modeling that augments neural networks with mate-
rial principles to capture anisotropy and inelasticity at finite strains. The key element is a dual 
potential that governs dissipation, consistently incorporates anisotropy, and–unlike conventional 
convex formulations–satisfies the dissipation inequality without requiring convexity.
 Our neural network architecture employs invariant-based input representations in terms of 
mixed elastic, inelastic and structural tensors. It adapts Input Convex Neural Networks, and in-
troduces Input Monotonic Neural Networks to broaden the admissible potential class. To circum-
vent the use of exponential-map time integration during training–which often leads to numerical 
instabilities–we employ recurrent Liquid Neural Networks as an auxiliary architecture. During in-
ference, however, the exponential-map update is reinstated to ensure admissibility of the inelastic 
variables.
 The approach is evaluated at both material point and structural scales. We benchmark against 
recurrent models without physical constraints and validate predictions of deformation and reac-
tion forces for unseen boundary value problems. In all cases, the method delivers accurate and 
stable performance beyond the training regime. The neural network and finite element imple-
mentations are available as open-source and are accessible to the public via Zenodo.org.

1.  Introduction

Artificial intelligence (AI) has increasingly permeated diverse areas of computational mechanics. Its main advantage lies in its 
intrinsic ability to handle complex and high-dimensional data while remaining continuously adaptable. Applications range from 
inverse design [1,2], topology optimization [3], multiscale modeling [4–6], and multiphysics problems [7,8], to model order reduction 
[9,10], the identification of material behavior [11–13], and real-time digital twins [14]. In all these contexts, the development of 
improved models requires more data to enhance predictive accuracy and deepen our understanding of the underlying mechanics. 
At the same time, however, larger datasets generally increase the complexity of the models themselves. Overcoming this apparent 
contradiction highlights the particular promise of AI in mechanics.

Beyond its methodological benefits, the current momentum in AI research–both in terms of algorithmic development and in its 
application across disciplines–represents an additional advantage [15,16]. One may question whether AI always constitutes the most 
efficient solution, or whether in certain cases its application may be disproportionate to the complexity of the problem. Nevertheless, 
disregarding the accumulated expertise and its adaptation to computational mechanics would be a missed opportunity.
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$\mathbb {S}^{n-1} := \{\, \bm {v} \in {\mathbb {R}}^n : \|\bm {v}\| = 1 \,\}$
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$\mathbb {M}^{n\times n}$


${{\mathrm GL}}(n,{\mathbb {R}}) = \{\, {\bm {A}} \in \mathbb {M}^{n\times n} : \det {\bm {A}} \neq 0 \,\}$


${{\mathrm GL}}^+(n,{\mathbb {R}}) = \{\, {\bm {A}} \in {{\mathrm GL}}(n,{\mathbb {R}}) : \det {\bm {A}} > 0 \,\}$


${{\mathrm Sym}}^{n\times n} = \{\, {\bm {A}} \in \mathbb {M}^{n\times n} : {\bm {A}}^T = {\bm {A}} \,\}$


${{\mathrm Sym}}_+^{n\times n} = \{\, {\bm {A}} \in {{\mathrm Sym}}^{n\times n} : \bm {x}^T {\bm {A}}\bm {x} > 0 \ \forall \bm {x}\neq \bm {0} \,\}$


${\bm {A}}, \bm {B} \in \mathbb {M}^{n\times n}$


${\bm {A}}=\bm {P}\,\bm {B}\bm {P}^{-1}$
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${\bm {A}} \in {{\mathrm GL}}(n,{\mathbb {R}})$


${\mathrm {cof}}\,{\bm {A}} = \det ({\bm {A}})\, {\bm {A}}^{-T}$


${\mathrm {cof}}\,{\bm {A}} = \det ({\bm {A}})\, {\bm {A}}^{-1}$


${\bm {A}} \in {{\mathrm Sym}}_+^{n\times n}$


${\mathrm O}(n) = \{\, {\bm {Q}} \in \mathbb {M}^{n\times n} : {\bm {Q}}^T {\bm {Q}} = \bm {I}, \ \det {\bm {Q}} = \pm 1 \,\}$


${{\mathrm SO}}(n) = \{\, {\bm {Q}} \in {\mathrm O}(n) : \det {\bm {Q}} = 1 \,\}$


$\bm {I} = \delta _{ij}\, {\bm {e}}_i \otimes {\bm {e}}_j$
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${\mathrm dev}{\bm {A}} = {\bm {A}} - \tfrac {1}{3}{\mathrm {tr}}({\bm {A}})\, \bm {I}$
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\begin {equation*}\psi : {\mathbb {R}}^2 \rightarrow {\mathbb {R}}, \quad (\varepsilon , \varepsilon _i) \mapsto \psi (\varepsilon , \varepsilon _i), \quad \varphi : {\mathbb {R}} \rightarrow {\mathbb {R}}, \quad \Sigma \mapsto \varphi (\Sigma ),\end {equation*}
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$\varepsilon _i$


\begin {equation}\sigma = \frac {\partial \psi }{\partial \varepsilon }, \qquad \Sigma = -\frac {\partial \psi }{\partial \varepsilon _i}, \label {eq:state_laws_1D}\end {equation}
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\begin {equation}\Sigma \,\dot {\varepsilon }_i \geq 0. \label {Xeqn2}\end {equation}


$\varepsilon _i$


$\varphi $


\begin {equation}\Sigma \,\dot {\varepsilon }_i = \Sigma \,\partial _\Sigma \varphi \geq 0. \label {eq:dissipation_1D}\end {equation}
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\begin {equation}\omega (0) \geq \omega (\Sigma ) - \langle \partial _\Sigma \omega , \Sigma \rangle , \label {eq:subderivative_1D}\end {equation}
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$\omega (0)=0$


$\omega (\Sigma ) \ge 0$
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$(\zeta \circ \omega )$
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$\partial _\Sigma \varphi $
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$\Sigma <0$


$\Sigma >0$


$\zeta :{\mathbb {R}} \rightarrow {\mathbb {R}}$


\begin {equation*}\varphi (\Sigma ) = (\zeta \circ \omega )(\Sigma ).\end {equation*}


\begin {equation}\Sigma \,\partial _\Sigma \varphi = \Sigma \, \left (\frac {\partial \zeta }{\partial \omega }\, \partial _\Sigma \omega \right ) = \underbrace {\frac {\partial \zeta }{\partial \omega }}_{\ge 0} \underbrace {(\partial _\Sigma \omega \, \Sigma )}_{\ge 0} \ge 0, \label {eq:phi_1D}\end {equation}
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$(\mathbf {x},{\mathbf {y}}) \mapsto {\mathcal {N}}_c(\mathbf {x},{\mathbf {y}})$
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$l=0,\ldots ,C-1$
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$\mathbf {y}$


\begin {equation}\begin {aligned} {\mathbf {u}}_{l+1} &= k_l^c \left ( {\mathbf {W}}_l'\,{\mathbf {u}}_l + {\mathbf {b}}_l' \right ), \quad {\mathbf {u}}_0 = \mathbf {x}, \\ {\mathbf {z}}_{l+1} &= g_l^c \left ( {\mathbf {W}}_l^z \left ( {\mathbf {z}}_l \odot [ {\mathbf {W}}_l^{zu}\, {\mathbf {u}}_l + {\mathbf {b}}_l^{zu} ]_+ \right ) + {\mathbf {W}}_l^y \left ( {\mathbf {y}} \odot [ {\mathbf {W}}_l^{yu}\, {\mathbf {u}}_l + {\mathbf {b}}_l^{yu} ] \right ) + {\mathbf {W}}_l^u\, {\mathbf {u}}_l + {\mathbf {b}}_l^z \right ), \\ {\mathbf {z}}_{1} &= g_0^c \left ( {\mathbf {W}}_0^y \left ( {\mathbf {y}} \odot [ {\mathbf {W}}_0^{yu}\, \mathbf {x} + {\mathbf {b}}_0^{yu} ] \right ) + {\mathbf {W}}_0^u\, \mathbf {x} + {\mathbf {b}}_0^z \right ), \end {aligned} \label {eq:ICNN}\end {equation}
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${\mathbf {W}}^z \in {\mathbb {R}}_{\geq 0}$


$g_l^c$


$\mathbf {W}$
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$\mathbf {y}$
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$(\mathbf {x}, f({\mathbf {y}})) \mapsto {\mathcal {N}}_c(\mathbf {x},{\mathbf {y}})$


${\mathbf {W}}^y$


${\mathbf {W}}^y \in {\mathbb {R}}_{\geq 0}$


\begin {equation}\begin {aligned} {\mathbf {u}}_{l+1} &= \tilde {k}_l^c \left ( {\mathbf {W}}_l'\,{\mathbf {u}}_l + {\mathbf {b}}_l' \right ), \quad {\mathbf {u}}_0 = \mathbf {x}, \\ {\mathbf {z}}_{l+1} &= \tilde {g}_l^c \left ( {\mathbf {W}}_l^z \left ( {\mathbf {z}}_l \odot [ {\mathbf {W}}_l^{zu}\, {\mathbf {u}}_l + {\mathbf {b}}_l^{zu} ]_+ \right ) + {\mathbf {W}}_l^y \left ( {\mathbf {y}} \odot [ {\mathbf {W}}_l^{yu}\, {\mathbf {u}}_l + {\mathbf {b}}_l^{yu} ]_+ \right ) + {\mathbf {b}}_l^c \right ), \\ {\mathbf {z}}_{1} &= \tilde {g}_0^c \left ( {\mathbf {W}}_0^y \left ( {\mathbf {y}} \odot [ {\mathbf {W}}_0^{yu}\, {\mathbf {u}}_0 + {\mathbf {b}}_0^{yu} ]_+ \right ) + {\mathbf {b}}_0^c \right ), \end {aligned} \label {eq:ICNN_adapted}\end {equation}


${\mathbf {b}}_l^c := {\mathbf {W}}_l^u\, {\mathbf {u}}_l + {\mathbf {b}}_l^z$


${\mathbf {W}}^z, {\mathbf {W}}^y \in {\mathbb {R}}_{\geq 0}$


\begin {equation}\tilde {k}_l^c := k_l^c((\bullet )_l) - k_l^c({\mathbf {b}}_l'), \qquad \tilde {g}_l^c := g_l^c((\bullet )_l) - g_l^c({\mathbf {b}}_l^c), \label {eq:shift_activation}\end {equation}


${\mathbf {u}}_L = \mathbf {0}$
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${\mathbf {z}}_C = \mathbf {0}$
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${\mathbf {W}}^y \in {\mathbb {R}}_{\geq 0}$


$(\mathbf {x}, ({\mathbf {y}}, -{\mathbf {y}})) \mapsto {\mathcal {N}}_c(\mathbf {x},{\mathbf {y}})$


$\mathbf {s}$


$\mathbf {v}$


$(\mathbf {v},\mathbf {s}) \mapsto {\mathcal {N}}_m(\mathbf {v},\mathbf {s})$


\begin {equation}\begin {aligned} \mathbf {r}_{l+1} &= \tilde {k}_l^m \left ( {\mathbf {W}}_l^*\, \mathbf {r}_l + {\mathbf {b}}_l^* \right ), \quad \mathbf {r}_0 = \mathbf {v}, \\ \mathbf {p}_{l+1} &= \tilde {g}_l^m \left ( {\mathbf {W}}_l^p \left ( \mathbf {p}_l \odot [ {\mathbf {W}}_l^{pr}\,\mathbf {r}_l + {\mathbf {b}}_l^{pr} ]_+ \right ) + {\mathbf {W}}_l^s \left ( \mathbf {s} \odot [ {\mathbf {W}}_l^{sr}\,\mathbf {r}_l + {\mathbf {b}}_l^{sr} ]_+ \right ) + {\mathbf {b}}_l^m \right ), \\ \mathbf {p}_{1} &= \tilde {g}_0^m \left ( {\mathbf {W}}_0^w \left ( \mathbf {s} \odot [ {\mathbf {W}}_0^{sr}\,\mathbf {r}_0 + {\mathbf {b}}_0^{sr} ]_+ \right ) + {\mathbf {b}}_0^m \right ), \end {aligned} \label {Xeqn9}\end {equation}


${\mathbf {b}}_l^m := {\mathbf {W}}_l^r\, \mathbf {r}_l + {\mathbf {b}}_l^p$


$\tilde {g}_l^m$


${\mathbf {W}}^p, {\mathbf {W}}^s \in {\mathbb {R}}_{\geq 0}$


$\mathbf {p}_M$


$\mathbf {s}$
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$\varphi $


${\mathcal {N}}_\circ $


\begin {equation}{\mathcal {N}}_\circ (\mathbf {x},{\mathbf {y}}) = {\mathcal {N}}_m \left ( {\mathbf {u}}_{C-1}, {\mathbf {z}}_C \right ), \quad \text {with } ({\mathbf {u}}_{C-1}, {\mathbf {z}}_C) = {\mathcal {N}}_c(\mathbf {x},{\mathbf {y}}). \label {eq:composition_network}\end {equation}
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${\mathbf {u}}_C$
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${\mathbf {z}}_C$


${\mathcal {N}}_\circ $


${\mathcal {N}}_c$


$\mathbf {y}$


$\mathbf {x}$


$\mathbf {x}$


$\mathbf {y}$


${\mathbf {z}}_C$


$\mathbf {s}$


${\mathcal {N}}_m$


${\mathcal {N}}_c$


${\mathbf {z}}_C$


${\mathbf {z}}_{C-1}$


${\mathbf {z}}_C$


$\mathbf {h}$


\begin {equation}\frac {{\mathrm d}\mathbf {h}(t)}{{\mathrm d}t} = - \bm {\alpha }(\mathbf {h}(t), \mathbf {q}(t)) \odot \mathbf {h}(t) + \mathbf {f}(\mathbf {h}(t), \mathbf {q}(t)), \label {eq:continous_LiNN}\end {equation}


$\alpha _i \geq 0$


$\mathbf {q}$


$\bm {\alpha }$


$\mathbf {f}$


$t\in [t_n, t_{n+1}]$


\begin {equation}\mathbf {h}_{n+1} = \left ( \mathbf {1} - \Delta t\, \bm {\alpha }(\mathbf {h}_n, \mathbf {q}_{n+1}) \right ) \odot \mathbf {h}_n + \Delta t\, \mathbf {f}(\mathbf {h}_n, \mathbf {q}_{n+1}), \label {eq:LiNN_EM}\end {equation}


\begin {equation}\mathbf {h}_{n+1} = \exp (-\Delta t\,\bm {\alpha }(\mathbf {h}_n, \mathbf {q}_{n+1})) \odot \mathbf {h}_n + \Delta t\, \xi (-\Delta t\,\bm {\alpha }(\mathbf {h}_n, \mathbf {q}_{n+1})) \odot \mathbf {f}(\mathbf {h}_n, \mathbf {q}_{n+1}), \quad \xi (x) = \frac {\exp (x)-1}{x} \label {Xeqn13}\end {equation}


$\Delta t := t_{n+1}-t_n$


$\bm {\alpha }$


$\mathbf {f}$


$(\mathbf {h}_n, \mathbf {q}_{n+1}) \mapsto {\mathcal {N}}_\alpha (\mathbf {h}_n, \mathbf {q}_{n+1})$


$(\mathbf {h}_n, \mathbf {q}_{n+1}) \mapsto {\mathcal {N}}_f(\mathbf {h}_n, \mathbf {q}_{n+1})$


${\mathcal {N}}_\alpha $
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$\bm {\chi }: \mathscr {B}_0 \subset {\mathbb {R}}^3 \rightarrow \mathscr {B}$


$\mathscr {B}_0$


$\mathscr {B}$


\begin {equation*}{\bm {F}} = {\mathrm Grad}\,\bm {\chi }, \quad J := \det {\bm {F}}.\end {equation*}


$J > 0$


$\mathscr {B}_0$


${\bm {F}} \in {{\mathrm GL}}^+(3,{\mathbb {R}})$


\begin {equation}{\bm {F}} = {\bm {F}}_e {\bm {F}}_i = {\bm {F}}_{e*} {\bm {F}}_{i*}. \label {Xeqn14}\end {equation}


${\bm {F}}_e$


${\bm {F}}_i$


$J_e := \det {\bm {F}}_e > 0$


$J_i := \det {\bm {F}}_i > 0$


${\bm {Q}} \in {{\mathrm SO}}(3)$


${\bm {F}}_{e*} = {\bm {F}}_e {\bm {Q}}^T$


${\bm {F}}_{i*} = {\bm {Q}} {\bm {F}}_i$


${\bm {F}}_e, {\bm {F}}_i \in {{\mathrm GL}}^+(3,{\mathbb {R}})$


${\bm {F}}_e = {\bm {R}}_e {\bm {U}}_e$


${\bm {F}}_i = {\bm {R}}_i {\bm {U}}_i$


${\bm {R}}_e, {\bm {R}}_i \in {{\mathrm SO}}(3)$


${\bm {U}}_e, {\bm {U}}_i \in {{\mathrm Sym}}_+^{3\times 3}$


${\bm {U}}_{e*} = {\bm {Q}} {\bm {U}}_e {\bm {Q}}^T$


${\bm {U}}_e$


${\bm {U}}_{i*} = {\bm {U}}_i$


$\mathscr {B}_0$


$\mathscr {B}$


$\bm {F}$


${\bm {F}}_e$


${\bm {F}}_i$


${\bm {F}}={\bm {F}}_{e*}\,{\bm {F}}_{i*}$


${\bm {F}}_{e*}={\bm {F}}_e\,{\bm {Q}}^T$


${\bm {F}}_{i*}={\bm {Q}}\,{\bm {F}}_i$


${\bm {Q}}\in {{\mathrm SO}}(3)$


${\bm {F}}_i$


${\bm {F}}_{i*}$


${\bm {R}}_i^*={\bm {Q}}{\bm {R}}_i$


$\mathscr {S}\subset {\mathrm O}(3)$


$\bm {Q}$


$\bm {n}\in \mathbb {S}^2$


$\bm {M}=\bm {n}\otimes \bm {n}$


$\mathscr {G} = \left \{ {\bm {Q}}\in {{\mathrm SO}}(3) : {\bm {Q}}\bm {n}=\bm {n} \right \}$


$\bm {n}$


$\mathscr {S}=\mathscr {G}$


$\bm {n}$


$\mathscr {S}={{\mathrm SO}}(3)$


${\mathrm O}(3)$


\begin {equation*}\psi :\ {{\mathrm GL}}^+(3,{\mathbb {R}})\times {{\mathrm GL}}^+(3,{\mathbb {R}})\times {\mathcal {M}}\ \to \ {\mathbb {R}}, \qquad ({\bm {F}},{\bm {F}}_i,\bm {M})\ \mapsto \ \psi ({\bm {F}},{\bm {F}}_i,\bm {M}),\end {equation*}


${\mathcal {M}}=\{\bm {M}=\bm {n}\otimes \bm {n} : \bm {n}\in \mathbb {S}^2\}$


${\bm {F}}={\bm {F}}_e{\bm {F}}_i$


\begin {equation*}\psi ({\bm {F}},{\bm {F}}_i,\bm {M}) \;=\; \psi ({\bm {Q}}{\bm {F}},{\bm {F}}_i,\bm {M}) \qquad \forall \,{\bm {Q}}\in {{\mathrm SO}}(3).\end {equation*}


\begin {equation*}\psi ({\bm {F}},{\bm {F}}_i,\bm {M}) \;=\; \psi ({\bm {F}}{\bm {Q}}^T,\ {\bm {F}}_i{\bm {Q}}^T,\ {\bm {Q}}\bm {M}{\bm {Q}}^T) \qquad \forall \,{\bm {Q}}\in \mathscr {G}.\end {equation*}


\begin {equation*}\psi ({\bm {F}},{\bm {F}}_i,\bm {M}) \;=\; \psi ({\bm {F}},\ {\bm {Q}}{\bm {F}}_i,\ \bm {M}) \qquad \forall \,{\bm {Q}}\in {{\mathrm SO}}(3).\end {equation*}


$\psi $


$\bm {C}={\bm {F}}^T{\bm {F}}$


$\bm {C}_i={\bm {F}}_i^T{\bm {F}}_i$


$\bm {M}$


\begin {equation}\psi ({\bm {F}},{\bm {F}}_i,\bm {M}) \;=\; \psi (\bm {C},\bm {C}_i,\bm {M}) \;=\; \psi \!\left ({\bm {Q}}\bm {C}{\bm {Q}}^T,\ {\bm {Q}}\bm {C}_i{\bm {Q}}^T,\ {\bm {Q}}\bm {M}{\bm {Q}}^T\right ) \quad \forall \,{\bm {Q}}\in {{\mathrm SO}}(3). \label {eq:Helmholtz_C_Ci_M}\end {equation}


\begin {gather}\psi \to \infty \quad \text {as}\quad J \searrow 0 \ \text {or}\ J \to \infty , \label {eq:growth_J}\\ \psi \to \infty \quad \text {as}\quad J_e \searrow 0 \ \text {or}\ J_e \to \infty . \label {eq:growth_Je}\end {gather}


${\bm {F}}{\bm {F}}_i^{-1}=\bm {I}$


$\psi (\bm {I},\bm {I},\bm {M})=0$


$\psi $


$\bm {F}$


$W=W\left ({\bm {F}},\operatorname {cof}{\bm {F}},J;\,{\bm {F}}_i,\bm {M}\right )$


$({\bm {F}},\operatorname {cof}{\bm {F}},J)$


${\bm {F}}_i$


$\bm {M}$


\begin {equation*}\psi ({\bm {F}},{\bm {F}}_i,\bm {M})=W({\bm {F}},\operatorname {cof}{\bm {F}},J;\,{\bm {F}}_i,\bm {M}).\end {equation*}


$-\dot {\psi } + \tfrac {1}{2}\,\bm {S}:\dot {\bm {C}} \;\geq \; 0,$


$\bm {S}$


$\bm {S} = 2\, \partial _{\bm {C}}\psi $


\begin {equation}\mathscr {D} := \bm {\Sigma } : \bm {D}_i \;\geq \; 0, \qquad \bm {\Sigma } := -2\,{\bm {F}}_i\,\frac {\partial \psi }{\partial \bm {C}_i}\,{\bm {F}}_i^T, \label {eq:reduced_dissipation}\end {equation}


$\bm {D}_i$


$\dot {{\bm {F}}}_i{\bm {F}}_i^{-1}$


$\bm {C}_i$


$\dot {\bm {C}}_i=2\,{\bm {F}}_i^T\bm {D}_i{\bm {F}}_i$


$\bm {\Sigma }$


${\bm {F}}\bm {S}{\bm {F}}^T$


$\psi $


$\dot {\bm {C}}_i$


$\bm {\Sigma }$


$\bm {D}_i$


$\bm {\Sigma }$


$\bm {D}_{i*}={\bm {Q}}\bm {D}_i{\bm {Q}}^T,\
\bm {\Sigma }_{*}={\bm {Q}}\bm {\Sigma }{\bm {Q}}^T$


${\bm {Q}}\in {{\mathrm SO}}(3)$


$\bm {\Sigma }_{*}:\bm {D}_{i*}=\bm {\Sigma }:\bm {D}_{i}.$


\begin {equation*}\varphi : {{\mathrm Sym}}^{3\times 3} \;\longrightarrow \; {\mathbb {R}}, \qquad \bm {\Sigma } \;\mapsto \; \varphi (\bm {\Sigma }).\end {equation*}


$\varphi $


\begin {equation}\bm {D}_i \;\in \; \partial _{\bm {\Sigma }} \varphi , \label {eq:Evolution}\end {equation}


$\bm {\Sigma }$


$\omega $


$\mathcal {S}_\varphi (\bm {\Sigma }) := (S_1, S_2, S_3)$


$\varphi = \omega (\mathcal {S}_\varphi )$


\begin {equation}\frac {\partial S_k}{\partial \bm {\Sigma }} : \bm {\Sigma } = S_k, \qquad k=1,\hdots ,3. \label {Xeqn18}\end {equation}


$\partial _{\bm {\Sigma }} \varphi : \bm {\Sigma } = \sum _i (\partial _{S_i} \varphi )\, S_i$


$\bm {\Sigma }$


$S_1$


$S_2$


$S_3$


\begin {equation}S_1 := {\mathrm {tr}}\,\bm {\Sigma }, \qquad S_2' := \tfrac {1}{2}\,{\mathrm {tr}}\left (({\mathrm dev}\,\bm {\Sigma })^2\right ), \qquad S_3' := \tfrac {1}{3}\,{\mathrm {tr}}\left (({\mathrm dev}\,\bm {\Sigma })^3\right ), \label {eq:stress_invars_isotropic}\end {equation}


$S_2 := \sqrt {S_2'}$


$S_3 := \sqrt [3]{S_3'}$


$\zeta $


\begin {equation*}\varphi (\mathcal {S}_\varphi ) = (\zeta \circ \omega )(\mathcal {S}_\varphi ).\end {equation*}


$\varphi = \omega $


$\zeta $


\begin {equation*}\varphi : {{\mathrm Sym}}^{3\times 3} \times \mathbb {M}^{3 \times 3} \;\longrightarrow \; {\mathbb {R}}, \qquad (\bm {\Sigma },\tilde {\bm {M}}) \;\mapsto \; \varphi (\bm {\Sigma },\tilde {\bm {M}}),\end {equation*}


$\tilde {\bm {M}} = {\bm {F}}_i \star \bm {M}$


$\bm {M}$


${\bm {Q}}{\bm {F}}_i \star \bm {M} = {\bm {Q}}\,\tilde {\bm {M}}\,{\bm {Q}}^T \quad \forall \, {\bm {Q}}\in {{\mathrm SO}}(3)$


$\varphi $


\begin {equation*}\mathcal {T}_\varphi (\bm {\Sigma }, \tilde {\bm {M}}) := \left (\mathcal {S}_\varphi (\bm {\Sigma }),\,\mathcal {A}_\varphi (\bm {\Sigma },\tilde {\bm {M}})\right ),\end {equation*}


$\mathcal {A}_\varphi (\bm {\Sigma },\tilde {\bm {M}}) := \left (A_1(\bm {\Sigma },\tilde {\bm {M}}),\dots ,A_m(\bm {\Sigma },\tilde {\bm {M}})\right )$


$\mathcal {S}_\varphi $


$A_k$


\begin {equation}\frac {\partial A_k}{\partial \bm {\Sigma }} : \bm {\Sigma } \;=\; A_k, \qquad k=1,\dots ,m. \label {Xeqn20}\end {equation}


\begin {equation}\varphi (\mathcal {T}_\varphi ) = (\zeta \circ \omega )(\mathcal {T}_\varphi ). \label {eq:dual_potential_T}\end {equation}


$\mathcal {A}_\varphi $


$\tilde {\bm {M}} = {\bm {F}}_i \star \bm {M}$


$\tilde {\bm {n}}$


\begin {equation}\tilde {\bm {n}} \in \left \{\frac {{\bm {F}}_i\,\bm {n}}{\|{\bm {F}}_i\,\bm {n}\|}, \quad \frac {{\mathrm {cof}}{\bm {F}}_i\,\bm {n}}{\|{\mathrm {cof}}{\bm {F}}_i\,\bm {n}\|}\right \} =: \{ \tilde {\bm {n}}_1, \tilde {\bm {n}}_2 \}, \label {eq:structural_vec_push}\end {equation}


\begin {equation*}\tilde {\bm {M}} \in \left \{\tilde {\bm {n}}_1 \otimes \tilde {\bm {n}}_1,\
\tilde {\bm {n}}_2 \otimes \tilde {\bm {n}}_2\right \} =: \{\tilde {\bm {M}}_1,\tilde {\bm {M}}_2\}.\end {equation*}


$\bm {C}_e = {\bm {F}}_e^T{\bm {F}}_e$


$\bm {B}_i = {\bm {F}}_i{\bm {F}}_i^T$


\begin {equation}\bm {C}_e^k\,\bm {B}_i^r\,\tilde {\bm {M}}_1^s\,\tilde {\bm {M}}_2^t = {\bm {F}}_i^{-T}\, \left (\bm {C}\bm {C}_i^{-1}\right )^k\,\bm {C}_i^{\,r} \left (\tfrac {\bm {C}_i\bm {M}}{\bm {C}_i : \bm {M}}\right )^{\!s} \left (\tfrac {\bm {M}\bm {C}_i^{-1}}{\bm {C}_i^{-1} : \bm {M}}\right )^{\!t} {\bm {F}}_i^T, \quad k,r\in \mathbb {Z},\quad s,t\in \mathbb {N}_0. \label {eq:invariants_map_psi}\end {equation}


$\tilde {\bm {M}}_1$


$\tilde {\bm {M}}_2$


$s,t \in \{0,1\}$


$\mathcal {S}_\psi $


$\mathcal {A}_\psi $


$\bm {C}_e$


$\bm {B}_i$


$\tilde {\bm {M}}$


$\bm {C}$


$\bm {C}_i$


$\bm {M}$


\begin {equation*}\begin {gathered} {\mathrm {tr}}\,(\bm {C}_e),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {C}_e),\quad J_e,\\ {\mathrm {tr}}\,(\bm {B}_i),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {B}_i),\quad J_i,\\ {\mathrm {tr}}\,(\bm {C}_e\bm {B}_i),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {C}_e\,{\mathrm {cof}}\bm {B}_i),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {C}_e\,\bm {B}_i),\quad {\mathrm {tr}}\,(\bm {C}_e\,{\mathrm {cof}}\bm {B}_i). \end {gathered}\end {equation*}


\begin {equation*}\begin {gathered} {\mathrm {tr}}\,(\bm {C}\bm {C}_i^{-1}),\quad \tfrac {1}{J_i^2}\,{\mathrm {tr}}\,(\bm {C}_i\,{\mathrm {cof}}\bm {C}),\quad \tfrac {J}{J_i},\quad \\ {\mathrm {tr}}\,(\bm {C}_i),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {C}_i),\quad J, \\ {\mathrm {tr}}\,(\bm {C}),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {C}),\quad \tfrac {1}{J_i^2}\,{\mathrm {tr}}\,(\bm {C}_i),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {C}\,\bm {C}_i),\quad J_i^2\,{\mathrm {tr}}\,(\bm {C}\bm {C}_i^{-2}), \end {gathered}\end {equation*}


$J_i$


$J$


${\mathrm {tr}}({\bm {F}}^T{\bm {F}}\,\bm {G})$


$\bm G\succeq 0$


$\bm {F}$


$\bm F$


${\mathrm {cof}}\bm F$


$J$


$\mathcal {S}_\psi :=(S_1,\hdots ,S_{10})$


$\beta _1$


$\beta _1=\sum _{i=1}^3 (A_i - 1 - \ln A_i)$


$\bm A\in {{\mathrm Sym}}_+^{3\times 3}$


$A_i$


$\beta _j$


$\bm A=\bm I$


$\beta _1$


$A=1$


$\beta _2$


${\mathrm {tr}}\bm A=1$


$\beta _3$


$\beta _3$


\begin {equation}\beta _1(\bm A) := {\mathrm {tr}}\bm A - 3 - \ln \det \bm A, \quad \beta _2(A) := A - 1 - \ln A, \quad \beta _3(\bm A) := \ln \cosh (\max ({\mathrm {tr}}\bm A - 1,0)), \label {eq:normalization_func}\end {equation}


$\mathcal {S}_\psi $


$\mathcal {A}_\psi $


$\psi $


\begin {equation}\begin {aligned} S_1 &= \beta _1(\bm C \bm C_i^{-1}), &\quad S_2 &= \beta _1\!\left (\tfrac {1}{J_i^2}\bm C_i {\mathrm {cof}}\bm C\right ), &\quad S_3 &= \beta _2\!\left (\tfrac {J}{J_i}\right ), &\quad S_4 &= \beta _1(\bm C_i), \\[0.5em] S_5 &= \beta _1({\mathrm {cof}}\,\bm C_i), &\quad S_6 &= \beta _2(J), &\quad S_7 &= \beta _1(\bm C), &\quad S_8 &= \beta _1({\mathrm {cof}}\,\bm C), \\[0.5em] S_9 &= \beta _3\!\left (\tfrac {1}{J_i^2}\bm C_i\,{\mathrm {cof}}\bm C\,\bm C_i\right ), &\quad S_{10} &= \beta _3(J_i^2 \bm C \bm C_i^{-2}), \end {aligned} \label {Xeqn25}\end {equation}


$S_k$


$f(J)=-\ln (a J^b)=-\ln a - b \ln J$


$J>0$


$a>0$


$f''(J)=b/J^2$


$J^2>0$


$b\geq 0$


$b>0$


$f(\bm {C},\bm {G})={\mathrm {tr}}(\bm {C}\bm {G})$


$\bm {G}\succeq 0$


$\bm {C}$


$\mathcal {A}_\psi $


$\tilde {\bm M}_1$


\begin {equation*}\begin {gathered} {\mathrm {tr}}\,(\bm {C}_e\,\tilde {\bm M}_1),\quad {\mathrm {tr}}\,({\mathrm {cof}}\bm {C}_e\,\tilde {\bm M}_1),\quad {\mathrm {tr}}\,(\bm {B}_i\,\tilde {\bm M}_1),\\ {\mathrm {tr}}\,({\mathrm {cof}}\bm {B}_i\,\tilde {\bm M}_1),\quad {\mathrm {tr}}\,\left (\bm {C}_e\,(\bm {B}_i \,\#\, \tilde {\bm M}_1)\right ), \end {gathered}\end {equation*}


\begin {equation*}\begin {gathered} {\mathrm {tr}}\,(\tfrac {\bm {C}\bm {M}}{\bm {C}_i : \bm {M}}),\quad \tfrac {1}{J_i^2}\,{\mathrm {tr}}\,\left (\bm {C}_i\,{\mathrm {cof}}\bm {C}\,\tfrac {\bm {C}_i\bm {M}}{\bm {C}_i:\bm {M}}\right ),\quad {\mathrm {tr}}\,\left (\tfrac {\bm {C}_i^2\bm {M}}{\bm {C}_i:\bm {M}}\right ), \\ J_i^2\,{\mathrm {tr}}\,\left (\tfrac {\bm {M}}{\bm {C}_i:\bm {M}}\right ),\quad {\mathrm {tr}}\,\left (\bm {C}\bm {C}_i^{-1}\left (\bm {C}_i \,\#\, \tfrac {\bm {M}\bm {C}_i}{\bm {C}_i:\bm {M}}\right )\right ), \end {gathered}\end {equation*}


$\#$


$\bm {C}_e\bm {B}_i\tilde {\bm M}_1$


$\beta _3$


$\mathcal {A}_\psi := (A_1, \ldots , A_5)$


\begin {equation}\begin {aligned} A_1 &= \beta _{3}\!\left (\tfrac {\bm C\bm M}{\bm C_i : \bm M}\right ), &\quad A_2 &= \beta _3\!\left (\tfrac {1}{J_i^2}\,\bm C_i\,{\mathrm {cof}}\bm C\, \tfrac {\bm C_i\bm M}{\bm C_i:\bm M}\right ), &\quad A_3 &= \beta _3\!\left (\tfrac {\bm C_i^2 \bm M}{\bm C_i:\bm M}\right ), \\[0.5em] A_4 &= \beta _3\!\left (\tfrac {J_i^2\bm M}{\bm C_i:\bm M}\right ), &\quad A_5 &= \beta _3\!\left (\bm C\bm C_i^{-1} \left ( \bm C_i \,\#\, \tfrac {\bm M\bm C_i}{\bm C_i:\bm M}\right )\right ), \end {aligned} \label {Xeqn26}\end {equation}


$A_k$


$\beta _3$


\begin {equation}\psi = \psi \left (\mathcal {T}_\psi \right ), \quad \mathcal {T}_\psi (\bm C,\bm C_i,\bm M) := \left (\mathcal {S}_\psi (\bm C,\bm C_i),\, \mathcal {A}_\psi (\bm C,\bm C_i,\bm M)\right ). \label {eq:Helmholtz_Tset}\end {equation}


$\beta _i$


$\beta _i$


$\mathcal {T}_\varphi $


$\psi $


$(\bm F,{\mathrm {cof}}\bm F,J)$


$\mathcal {S}_\varphi $


\begin {equation}\begin {aligned} A_{11} &= {\mathrm dev}\,\bm {\Sigma } : \tilde {\bm {M}}_1, &\quad A_{12} &= {\mathrm dev}\,\bm {\Sigma } : \tilde {\bm {M}}_2, &\quad A_{21} &= \sqrt {\tfrac {1}{2}\,\bigl ({\mathrm dev}\,\bm {\Sigma }\bigr )^2 : \tilde {\bm {M}}_1}, \\[0.5em] A_{22} &= \sqrt {\tfrac {1}{2}\,\bigl ({\mathrm dev}\,\bm {\Sigma }\bigr )^2 : \tilde {\bm {M}}_2}, &\quad A_{3} &= \bm {\Sigma } : {\mathrm sym}(\tilde {\bm {n}}_1 \otimes \tilde {\bm {n}}_2), &\quad A_{4} &= \sqrt {\tfrac {1}{2}\,\bm {\Sigma }^2 : {\mathrm sym}(\tilde {\bm {n}}_1 \otimes \tilde {\bm {n}}_2)} , \end {aligned} \label {Xeqn28}\end {equation}


$\mathcal {A}_\varphi := \left (A_{11},A_{12},A_{21},A_{22},A_{3},A_{4}\right )$


$\bm {\Sigma }$


$\bm {\Sigma }$


$J$


$J$


$\mathcal {T}_\varphi :=(T_1,\hdots ,T_9)=(\mathcal {S}_\varphi ,\mathcal {A}_\varphi )$


$\bm {\Sigma }$


\begin {equation}\bm D_i \in \partial _{\bm \Sigma }\,\varphi \!\left (\tfrac {\mathcal {T}_\varphi }{J}\right ) = \tfrac {1}{J}\,{\Big [\partial _{\mathbf z}\varphi (\mathbf z)\Big ]}_{\mathbf z=\mathcal {T}_\varphi /J} :\, \partial _{\bm \Sigma }\mathcal {T}_\varphi , \label {Xeqn29}\end {equation}


$\varphi $


$\mathcal {T}_\varphi /J$


$(\partial _{\bm {\Sigma }} T_k) : \bm {\Sigma } = T_k$


\begin {equation}\bm {\Sigma } : \bm {D}_i = \Big \langle \bm {\Sigma }, \partial _{\bm {\Sigma }}\,\varphi \!\left (\tfrac {\mathcal {T}_\varphi }{J}\right ) \Big \rangle = \Big \langle \tfrac {\mathcal {T}_\varphi }{J}, {\Big [\partial _{{\mathbf {z}}} \varphi ({\mathbf {z}})\Big ]}_{{\mathbf {z}} = \mathcal {T}_\varphi / J} \Big \rangle \label {Xeqn30}\end {equation}


$\varphi $


$\zeta $


$\omega $


$\bm {\Sigma }$


$\tilde {\bm n}_1$


$\tilde {\bm n}_2$


$\bm F_i$


\begin {equation*}\bar {(\bullet )} := \bm R_i^T \star (\bullet ) = \bm R_{i*}^T \star (\bullet )_{*},\end {equation*}


$\bm R_i$


$\bm R_{i*}$


$\bm F_i$


${\bm {F}}_{i*}$


\begin {equation}\bar {\bm {\Sigma }} = -\,2\,\bm U_i\,\frac {\partial \psi }{\partial \bm C_i}\,\bm U_i, \quad \bar {\bm {D}}_i = {\mathrm sym}(\dot {\bm U}_i\bm U_i^{-1}) = \tfrac {1}{2}\,\bm U_i^{-1}\,\dot {\bm C}_i\,\bm U_i^{-1}, \quad \bar {\bm {n}}_1 = \frac {{\bm {U}}_i\,\bm {n}}{\|{\bm {U}}_i\,\bm {n}\|}, \quad \bar {\bm {n}}_2 = \frac {{\mathrm {cof}}{\bm {U}}_i\,\bm {n}}{\|{\mathrm {cof}}{\bm {U}}_i\,\bm {n}\|}, \quad \label {Xeqn31}\end {equation}


$\mathcal {T}_\psi $


$\mathcal {T}_\varphi $


$({\bm {F}},{\mathrm {cof}}{\bm {F}},J)$


$\mathcal {T}_\psi $


$({\bm {F}},{\mathrm {cof}}{\bm {F}},J)$


$\psi _{{\mathrm gr}}$


$\beta _2(A) = A - 1 - \ln A$


\begin {equation}\psi = {\mathcal {N}}_c(\bullet ,\,\mathcal {T}_\psi ) + \psi _{{\mathrm gr}}(J,\tfrac {J}{J_i}), \label {eq:psi_as_network}\end {equation}


\begin {equation}\psi _{{\mathrm gr}}(J,\tfrac {J}{J_i}) = \lambda _{{\mathrm gr}} \left ( \beta _2(J) + \beta _2(\tfrac {J}{J_i}) \right ), \label {Xeqn33}\end {equation}


$\lambda _{{\mathrm gr}}$


$10^{-4}$


$\bullet $


$\psi $


\begin {equation}\varphi = {\mathcal {N}}_\circ \left (\bullet ,\,\left (\frac {\mathcal {T}_\varphi }{J},-\frac {\mathcal {T}_\varphi }{J}\right )\right ), \label {eq:phiasnetwork}\end {equation}


$\bullet $


$\omega $


$(\zeta \circ \omega )$


$\bm {\Sigma }$


$\mathcal {T}_\varphi $


$-\mathcal {T}_\varphi $


$J$


$t \in [t_n, t_{n+1}]$


${\bm {U}}_i$


\begin {equation}\bm {C}_{i_{n+1}} = {\bm {U}}_{i_n}\, \exp (2\, \Delta t\, \bm {D}_{i_n})\, {\bm {U}}_{i_n}, \qquad {\bm {U}}_{i_{n+1}} = \sqrt {\bm {C}_{i_{n+1}}}, \label {eq:explicit_evo}\end {equation}


$\Delta t := t_{n+1}-t_n$


\begin {equation}\mathbf {r} := \bm {C}_{i_{n}} - {\bm {U}}_{i_{n+1}}\, \exp (-2\, \Delta t\, \bm {D}_{i_{n+1}})\, {\bm {U}}_{i_{n+1}} \;\overset {!}{=}\; \bm {0}, \label {eq:implicit_evo}\end {equation}


$\bm {D}_{i_{n+1}}$


${\bm {U}}_{i_{n+1}}$


$\psi $


$\varphi $


$\dot {y} = A(y)\,y$


$A(y) = r(1 - y/k)$


$r = 0.7$


$k = 10$


$\Delta t = 1.5$


$y_{n+1} = \exp (\Delta t\,A(y_n))\,y_n$


$y_{n+1} = \exp (\Delta t\,A(y_{n+1}))\,y_n$


$y_{n+1}$


$\mathcal {L}=(y_{n+1} - \exp (\Delta t\,A(y_{n+1}))\,y_n)^2$


$\mathbf {h}\in {\mathbb {R}}^6$


$\mathbf {h}_0=\mathbf {0}$


$\bm {\alpha }={\mathcal {N}}_\alpha $


$\mathbf {f}={\mathcal {N}}_f$


\begin {equation}(\mathbf {h}_n,(\bm {E}_{n+1},\bm {D}_i^{{\mathrm trial}})) \mapsto {\mathcal {N}}_\alpha (\mathbf {h}_n,(\bm {E}_{n+1},\bm {D}_i^{{\mathrm trial}})), \quad (\mathbf {h}_n,(\bm {E}_{n+1},\bm {D}_i^{{\mathrm trial}})) \mapsto {\mathcal {N}}_f(\mathbf {h}_n,(\bm {E}_{n+1},\bm {D}_i^{{\mathrm trial}})), \label {eq:Na_Nf}\end {equation}


$\bm {E}_{n+1}$


$\bm {D}_i^{{\mathrm trial}}$


$\bm {D}_i$


$\bm {D}_i$


$\bm {C}_{n+1}$


${\bm {U}}_{i_{n+1}}={\bm {U}}_{i_n}$


${\mathcal {N}}_\alpha $


${\mathcal {N}}_f$


${\bm {U}}_i \in {{\mathrm Sym}}_+^{3\times 3}$


${\bm {U}}_i$


$\mathbf {h}$


${\bm {U}}_i$


$\bm {\theta } := \{{\mathbf {W}}_\psi , {\mathbf {b}}_\psi , {\mathbf {W}}_\varphi , {\mathbf {b}}_\varphi , {\mathbf {W}}_h, {\mathbf {b}}_h\}$


$\psi $


$\varphi $


$\mathbf {h}$


\begin {equation}\bm {\theta }^\ast = \arg \min _{\bm {\theta }} \; \mathcal {L}(\bm {\theta }), \label {Xeqn38}\end {equation}


\begin {equation}\mathcal {L}(\bm {\theta }) = \mathcal {L}_{{\mathrm stress}}(\bm {\theta }) + \lambda _{{\mathrm evo}}\,\mathcal {L}_{{\mathrm evo}}(\bm {\theta }). \label {eq:loss}\end {equation}


$\mathcal {L}_{{\mathrm stress}}$


$\mathcal {L}_{{\mathrm evo}}$


$\lambda _{{\mathrm evo}}$


$1000$


\begin {equation}\mathcal {L}_{{\mathrm stress}}(\bm {\theta }) = \frac {1}{B \, T \, O} \sum _{b=1}^B \sum _{t=1}^T \sum _{o=1}^O \left ( \underline {S}_{b,t,o}(\bm {\theta }) - \underline {\hat {S}}_{b,t,o} \right )^2, \label {eq:loss_stress}\end {equation}


$B$


$T$


$O=6$


$\underline {S}(\bm {\theta })$


$\underline {\hat {S}}$


$\hat {\bm {S}}$


$\underline {S}$


$\hat {\underline {\bm {S}}}=\hat {\bm {S}}/\underline {S}$


$\underline {\bm {S}}$


$\underline {S}$


$\bm {S}$


\begin {equation}\mathcal {L}_{{\mathrm evo}}(\bm {\theta }) = \frac {1}{B \, T \, O} \sum _{b=1}^B \sum _{t=1}^T \sum _{o=1}^O \left ( r_{b,t,o}(\bm {\theta }) \right )^2, \label {Xeqn41}\end {equation}


$r(\bm {\theta })$


\begin {equation*}{\mathcal {N}}_c:{\mathbb {R}}^{15}\rightarrow {\mathbb {R}},\quad \mathcal {T}_\psi \
\xrightarrow {\exp } 16 \xrightarrow {{\mathrm Softplus}} 16 \xrightarrow {{\mathrm Softplus}} 16 \xrightarrow {{\mathrm Softplus}} 16 \xrightarrow {{\mathrm Softplus}} \ \psi ,\end {equation*}


\begin {equation*}{\mathcal {N}}_\circ :{\mathbb {R}}^{18}\rightarrow {\mathbb {R}},\quad \left (\frac {\mathcal {T}_\varphi }{J},-\frac {\mathcal {T}_\varphi }{J}\right )\
\xrightarrow {\exp } 16 \xrightarrow {{\mathrm ReLU}} 16 \xrightarrow {{\mathrm ReLU}} 16 \xrightarrow {{\mathrm ReLU}}\
4\
\xrightarrow {\tanh } 16 \xrightarrow {\tanh } 16 \xrightarrow {{\mathrm Softplus}} 16 \xrightarrow {{\mathrm Linear}}\ \varphi .\end {equation*}


\begin {equation*}{\mathcal {N}}_\alpha :{\mathbb {R}}^{18}\rightarrow {\mathbb {R}}^6,\quad (\mathbf {h}_n,(\bm {E}_{n+1},\bm {D}_i^{{\mathrm trial}}))\
\xrightarrow {{\mathrm GELU}} 12 \xrightarrow {{\mathrm GELU}} 12 \xrightarrow {{\mathrm GELU}} 8 \xrightarrow {{\mathrm GELU}} 8 \xrightarrow {{\mathrm ReLU}} \bm {\alpha },\end {equation*}


\begin {equation*}{\mathcal {N}}_f:{\mathbb {R}}^{18}\rightarrow {\mathbb {R}}^6,\quad (\mathbf {h}_n,(\bm {E}_{n+1},\bm {D}_i^{{\mathrm trial}}))\
\xrightarrow {{\mathrm GELU}} 12 \xrightarrow {{\mathrm GELU}} 12 \xrightarrow {{\mathrm GELU}} 8 \xrightarrow {{\mathrm GELU}} 8 \xrightarrow {{\mathrm Linear}} \mathbf {f},\end {equation*}


$\mathrm GELU$


$\psi $


$\varphi $


$10^{-3}$


$10^{-3}$


\begin {equation}\psi = \psi _{{\mathrm iso}} + \psi _{{\mathrm ani}}, \quad \varphi = \varphi _{{\mathrm iso}} + \varphi _{{\mathrm ani}}. \label {eq:reference_model}\end {equation}


$\mathrm eq$


$\mathrm neq$


\begin {equation*}\bm {n} = \left (\tfrac {1}{\sqrt {2}},\,\tfrac {1}{\sqrt {2}},\,0\right )^T,\end {equation*}


$u_y(t)$


$x$


$z$


$z$


$6\,\si {\milli \metre }$


$710$


$\Delta t = 0.05\,\si {\second }$


$6\,\si {\second }$


$u_y(t)$


$u_y$


$y$


$u_y(6) = 0~\si {\milli \metre }$


$133{,}320$


$10{,}000$


$\lambda _{{\mathrm evo}}=1000$


$10^{-6}$


$10^{-5}$


$\lambda _{{\mathrm evo}}=1000$


$\underline {S}=1406.429\,\si {\mega \pascal }$


$\underline {S}=1014.538\,\si {\mega \pascal }$


\begin {equation*}\hat {\bm {S}}^{{\mathrm noisy}} = \hat {\bm {S}} + (\alpha _1\, \boldsymbol {s} + \alpha _2\, \boldsymbol {1}) \odot \boldsymbol {\varepsilon }, \quad \boldsymbol {\varepsilon } \sim \mathscr {N}(\mathbf {0}, \mathbf {1}),\end {equation*}


$\boldsymbol {s}$


$\mathscr {N}$


$\alpha _1 = 0.15$


$\alpha _2 = 0.01$


$500$


$10{,}000$


$10{,}000$


$\lambda _{{\mathrm evo}}=1000$


$10^{-6}$


$\lambda _{{\mathrm evo}}$


$\underline {S}=1420.851\,\si {\mega \pascal }$


$\underline {S}=1012.571\,\si {\mega \pascal }$


${\mathcal {N}}_{{\mathrm RNN}}$


${\mathcal {N}}_{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


$5{,}000$


$5000$


$10^{-5}$


$\psi =\psi _{{\mathrm iso}}$


$\varphi =\varphi _{{\mathrm iso}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm RNN}}$


${\mathcal {N}}_{{\mathrm LiNN}}$


$\psi =\psi _{{\mathrm iso}}$


$\varphi =\varphi _{{\mathrm iso}}$


$t=0.05$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


$S_{23}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm RNN}}$


${\mathcal {N}}_{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm RNN}}$


${\mathcal {N}}_{{\mathrm LiNN}}$


$\psi =\psi _{{\mathrm iso}}$


$\varphi =\varphi _{{\mathrm iso}}$


$t=0.05$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$S_{ij}$


$\hat {S}_{ij}$


$S_{ij} = \hat {S}_{ij}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


$R^2$


$R^2$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$S_{11}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$\psi =\psi _{{\mathrm iso}}$


$\varphi =\varphi _{{\mathrm iso}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$t=0.05$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$\psi =\psi _{{\mathrm iso}}$


$\varphi =\varphi _{{\mathrm iso}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$t=0.05$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$\psi =\psi _{{\mathrm iso}}+\psi _{{\mathrm ani}}$


$\varphi =\varphi _{{\mathrm iso}}+\varphi _{{\mathrm ani}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm RNN}}$


${\mathcal {N}}_{{\mathrm LiNN}}$


$\psi =\psi _{{\mathrm iso}}+\psi _{{\mathrm ani}}$


$\varphi =\varphi _{{\mathrm iso}}+\varphi _{{\mathrm ani}}$


$t=0.05$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$S_{12}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm RNN}}$


${\mathcal {N}}_{{\mathrm LiNN}}$


$\psi =\psi _{{\mathrm iso}}+\psi _{{\mathrm ani}}$


$\varphi =\varphi _{{\mathrm iso}}+\varphi _{{\mathrm ani}}$


$t=0.05$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$S_{22}$


$S_{33}$


$S_{11}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$\mathrm NaN$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$\psi =\psi _{{\mathrm iso}}+\psi _{{\mathrm ani}}$


$\varphi =\varphi _{{\mathrm iso}}+\varphi _{{\mathrm ani}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$t=0.05$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$\psi =\psi _{{\mathrm iso}}+\psi _{{\mathrm ani}}$


$\varphi =\varphi _{{\mathrm iso}}+\varphi _{{\mathrm ani}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$t=0.05$


$t=1.15\,\si {\second }$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$t=1.15\,\si {\second }$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm LiNN}}$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


$u_y(t)$


$7\,\si {\milli \metre }$


$6\,\si {\milli \metre }$


${\mathcal {N}}_{{\mathrm Consti}}^{{\mathrm Exp}}$


${\mathrm R}1$


$2\,\si {\second }$


$\Delta t = 0.05\,\si {\second }$


${\mathrm R}2$


$\Delta t = 0.04\,\si {\second }$


${\mathrm R}1$


${\mathrm R}2$


${\mathrm R}1$


$\hat {\bm {u}}-\bm {u}$


$\hat {\bm {u}}$


$\bm {u}$


${\mathrm R}1$


$\|\hat {\bm {u}}-\bm {u}\|$


$0.012\,\si {\milli \metre }$


$x$


$z$


${\mathrm R}2$


\begin {equation*}\bm {n} = \left (\tfrac {1}{\sqrt {3}},\,\tfrac {1}{\sqrt {3}},\,\tfrac {1}{\sqrt {3}}\right )^T,\end {equation*}


${\mathrm R}1$


${\mathrm R}2$


${\mathrm R}1$


${\mathrm R}2$


$y$


$\hat {\bm {u}}-\bm {u}$


$\hat {\bm {u}}$


$\bm {u}$


$y$


$0.35\,\si {\milli \metre }$


$\exp (\bullet )$


$\partial _{\mathcal {S}_{\varphi ,1}}\varphi $


$\bm {\Sigma }$


$\mathbf {s} \in {\mathbb {R}}^n$


$\mathbf {t} \in {\mathbb {R}}^m$


\begin {equation*}\mathbf {p}_{l+1} \;=\; g_l\!\left ( {\mathbf {W}}_l^p \mathbf {p}_l + {\mathbf {W}}_l^s \mathbf {s} + {\mathbf {b}}_l \right ), \qquad l = 0,\dots ,L-1,\end {equation*}


$\mathbf {p}_0 = \mathbf {s}$


${\mathbf {W}}_l^p$


${\mathbf {W}}_l^s$


${\mathbf {b}}_l$


$g_l$


$\mathbf {s} \mapsto \mathbf {t}$


$\mathbf {s}$


${\mathbf {W}}_l^p \mathbf {p}_l + {\mathbf {W}}_l^s \mathbf {s} + {\mathbf {b}}_l$


${\mathbf {W}}_l^p$


${\mathbf {W}}_l^s$


$\mathbf {p}_l$


$\mathbf {t} = \mathbf {p}_L$


\begin {equation*}\frac {\partial t_i}{\partial s_j} \;\geq \; 0 \qquad \text {for all } i,j.\end {equation*}


$\mathbf {t}$


$\mathbf {s}$


\begin {equation*}\sqrt {x} := \frac {x}{(x+\epsilon )^{1/2}}, \qquad \sqrt [3]{x} := \frac {x}{(|x|+\epsilon )^{2/3}}.\end {equation*}


$\epsilon = 0.01$


\begin {equation*}\left .\frac {{\mathrm d}}{{\mathrm d}x}\sqrt {x}\,\right |_{x=0} = 10.0, \qquad \left .\frac {{\mathrm d}}{{\mathrm d}x}\sqrt [3]{x}\,\right |_{x=0} \approx 21.54435.\end {equation*}


${\bm {U}}_i \in {{\mathrm Sym}}_+^{3\times 3}$


$t_{n+1}$


$\mathbf {h}$


${\bm {U}}_i$


\begin {equation*}{\bm {U}}_i = \bm {L}\,\bm {L}^T,\end {equation*}


$\bm {L}$


$L_{ii}>0$


$\bm {L}$


$\mathbf {h} = (h_1,\ldots ,h_6)$


\begin {equation*}\bm {L} = \begin {pmatrix} f(h_1) & 0 & 0 \\ h_4 & f(h_2) & 0 \\ h_6 & h_5 & f(h_3) \end {pmatrix},\end {equation*}


\begin {equation*}f(x) = \frac {1}{\ln (2)} \ln \!\left (1+\exp (\ln (2)\,x)\right )\end {equation*}


$f(x)>0$


$x$


$f(0)=1$


$\mathbf {h}=\mathbf {0}$


$\bm {L}=\bm {I}$


${\bm {U}}_i=\bm {I}$


\begin {equation*}S_1 := {\rm {tr}}\bm {\Sigma },\qquad S_2' := \tfrac 12\,{\mathrm dev}\bm {\Sigma }:{\mathrm dev}\bm {\Sigma },\qquad S_3' := \tfrac 13\,{\rm {tr}}\!\left (({\mathrm dev}\,\bm {\Sigma })^3\right ),\end {equation*}


$S_2 := \sqrt {S_2'}$


$S_3 := \sqrt [3]{S_3'}$


\begin {equation*}\mathcal {S}_\varphi (\bm {\Sigma }) := \left (S_1(\bm {\Sigma }),\,S_2(\bm {\Sigma }),\,S_3(\bm {\Sigma })\right ),\qquad \varphi (\bm {\Sigma }) := \omega (\mathcal {S}_\varphi (\bm {\Sigma })),\end {equation*}


$\omega :{\mathbb {R}}^3\to {\mathbb {R}}$


$\omega (\mathbf {0})=0$


\begin {equation*}\frac {\partial S_1}{\partial \bm {\Sigma }}=\bm {I},\qquad \frac {\partial S_2}{\partial \bm {\Sigma }}=\frac {1}{2\sqrt {S_2'}}\,{\mathrm dev}\,\bm {\Sigma },\qquad \frac {\partial S_3}{\partial \bm {\Sigma }}=\frac {1}{3 S_3'^{2/3}}\,{\mathrm dev}\!\left (({\mathrm dev}\,\bm {\Sigma })^2\right ).\end {equation*}


$S_1,S_2,S_3$


$1$


\begin {equation*}\frac {\partial S_k}{\partial \bm {\Sigma }}:\bm {\Sigma } = S_k \quad (k=1,2,3).\end {equation*}


\begin {equation*}\partial _{\bm {\Sigma }}\varphi = \sum _{k}\frac {\partial \omega }{\partial S_k}\,\frac {\partial S_k}{\partial \bm {\Sigma }}, \quad \Rightarrow \quad \bm {\Sigma }:\partial _{\bm {\Sigma }}\varphi = \big \langle \mathcal {S}_\varphi ,\,\partial _{\mathcal {S}_\varphi }\omega \big \rangle .\end {equation*}


$\bm {D}_i \in \partial _{\bm {\Sigma }}\varphi $


\begin {equation*}\bm {\Sigma }:\bm {D}_i = \big \langle \mathcal {S}_\varphi ,\,\partial _{\mathcal {S}_\varphi }\omega \big \rangle \;\ge \; \omega (\mathcal {S}_\varphi )-\omega (\mathbf {0}) = \omega (\mathcal {S}_\varphi ) \;\ge \; 0,\end {equation*}


$\varphi =(\zeta \circ \omega )(\mathcal {S}_\varphi )$


$\zeta :{\mathbb {R}}\to {\mathbb {R}}$


\begin {equation*}\bm {\Sigma }:\partial _{\bm {\Sigma }}\varphi = \frac {\partial \zeta }{\partial \omega }\,\big \langle \mathcal {S}_\varphi ,\,\partial _{\mathcal {S}_\varphi }\omega \big \rangle \;\ge 0,\end {equation*}


$\tilde {\bm {M}}={\bm {F}}_i \star \bm {M}$


\begin {equation*}\bm {\Sigma } : \tilde {\bm {M}}_{\alpha } = {\mathrm dev}\bm {\Sigma } : \tilde {\bm {M}}_{\alpha } + \frac {S_1}{3},\quad \bm {\Sigma }^2 : \tilde {\bm {M}}_{\alpha } = ({\mathrm dev}\bm {\Sigma })^2 : \tilde {\bm {M}}_{\alpha } + 2\frac {S_1}{3}\,{\mathrm dev}\bm {\Sigma } : \tilde {\bm {M}}_{\alpha } + \frac {S_1^2}{9},\end {equation*}


\begin {equation*}\tilde {\bm {n}}_1 \cdot \bm {\Sigma }\,\tilde {\bm {n}}_2 = \bm {\Sigma } : {\mathrm sym}(\tilde {\bm {n}}_1 \otimes \tilde {\bm {n}}_2),\quad \tilde {\bm {n}}_1 \cdot \bm {\Sigma }^2\,\tilde {\bm {n}}_2 = \bm {\Sigma }^2 : {\mathrm sym}(\tilde {\bm {n}}_1 \otimes \tilde {\bm {n}}_2),\end {equation*}


$\tilde {\bm {M}}_{\alpha } :=\tilde {\bm {n}}_{\alpha } \otimes \tilde {\bm {n}}_{\alpha }$


${\alpha } =1,2$


\begin {equation*}\mathcal {A}_\varphi (\bm {\Sigma },\tilde {\bm {n}}_1,\tilde {\bm {n}}_2) := (A_{1{\alpha } },A_{2{\alpha } },A_{3},A_{4})_{{\alpha } =1,2},\end {equation*}


\begin {equation*}A_{1{\alpha } } := {\mathrm dev}\bm {\Sigma } : \tilde {\bm {M}}_{\alpha } ,\quad A_{2{\alpha } } := \sqrt {\tfrac 12 ({\mathrm dev}\bm {\Sigma })^2 : \tilde {\bm {M}}_{\alpha } },\quad A_3 := \bm {\Sigma } : {\mathrm sym}(\tilde {\bm {n}}_1 \otimes \tilde {\bm {n}}_2),\quad A_4 := \sqrt {\tfrac 12\,\bm {\Sigma }^2 : {\mathrm sym}(\tilde {\bm {n}}_1 \otimes \tilde {\bm {n}}_2)}.\end {equation*}


$1$


\begin {equation*}\varphi (\bm {\Sigma },\tilde {\bm {n}}_1,\tilde {\bm {n}}_2) := (\zeta \circ \omega )(\mathcal {T}_\varphi (\bm {\Sigma },\tilde {\bm {n}}_1,\tilde {\bm {n}}_2)), \quad \mathcal {T}_\varphi (\bm {\Sigma },\tilde {\bm {n}}_1,\tilde {\bm {n}}_2) := (\mathcal {S}_\varphi (\bm {\Sigma }),\mathcal {A}_\varphi (\bm {\Sigma },\tilde {\bm {n}}_1,\tilde {\bm {n}}_2)),\end {equation*}


$\omega :{\mathbb {R}}^9\to {\mathbb {R}}$


$\omega (\mathbf {0})=0$


\begin {equation*}\bm {\Sigma }:\partial _{\bm {\Sigma }}\varphi = \frac {\partial \zeta }{\partial \omega }\,\big \langle \mathcal {T}_\varphi ,\,\partial \omega _{\mathcal {T}_\varphi } \big \rangle \;\ge 0,\end {equation*}


$k=r=0$


$s=t=1$


\begin {equation*}\tilde {\bm {M}}_1\,\tilde {\bm {M}}_2 = \frac {1}{\gamma }\,\bm F_i\,\bm M\,\bm F_i^{-1},\end {equation*}


${\bm {F}}_i\star \bm {M}=\bm F_i\bm M\bm F_i^{-1}$


\begin {equation*}\gamma := (\bm C_i:\bm M)\,(\bm C_i^{-1}:\bm M) = (\bm n\!\cdot \!\bm C_i\bm n)\,(\bm n\!\cdot \!\bm C_i^{-1}\bm n) \;\ge \; 1\end {equation*}


$\bm n$


$\bm C_i$


$s=t=-1$


\begin {equation*}\left (\frac {\bm {C}_i\bm {M}}{\bm {C}_i : \bm {M}}\right )^{-1} := (\bm {C}_i : \bm {M})\,\bm {M}\bm {C}_i^{-1}, \qquad \left (\frac {\bm {M}\bm {C}_i^{-1}}{\bm {C}_i^{-1} : \bm {M}}\right )^{-1} := (\bm {C}_i^{-1} : \bm {M})\,\bm {C}_i\bm {M},\end {equation*}


$k=r=0$


$s=t=-1$


\begin {equation*}\tilde {\bm {M}}_1^{-1}\,\tilde {\bm {M}}_2^{-1} = \gamma \,\bm F_i^{-T}\,\bm M\,\bm F_i^{T},\end {equation*}


$(\bm F, {\mathrm {cof}}\bm F, J)$


\begin {equation*}f(\bm F,\bm G) := {\mathrm {tr}}(\bm F^T \bm F \,\bm G).\end {equation*}


$\bm H\in \mathbb {M}^{3\times 3}$


\begin {equation*}\mathfrak {D}^2_{\bm F}[f(\bm F,\bm G)](\bm H,\bm H) = \frac {{\mathrm d}^2}{{\mathrm d}\epsilon ^2}\,{\mathrm {tr}}\,\left ((\bm F+\epsilon \bm H)^T(\bm F+\epsilon \bm H)\,\bm G\right )\Big |_{\epsilon =0} = 2\,\bm G : \bm H^T\bm H .\end {equation*}


$f$


$\bm F$


$\bm G\succeq 0$


$\bm F$


${\mathrm {cof}}\,\bm F$


${\bm {F}}_i \star \bm {M}$


${\bm {F}}_i \star \bm {M} = {\bm {F}}_i\bm {M}{\bm {F}}_i^{-1}$


${\bm {F}}_i \star \bm {M} = {\bm {F}}_i^{-T}\bm {M}{\bm {F}}_i^{T}$


$f({\bm {F}},{\bm {F}}_i \star \bm {M})={\mathrm {tr}}({\bm {F}}^T{\bm {F}}\,{\bm {F}}_i \star \bm {M}) = {\mathrm {tr}}({\bm {F}}^T{\bm {F}}\,{\mathrm sym}({\bm {F}}_i \star \bm {M}))$


${\mathrm sym}({\bm {F}}_i \star \bm {M})$


$\#$


\begin {equation*}({\bm {a}} \otimes \bm {b}) \# (\bm {c} \otimes \bm {d}) := ({\bm {a}} \times \bm {c}) \otimes (\bm {b} \times \bm {d}),\end {equation*}


$\times $


$\bm {B} \in {{\mathrm Sym}}_+^{3\times 3}$


$\bm {G} = \bm {g} \otimes \bm {g}$


\begin {equation*}\bm {B} \# \bm {G} = \sum _{i=1}^3 B_i \, (\bm {p}_i \otimes \bm {p}_i) \# \bm {G} = \sum _{i=1}^3 B_i \, (\bm {p}_i \times \bm {g}) \otimes (\bm {p}_i \times \bm {g}),\end {equation*}


$B_i$


$\bm {p}_i$


$\bm {B}$


${\bm {A}}, \bm {B} \in \mathbb {M}^{3\times 3}$


\begin {equation*}{\bm {A}} \# \bm {B} = \left ({\rm {tr}}{\bm {A}}\,{\rm {tr}}\bm {B} - {\rm {tr}}({\bm {A}}\bm {B})\right )\,\bm {I} + \bm {B}^T{\bm {A}}^T + {\bm {A}}^T\bm {B}^T - ({\rm {tr}}{\bm {A}})\,\bm {B}^T - ({\rm {tr}}\bm {B})\,{\bm {A}}^T,\end {equation*}


$\bm {P}\in {{\mathrm GL}}(3,{\mathbb {R}})$


\begin {equation*}(\bm {P}{\bm {A}}\bm {P}^{-1}) \# (\bm {P}\bm {B}\bm {P}^{-1}) = \bm {P}^{-T} ({\bm {A}} \# \bm {B}) \bm {P}^T.\end {equation*}


\begin {equation*}{\rm {tr}}\!\left ( \bm {C}_e \,(\bm {B}_i \# \tilde {\bm {M}}) \right ) = {\rm {tr}}\!\left ( \bm {C}\,{\bm {F}}_i^{-1}(\bm {B}_i \# \tilde {\bm {M}}){\bm {F}}_i^{-T} \right )\end {equation*}


${\bm {F}}_i^{-1}(\bm {B}_i \# \tilde {\bm {M}}){\bm {F}}_i^{-T}$


\begin {equation*}{\rm {tr}}\!\left ( \bm {C}\,{\bm {F}}_i^{-1}(\bm {B}_i \# \tilde {\bm {M}}){\bm {F}}_i^{-T} \right ) = {\rm {tr}}\!\left ( \bm {C}_i^{-1}\bm {C}\,(\bm {C}_i \# \bm {C}_i\bm {M}) \right ) = {\rm {tr}}\!\left ( \bm {C}\bm {C}_i^{-1} \,(\bm {C}_i \# \bm {M}\bm {C}_i) \right ).\end {equation*}


$\psi $


$\varphi $


\begin {equation*}\psi = \underbrace { \psi _{{\mathrm iso}}^{{\mathrm eq}}(\bm {C};a^{{\mathrm eq}},b^{{\mathrm eq}},c^{{\mathrm eq}}) + \psi _{{\mathrm iso}}^{{\mathrm neq}}(\bm {C}_e;a^{{\mathrm neq}},b^{{\mathrm neq}},c^{{\mathrm neq}}) }_{=:\psi _{{\mathrm iso}}} + \underbrace { \psi _{{\mathrm ani}}^{{\mathrm eq}}(\bm {C},\bm {G};\alpha ^{{\mathrm eq}},\eta ^{{\mathrm eq}}) + \psi _{{\mathrm ani}}^{{\mathrm neq}}(\bm {C}_e,\tilde {\bm {G}};\alpha ^{{\mathrm neq}},\eta ^{{\mathrm neq}}) }_{=:\psi _{{\mathrm ani}}},\end {equation*}


\begin {equation*}\varphi = \varphi _{{\mathrm iso}}(\bm {\Sigma };a^{{\mathrm neq}},b^{{\mathrm neq}},c^{{\mathrm neq}}, \tau ) + \varphi _{{\mathrm ani}}(\bm {\Sigma },\tilde {\bm {M}}_3;\eta ^{{\mathrm neq}}, \tau ).\end {equation*}


$a$


$b$


$c$


$\alpha $


$\eta $


$\bm {G}$


${\bm {e}}_1$


\begin {equation*}\bm {G}_0 = \begin {pmatrix} \beta ^2 & 0 & 0 \\ 0 & \tfrac {1}{\beta } & 0 \\ 0 & 0 & \tfrac {1}{\beta } \end {pmatrix},\end {equation*}


$\beta $


$\bm {G}$


$\bm {n} \in \mathbb {S}^2$


${\bm {R}} \in {{\mathrm SO}}(3)$


${\bm {e}}_1$


$\bm {n}$


\begin {equation*}\bm {k} = {\bm {e}}_1 \times \bm {n}, \qquad \hat {\bm {k}} = \frac {\bm {k}}{\|\bm {k}\|}, \qquad \theta = \arccos \!\left ( {\bm {e}}_1 \cdot \bm {n} \right ).\end {equation*}


\begin {equation*}{\bm {R}} = \bm {I} + \sin \theta \,[\hat {\bm {k}}]_\times + (1 - \cos \theta )\,[\hat {\bm {k}}]_\times ^2,\end {equation*}


$[\hat {\bm {k}}]_\times $


\begin {equation*}\bm {G} = {\bm {R}}\,\bm {G}_0\,{\bm {R}}^T.\end {equation*}


\begin {equation*}\tilde {\bm {G}} = {\bm {F}}_i \,\bm {G}\,{\bm {F}}_i^T, \qquad \tilde {\bm {M}}_3 = {\bm {F}}_i\,(\bm {n}\otimes \bm {n})\,{\bm {F}}_i^{-1}.\end {equation*}


\begin {equation*}\psi _{{\mathrm iso}}^{{\mathrm eq/neq}}({\bm {A}}) = a\,{\mathrm {tr}}{\bm {A}} + b\,{\mathrm {tr}}\,{\mathrm {cof}}{\bm {A}} + c\,\det {\bm {A}} - \tfrac {d_1}{2}\,\ln \det {\bm {A}}, \qquad d_1 = 2a + 4b + 2c.\end {equation*}


\begin {equation*}\psi _{{\mathrm ani}}^{{\mathrm eq/neq}}({\bm {A}},\bm {B}) = \frac {\eta }{\alpha \,({\mathrm {tr}}\bm {B})^\alpha } \left ( ({\mathrm {tr}}{\bm {A}}\bm {B})^\alpha + ({\mathrm {tr}}\,{\mathrm {cof}}{\bm {A}}\,\bm {B})^\alpha \right ) - \tfrac {d_2}{2}\,\ln \det {\bm {A}}, \qquad d_2 = 2\eta .\end {equation*}


\begin {equation*}\varphi _{{\mathrm iso}}(\bm {\Sigma }) = \frac {1}{\tau }\left (\frac {1}{18}\,\frac {({\mathrm {tr}}\bm {\Sigma })^2}{c} + \frac {2}{a+b}\,\left (\frac {1}{2}\,{\mathrm {tr}}\,{\mathrm dev}\bm {\Sigma }\,{\mathrm dev}\bm {\Sigma }\right )\right ),\end {equation*}


\begin {equation*}\varphi _{{\mathrm ani}}(\bm {\Sigma },\tilde {\bm {M}}_3) = \frac {1}{\tau }\left (\frac {1}{2\eta }\,\left ( ({\mathrm {tr}}\,\bm {\Sigma }\tilde {\bm {M}}_3)^2 + {\mathrm {tr}}\,(\bm {\Sigma }^2\tilde {\bm {M}}_3) \right )\right ).\end {equation*}


$\mathbf {x}_t \in {\mathbb {R}}^{n_x}$


$\mathbf {h}_t \in {\mathbb {R}}^{n_h}$


${\mathbf {y}}_t \in {\mathbb {R}}^{n_y}$


$t$


\begin {equation*}{\mathbf {z}}_t^{(0)} = \begin {bmatrix} \mathbf {x}_t \\ \mathbf {h}_{t-1} \end {bmatrix} \in {\mathbb {R}}^{n_x+n_h}.\end {equation*}


\begin {equation*}{\mathbf {z}}_t^{(\ell )} = \phi _\ell \!\left ( {\mathbf {W}}_\ell {\mathbf {z}}_t^{(\ell -1)} + {\mathbf {b}}_\ell \right ), \quad \ell = 1,\dots ,L,\end {equation*}


${\mathbf {W}}_\ell \in {\mathbb {R}}^{n_\ell \times n_{\ell -1}}$


${\mathbf {b}}_\ell \in {\mathbb {R}}^{n_\ell }$


$\phi _\ell (\cdot )$


$n_h$


\begin {equation*}\mathbf {h}_t = {\mathbf {W}}_h {\mathbf {z}}_t^{(L)} + {\mathbf {b}}_h, \quad {\mathbf {W}}_h \in {\mathbb {R}}^{n_h \times n_L}.\end {equation*}


\begin {equation*}{\mathbf {y}}_t = {\mathbf {W}}_{hy}\mathbf {h}_t + {\mathbf {b}}_y, \quad {\mathbf {W}}_{hy} \in {\mathbb {R}}^{n_y \times n_h}.\end {equation*}


\begin {equation*}{\mathcal {N}}_{{\mathrm RNN}}:{\mathbb {R}}^{n_x+n_h}\rightarrow {\mathbb {R}}^{n_h},\quad (\mathbf {x}_t,\mathbf {h}_{t-1})\
\xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm Linear}} \mathbf {h}_t,\end {equation*}


$n_x=7$


$\bm {C}$


$\Delta t$


$n_h=6$


\begin {equation*}{\mathbf {y}}_t = {\mathbf {W}}_{hy}\mathbf {h}_t + {\mathbf {b}}_y \in {\mathbb {R}}^{6}.\end {equation*}


$\mathbf {x}_t \in {\mathbb {R}}^{n_x}$


$\mathbf {h}_t \in {\mathbb {R}}^{n_h}$


${\mathbf {y}}_t \in {\mathbb {R}}^{n_y}$


$\mathbf {f}(\mathbf {x}_t, \mathbf {h}_{t-1}) \in {\mathbb {R}}^{n_h}$


$\bm {\alpha }(\mathbf {x}_t, \mathbf {h}_{t-1}) \in {\mathbb {R}}^{n_h}$


\begin {equation*}{\mathbf {z}}_t^{(0)} = \begin {bmatrix} \mathbf {x}_t \\ \mathbf {h}_{t-1} \end {bmatrix} \in {\mathbb {R}}^{n_x+n_h},\end {equation*}


\begin {equation*}{\mathrm CL}(z) = \phi ({\mathbf {W}}z+{\mathbf {b}}) - \phi ({\mathbf {b}}),\end {equation*}


\begin {equation*}\mathbf {h}_t = (\mathbf {1}-\Delta t\,\bm {\alpha })\odot \mathbf {h}_{t-1} + \Delta t\,\mathbf {f},\end {equation*}


$\odot $


$\Delta t$


\begin {equation*}{\mathbf {y}}_t = {\mathbf {W}}_{hy}\mathbf {h}_t + {\mathbf {b}}_y \in {\mathbb {R}}^{6}.\end {equation*}


\begin {equation*}{\mathcal {N}}_f:{\mathbb {R}}^{n_x+n_h}\rightarrow {\mathbb {R}}^{n_h},\quad (\mathbf {x}_t,\mathbf {h}_{t-1})\
\xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm Linear}} \mathbf {f},\end {equation*}


\begin {equation*}{\mathcal {N}}_\alpha :{\mathbb {R}}^{n_x+n_h}\rightarrow {\mathbb {R}}^{n_h},\quad (\mathbf {x}_t,\mathbf {h}_{t-1})\
\xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm GELU}} 64 \xrightarrow {{\mathrm ReLU}} \bm {\alpha }.\end {equation*}


$n_x=7$


$\bm {C}$


$\Delta t$


$n_h=6$


$\Delta t$
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H. Holthusen and E. Kuhl

Fig. 1. Schematic illustration of possible constructions for a function 𝜑(Σ) satisfying InequalityEq. (3). The function 𝜔 is convex, non-negative, and 
zero-valued at the origin, whereas 𝜁 is monotonically increasing and zero-valued with respect to 𝜔. Their composition (𝜁◦𝜔) ensures that the sign of the 
subgradient 𝜕Σ𝜑 coincides with the sign of Σ in the negative and positive regimes, respectively.

Fig. 2. Schematic illustration of the composition network ◦. The blue part represents the Input Convex Neural Network 𝑐 , which is convex in 
𝐲 but not in 𝐱. Each layer takes as input the output of the previous layer and of the parallel network in gray carrying 𝐱 as well as 𝐲 itself. Its final 
output 𝐳𝐶 highlighted in red serves as the input 𝐬 to the Input Monotonic Neural Network 𝑚 shown in orange, whose architecture mirrors that of 
𝑐 . To guarantee a non-negative 𝐳𝐶 , the activation between 𝐳𝐶−1 and 𝐳𝐶 is chosen as ReLU. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.).

Fig. 3. Motion from the reference configuration ℬ0 to the current configuration ℬ. An infinitesimal material element is described by the deformation 
gradient F , which admits a multiplicative decomposition into elastic F𝑒 and inelastic F𝑖 parts. Due to the non-uniqueness, one may equivalently 
write F = F𝑒∗ F𝑖∗ with F𝑒∗ = F𝑒Q

𝑇  and F𝑖∗ = QF𝑖 with Q ∈ S𝑂(3). From the polar decompositions of F𝑖 and F𝑖∗, it follows that R∗
𝑖 = QR𝑖. 

Noteworthy, the shown quantities referred to one intermediate configuration share their eigenvalues with the corresponding quantities in any other 
intermediate configuration.
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Fig. 4. Illustration of the normalization functions for the isotropic 𝜓 and anisotropic 𝜓 sets for the Helmholtz free energy 𝜓 .

Fig. 5. Schematic of time discretizations of the ordinary differential equation 𝑦̇ = 𝐴(𝑦) 𝑦 with 𝐴(𝑦) = 𝑟(1 − 𝑦∕𝑘), where 𝑟 = 0.7 and 𝑘 = 10. The 
exponential integrator with time step Δ𝑡 = 1.5 shows the explicit scheme 𝑦𝑛+1 = exp(Δ𝑡 𝐴(𝑦𝑛)) 𝑦𝑛 and the implicit scheme 𝑦𝑛+1 = exp(Δ𝑡 𝐴(𝑦𝑛+1)) 𝑦𝑛, 
the latter must be solved numerically. The Liquid Neural Network (LiNN) approximates 𝑦𝑛+1 by minimizing the loss  = (𝑦𝑛+1 − exp(Δ𝑡 𝐴(𝑦𝑛+1)) 𝑦𝑛)2. 
Within the training domain, the LiNN attains accuracy comparable to the implicit scheme while remaining explicit; outside this domain, predictive 
reliability is not ensured.

Fig. 6. Plate with two elliptic holes. Geometry and boundary conditions of the BVP used to generate the training data set, adapted from [23]. 
The bottom edge is clamped, while on the top edge a vertical displacement 𝑢𝑦(𝑡) is prescribed. The displacements in 𝑥 and 𝑧 directions are free 
on the top, but the 𝑧-displacement is fixed at the front and rear surfaces. The plate has a thickness of 6mm (three hexahedral elements across the 
thickness); in-plane, 710 elements are used.
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Fig. 7. Prescribed loading program and representative deformed configurations for isotropic (green mesh) and anisotropic (gray body/black mesh) 
materials. The comparison highlights the influence of anisotropy under otherwise identical loading. At the end of the program, although the external 
displacement returns to its initial value, residual strains remain due to inelasticity and the unloaded configurations are not identical; see also Fig. 
8. (For interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.).

Compared to fields such as the social sciences, AI in mechanics benefits from the existence of uncertainty-free physical laws. 
Recent years have therefore seen considerable efforts to incorporate these laws into AI models. Although early applications of neural 
networks to material modeling date back more than 30 years [17], a major boost was provided by the introduction of physics-
informed neural networks (PINNs) [18], where governing equations are weakly enforced through additional loss function terms. 
Thermodynamics-based Artificial Neural Networks (TANNs) [19,20] might be considered counterparts at the material point level that 
integrate physical constraints, such as positivity of dissipation, into the loss function. An alternative paradigm designs neural network 
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Fig. 8. Gradient of the vertical displacement 𝑢𝑦 along the 𝑦-direction at the end of the loading program with 𝑢𝑦(6) = 0 mm. For a purely elastic 
material, the gradient vanishes throughout the specimen. In contrast, due to inelastic effects, a residual deformation remains for both the isotropic 
and anisotropic materials.

Fig. 9. Training losses over 10,000 epochs for isotropic and anisotropic data sets. The penalty parameter is 𝜆e𝑣𝑜 = 1000. No additional regularization 
is applied beyond gradient clipping.

architectures that satisfy physical principles a priori, thereby guaranteeing that predictions adhere to the underlying laws. Prominent 
approaches include the unsupervised EUCLID framework [11], Constitutive Artificial Neural Networks (CANNs) [12,21], and Physics-
Augmented Neural Networks (PANNs) [13,22]. While all of these methods enforce physical consistency, they differ in the balance 
between interpretability and expressivity: CANNs favor sparse networks that allow tracing each computational path, whereas PANNs 
rely on denser architectures with potentially greater representational power. Although originally developed for elastic materials, 
recent research has focused on extending these frameworks to (anisotropic) inelastic behavior–representing a natural progression 
towards handling ever-increasing model complexity in order to explain increasingly rich datasets.
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Fig. 10. Training losses over 10,000 epochs for isotropic and anisotropic data sets. The data set is corrupted by synthetic noise. The penalty parameter 
is 𝜆e𝑣𝑜 = 1000. No additional regularization is applied beyond gradient clipping.

Fig. 11. Training losses over the epochs for isotropic and anisotropic data sets for the plain recurrent neural networks. The total number of epochs 
is 5000. The losses correspond to Eq. (42), which here coincides with the total loss. Neither gradient clipping nor additional regularization is applied.

1.1.  State-of-the-art in neural networks for inelastic and anisotropic material modeling

Inelastic materials. The EUCLID framework has been extended in recent years to cover a broad spectrum of inelastic phenomena. 
Early developments demonstrated its applicability to the discovery of plasticity [23], with particular emphasis on non-associative, 
pressure-sensitive plasticity [24], as well as to the modeling of linear viscoelastic material behavior at small strains [25]. In a more 
general context, Flaschel et al. [26] embedded EUCLID in the theoretical setting of Generalized Standard Materials (GSM) [27,28], a 
widely recognized framework for capturing inelasticity. GSM is based on the assumption of an inelastic potential complementing the 
Helmholtz free energy, thereby ensuring thermodynamic consistency.

The idea of postulating a potential that governs the evolution of inelastic deformations has inspired a variety of neural network 
architectures aiming to replicate this principle; see, for example, Flaschel et al. [29], Huang et al. [30], Holthusen et al. [31], Benady 
et al. [32], Rosenkranz et al. [33], Dettmer et al. [34]. While GSM typically relies on potentials expressed in terms of inelastic strain 
rates, one may alternatively consider potentials formulated in terms of stresses. This stress-based perspective is often employed 
when dealing with yield functions, such as the von Mises criterion, and naturally connects to convex analysis. Neural networks 
exploiting such formulations have recently been applied to a wide range of inelastic processes, including finite viscoelasticity [35,36], 
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Fig. 12. Training results for  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖 ,  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖, R𝑁𝑁 , and L𝑖𝑁𝑁 . The reference model is isotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 and 𝜑 = 𝜑i𝑠𝑜 with material parameters 
given in Table 1. Element ID: 111. Curves start with the first loading step at 𝑡 = 0.05. Of all four networks, only the  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 network correctly captures 
the zero shear stress in the off-plane directions.

elasto-plasticity [37–39], fracture mechanics [40], and growth and remodeling phenomena [41]. Notably, stress-based potentials and 
inelastic strain rate-based potentials share an intrinsic connection: if both are convex, they can be transformed into one another by 
means of a Legendre transformation, a relation that also holds at finite strains [36].

In the spirit of [37], elasto-plasticity at small strains was recently extended to intrinsically incorporate anisotropy. Two strategies 
were proposed in [42]: the first augments the classical Hill-48 yield criterion with an Input Convex Neural Network (ICNN) [43], 
thereby preserving convexity and guaranteeing stability, while the second relies entirely on a neural network in the principal stress 
space, where anisotropy is embedded through additional permutation-invariant networks. Moreover, the viscoelastic behavior of 
incompressible solids at finite strains was very recently investigated within the PANN framework in [44]. The study employs an 
implicit time-integration scheme based on an exponential map integrator and introduces a finite number of parallel decompositions 
of the deformation gradient into elastic and inelastic parts. Interestingly, during training, the initial number of parallel decompositions 
is automatically reduced to the minimum required through an additional sparsity-promoting loss term.

In the training of neural networks for inelastic material modeling, the availability of high-quality data is a central challenge. 
While most physics-embedded networks are formulated at the material point level, the primary experimental data typically available 
consists of macroscopic force-displacement curves. Consequently, finite element model updating strategies are frequently employed 
to generate synthetic data for training, also in the inelastic regime [45].

Beyond GSM-inspired formulations, several alternative paradigms have emerged for tackling inelastic material behavior with neu-
ral networks. A first direction focuses on dynamical system representations: Jones et al. [46] introduced a neural ordinary differential 
equation framework that models inelastic stress response via internal state variables, effectively replacing classical evolution equa-
tions by a data-driven continuous-time formulation. Building on this idea, Jones and Fuhg[47] extended the neural ODE framework 
by incorporating attention mechanisms, thereby enhancing its capability to capture complex history-dependent inelastic processes 
with improved generalization across diverse loading paths. Similarly, recurrent architectures have been explored, as in [48], where a 
physics-informed recurrent neural network was developed for multiaxial plasticity, ensuring thermodynamic consistency by enforcing 
monotonic plastic work. Building upon this time-series perspective, long short-term memory (LSTM) networks were proposed in [49] 
to capture strain path dependence in crystal plasticity, which offers the possibility of orders of magnitude speed-ups compared to 
traditional simulations while preserving accuracy in path-dependent effects such as the Bauschinger phenomenon.
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Fig. 13. Testing results for  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖 ,  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖, R𝑁𝑁 , and L𝑖𝑁𝑁 . The reference model is isotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 and 𝜑 = 𝜑i𝑠𝑜 with material parameters 
given in Table 1. Element ID: 53. Curves start with the first loading step at 𝑡 = 0.05. Of all four networks, only the  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 network correctly captures 
the zero shear stress in the off-plane directions.

A second direction emphasizes operator learning. The work of [50] proposed the History-Aware Neural Operator (HANO), combin-
ing Fourier neural operators with hierarchical self-attention to achieve discretization-invariant modeling of path-dependent inelastic-
ity, including anisotropic damage. This approach alleviates the limitations of recurrent models by avoiding hidden state inconsistencies 
and by generalizing across varying load histories. In parallel, graph-based models have been employed to capture spatially distributed 
responses: Maurizi et al. [51] demonstrated that graph neural networks can accurately predict stress, strain, and displacement fields in 
materials and structures, highlighting their potential for bridging microstructure-informed modeling with structural-scale predictions.

Anisotropic materials. The modeling of anisotropy with neural networks has gained increasing attention due to the ubiquity of 
direction-dependent material behavior in both engineering and biological applications [52]. A central idea is to encode preferred 
material directions through structural tensors, thereby ensuring frame invariance and compatibility with material symmetry groups. 
Several approaches have been developed along these lines. For instance, Tac et al. [53] introduced polyconvex neural ordinary differ-
ential equations for tissue mechanics, ensuring thermodynamic admissibility and convexity while capturing the nonlinear anisotropic 
response of skin. Complementary to this, probabilistic machine learning strategies have been proposed by [54], who employed Gaus-
sian process regression and physics-informed sampling techniques to build anisotropic hyperelastic models that respect material 
symmetries and thermodynamic consistency. More recently, Kalina et al. [55] presented a framework of Physics-Augmented Neural 
Networks (PANNs) that leverage generalized structural tensors of higher order. This formulation allows for the simultaneous calibra-
tion of network parameters and structural tensors, thereby enabling the detection and accurate representation of complex anisotropy 
arising from heterogeneous microstructures.

In addition to tensor-based formulations, automated model discovery has been explored for highly anisotropic engineering mate-
rials. A notable example is the work of [56], who combined biaxial testing with constitutive neural networks to uncover the unique 
anisotropic mechanical signature of warp-knitted fabrics. Their study emphasized the sensitivity of constitutive laws to microstruc-
tural directions and demonstrated that data-driven discovery can outperform classical orthotropic models.

Anisotropy is particularly crucial in biomechanics, where soft tissues inherently exhibit direction-dependent behavior. In [57], 
operator-learning strategies were applied to model anisotropic biological tissues, while physics-informed neural networks have been 
employed to capture the anisotropic hyperelastic response of the human myocardium [58,59] as well as the constitutive behavior of 
pulmonary arteries [60]. These studies underline the importance of integrating physics-based constraints with data-driven methods 
to achieve both predictive accuracy and generalizability in biologically inspired anisotropic material models.
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Fig. 14. Comparison between predicted 𝑆𝑖𝑗 and reference 𝑆̂𝑖𝑗 stress components across all data sets for the respective testing regimes. The shown 
data correspond to the Figs. 13, 16, 18, and 20. The solid gray line represents the ideal mapping 𝑆𝑖𝑗 = 𝑆̂𝑖𝑗 . Results are shown for constitutive neural 
networks,  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 and  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖 , respectively. The coefficients of determination 𝑅2 indicate the predictive accuracy for each configuration. Note that, 

due to stress divergence in the anisotropic noisy data set, 𝑅2 for  E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖 could not be obtained.

Overall, these works demonstrate that neural networks provide a versatile toolkit for modeling anisotropy, ranging from physics-
augmented formulations with structural tensors, to automated discovery of textile mechanics, and advanced PINN-based approaches 
for cardiovascular tissues. Together, they illustrate the broad applicability of AI-enhanced constitutive modeling in addressing 
anisotropy across scales and domains.

This literature review is by no means exhaustive, as the integration of machine learning into computational material modeling 
is currently being studied with great intensity. A particularly comprehensive overview is provided in the recent reviews by [61,62], 
which systematically discuss data-driven constitutive laws for solids.

1.2.  Research gap and aim of the study

Research gap. In recent years, substantial progress has been made in the development of physics-embedded neural networks for 
modeling inelastic and anisotropic materials. Nevertheless, most approaches remain confined to the small-strain regime and typ-
ically impose convexity of the underlying inelastic potential. The systematic incorporation of anisotropy, both in the Helmholtz 
free energy and in the corresponding inelastic potential, has received less consistent attention. Furthermore, physics-embedded 
neural network architectures for inelasticity continue to encounter issues of stability and robustness during training. As a re-
sult, a comprehensive framework for anisotropic inelasticity in the finite-strain regime that is robust throughout training is still
missing.
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Fig. 15. Training results for the data set corrupted by noise for both  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖  and  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖. The reference model is isotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 and 𝜑 = 𝜑i𝑠𝑜

with material parameters given in Table 1. For comparison, the results of the noise-free training case are given by  E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖 (noise-free). Element ID: 

111. Curves start with the first loading step at 𝑡 = 0.05. The noise-free counterpart is depicted in Fig. 12.

Aim of this study. The present contribution aims to provide a complement to the existing theoretical foundations by establish-
ing a consistent strategy for incorporating anisotropy into the architecture of neural networks for inelastic materials at finite 
strains. This complement is formulated independently of a specific network architecture, thereby broadening its applicability. 
To further account for the increasing complexity of materials–such as architectured microstructures–we propose an extension to 
non-convex yet physically admissible formulations of the inelastic potential. For stabilizing the training procedure, we comple-
ment recent advances in time-integration schemes for inelastic materials by extending them to the finite-strain regime. Together, 
these complementary developments are expected to substantially advance the use of neural networks in computational material
modeling.

1.3.  Outline

This contribution is structured as follows: In Section 2.2, we introduce the underlying thermodynamic requirement in a simplified 
setting. We demonstrate how this condition can be satisfied in one dimension and explain why convexity of the dual potential is 
a sufficient, but not a necessary, constraint. Section 3 reviews several neural network architectures. We briefly recap Input Convex 
Neural Networks and introduce Input Monotonic Neural Networks, whose combination generalizes the findings from the illustra-
tive example to a broader class of network architectures. In addition, we present Liquid Neural Networks as a specialized class of 
recurrent architectures. The continuum mechanical foundations of finite strain anisotropic inelasticity are developed in Section 4. 
Sections 4.1 and 4.2 then specify how to represent the Helmholtz free energy and the dual potential in terms of invariants. Build-
ing on these foundations, Section 5 integrates the theoretical principles with the neural architectures introduced earlier. Here, we 
also describe the prediction of inelastic variable updates using Liquid Neural Networks. The effectiveness of the proposed frame-
work is demonstrated in Section 6 through benchmark problems at both the material point and structural level. We investigate 
isotropic and anisotropic responses and compare the results against recurrent neural networks that lack physics-based constraints. 
Section 7 provides a critical assessment of the approach, outlining its limitations and highlighting open research questions related 
to anisotropic inelasticity modeled with neural networks. Finally, Section 8 summarizes the key findings and conclusions of this
work.
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Fig. 16. Testing results for the data set corrupted by noise for both  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖  and  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖. The reference model is isotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 and 𝜑 = 𝜑i𝑠𝑜

with material parameters given in Table 1. For comparison, the results of the noise-free training case are given by  E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖 (noise-free). Element ID: 

53. Curves start with the first loading step at 𝑡 = 0.05. The noise-free counterpart is depicted in Fig. 13.

2.  Preliminary problem description

In this section, we introduce the fundamental mathematical problem underlying finite-strain inelasticity. This preliminary discus-
sion will facilitate a deeper understanding of the challenges involved and motivate the design of the neural network architectures 
employed throughout this manuscript.

2.1.  Notation

Let 𝑎, a, and A denote tensors of order zero (scalars), one (vectors), and two (second-order tensors), respectively. To distin-
guish tensor notation from standard linear algebra notation, we write 𝐚 and 𝐀 for vectors and matrices in the usual sense. The set 
𝕊𝑛−1 ∶= {v ∈ ℝ𝑛 ∶ ‖v‖ = 1 } denotes the set of unit vectors. Further, the set of real 𝑛 × 𝑛 matrices is denoted by 𝕄𝑛×𝑛, and the group 
of invertible matrices is given by G𝐿(𝑛,ℝ) = {A ∈ 𝕄𝑛×𝑛 ∶ detA ≠ 0 }, with the subgroup of orientation-preserving transformations 
G𝐿+(𝑛,ℝ) = {A ∈ G𝐿(𝑛,ℝ) ∶ detA > 0 }. The set of symmetric matrices is denoted by S𝑦𝑚𝑛×𝑛 = {A ∈ 𝕄𝑛×𝑛 ∶ A𝑇 = A }, with the 
subset of symmetric positive definite matrices S𝑦𝑚𝑛×𝑛+ = {A ∈ S𝑦𝑚𝑛×𝑛 ∶ x𝑇Ax > 0 ∀x ≠ 0 }. Any two tensors A,B ∈ 𝕄𝑛×𝑛 related 
by A = P BP −1 for P ∈ G𝐿(𝑛,ℝ) are called similar, i.e., they share the same eigenvalues. The cofactor of a tensor A ∈ G𝐿(𝑛,ℝ) is 
defined as cof A = det(A)A−𝑇 , and cof A = det(A)A−1 if A ∈ S𝑦𝑚𝑛×𝑛+ . The set of orthogonal tensors is given by O(𝑛) = {Q ∈ 𝕄𝑛×𝑛 ∶
Q𝑇Q = I , detQ = ±1 }, while the subgroup of proper orthogonal tensors (rotations) is denoted by S𝑂(𝑛) = {Q ∈ O(𝑛) ∶ detQ = 1 }. 
The second-order identity tensor is expressed as I = 𝛿𝑖𝑗 e𝑖 ⊗ e𝑗 with {e𝑖} denoting the Cartesian basis. For consistency, the symbol 
𝟏 will be used whenever the identity is required in a more general context. In addition, the deviatoric operator d𝑒𝑣 is defined as 
d𝑒𝑣A = A − 1

3 tr(A) I. The inner product of two objects is denoted by ⟨⋅, ⋅⟩, and a superposed dot ̇(∙) indicates the total time deriva-
tive. In tensor notation, ∶ denotes a double contraction, while ⋅ refers to a single contraction. Finally, 𝜕𝐴𝑓 denotes the derivative 
of 𝑓 with respect to an argument 𝐴 (understood as the gradient in the smooth case, or as the subgradient in the nonsmooth case). 
Moreover, the operator   indicates that a function is represented by a neural network.

Throughout this manuscript, we do not introduce new symbols for functions whose arguments have been modified; instead, we 
use the same symbol whenever the context makes the meaning unambiguous.
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Fig. 17. Training results for  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖 ,  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖, R𝑁𝑁 , and L𝑖𝑁𝑁 . The reference model is anisotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 + 𝜓a𝑛𝑖 and 𝜑 = 𝜑i𝑠𝑜 + 𝜑a𝑛𝑖 with 
parameters given in Table 1. Element ID: 111. Curves start with the first loading step at 𝑡 = 0.05. Of all four networks, only the  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 network 
correctly captures the zero shear stress in the off-plane directions.

2.2.  One-dimensional illustrative example

We begin by defining two scalar-valued functions
𝜓 ∶ ℝ2 → ℝ, (𝜀, 𝜀𝑖) ↦ 𝜓(𝜀, 𝜀𝑖), 𝜑 ∶ ℝ → ℝ, Σ ↦ 𝜑(Σ),

where 𝜀 denotes the total strain and 𝜀𝑖 is an internal (inelastic) variable that accounts for history dependency. We further introduce 
the following constitutive relations

𝜎 =
𝜕𝜓
𝜕𝜀
, Σ = −

𝜕𝜓
𝜕𝜀𝑖

, (1)

where Σ is referred to as the thermodynamically consistent driving force conjugate to 𝜀̇𝑖 and 𝜎 denotes the mechanical stress state. The 
essential thermodynamic requirement is

Σ 𝜀̇𝑖 ≥ 0. (2)

This inequality expresses the non-negativity of the internal dissipation and must be satisfied at all times.
To close the system, we postulate that the evolution of the internal variable 𝜀𝑖 can be derived from the scalar potential 𝜑, i.e.,

Σ 𝜀̇𝑖 = Σ 𝜕Σ𝜑 ≥ 0. (3)

where 𝜕Σ𝜑 is generally nonsmooth, i.e., the subgradient of 𝜑. The central question is then how to construct 𝜑 such that the dissipation 
inequalityEq. (3) is always satisfied.

Convex functions. A standard choice in material modeling is to assume that 𝜑 is convex, non-negative, and zero-valued at the origin
[63]. Such a function ensures that the dissipation inequality is satisfied automatically, due to the properties of subgradients [64], 
namely

𝜔(0) ≥ 𝜔(Σ) − ⟨𝜕Σ𝜔,Σ⟩, (4)

where 𝜔 denotes a convex function with 𝜔(0) = 0 and 𝜔(Σ) ≥ 0. InequalityEq. (3) is then satisfied a priori. A schematic illustration of 
such a potential is given in Fig. 1.
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Fig. 18. Testing results for  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖 ,  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖, R𝑁𝑁 , and L𝑖𝑁𝑁 . The reference model is anisotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 + 𝜓a𝑛𝑖 and 𝜑 = 𝜑i𝑠𝑜 + 𝜑a𝑛𝑖 with 
parameters given in Table 1. Element ID: 53. Curves start with the first loading step at 𝑡 = 0.05. Of all four networks, only the  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 network 
correctly captures the zero shear stress in the off-plane directions.

Monotonic functions. While convexity is sufficient1, it is not necessary to guarantee positive dissipation. Indeed, Eq. (3) only requires 
that the signs of Σ and 𝜕Σ𝜑 coincide. This can be achieved if 𝜑 is monotonically decreasing for Σ < 0 and monotonically increasing for 
Σ > 02 To formalize this, let 𝜁 ∶ ℝ → ℝ be a monotonically increasing, zero-valued function. We can then define

𝜑(Σ) = (𝜁◦𝜔)(Σ).

By the chain rule, the dissipation reads

Σ 𝜕Σ𝜑 = Σ
(

𝜕𝜁
𝜕𝜔

𝜕Σ𝜔
)

=
𝜕𝜁
𝜕𝜔

⏟⏟⏟
≥0

(𝜕Σ𝜔Σ)
⏟⏟⏟

≥0

≥ 0, (5)

which is guaranteed by the monotonicity of 𝜁 with respect to 𝜔 and the convexity propertyEq. (4). This generalized construction 
allows greater flexibility in designing constitutive potentials while maintaining thermodynamic consistency. Fig. 1 illustrates the 
different possibilities: the blue (left) graph represents the convex (more constraining) option, while the green graph is monotonically 
increasing in the positive regime and monotonically decreasing within the negative regime (more flexible).

3.  Neural network architectures

In the previous Section 2, we demonstrated how to construct a function 𝜑(Σ) that satisfies the reduced dissipation inequality a 
priori. In the setting of finite strain inelasticity, these considerations can be extended in a straightforward manner to three-dimensional 
problems. Since our ultimate goal is to approximate both the Helmholtz free energy 𝜓 and the dual potential 𝜑, this section intro-
duces the neural network architectures employed for this purpose. Moreover, inelastic materials additionally require the solution of 
evolution equations for history-dependent internal variables. To this end, we further make use of a specialized recurrent architecture 
known as Liquid Neural Networks.

1 In combination with zero-valued at the origin and non-negativity.
2 Note that convex, zero-valued, and non-negative functions are a special case of this class.
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Input Convex Neural Networks. We begin by introducing (partially) Input Convex Neural Networks (ICNNs) (𝐱, 𝐲) ↦ 𝑐 (𝐱, 𝐲), originally 
proposed in [43]. These networks are designed such that the output is convex with respect to 𝐲 while remaining unconstrained in 𝐱. 
The operator 𝑐 denotes a neural network with hidden layers 𝑙 = 0,… , 𝐶 − 1 and an output layer 𝐶. The key idea is to employ two 
parallel computational branches: one for the convex variables and one for the non-convex variables. The non-convex branch may 
feed into the convex branch in a way that preserves convexity with respect to 𝐲. The architecture proposed in [43] reads

𝐮𝑙+1 = 𝑘𝑐𝑙
(

𝐖′
𝑙 𝐮𝑙 + 𝐛′𝑙

)

, 𝐮0 = 𝐱,
𝐳𝑙+1 = 𝑔𝑐𝑙

(

𝐖𝑧
𝑙
(

𝐳𝑙 ⊙ [𝐖𝑧𝑢
𝑙 𝐮𝑙 + 𝐛𝑧𝑢𝑙 ]+

)

+𝐖𝑦
𝑙
(

𝐲 ⊙ [𝐖𝑦𝑢
𝑙 𝐮𝑙 + 𝐛𝑦𝑢𝑙 ]

)

+𝐖𝑢
𝑙 𝐮𝑙 + 𝐛𝑧𝑙

)

,

𝐳1 = 𝑔𝑐0
(

𝐖𝑦
0
(

𝐲 ⊙ [𝐖𝑦𝑢
0 𝐱 + 𝐛𝑦𝑢0 ]

)

+𝐖𝑢
0 𝐱 + 𝐛𝑧0

)

,

(6)

where ⊙ denotes the Hadamard product and [∙]+ the non-negative part, typically implemented using the ReLU activation function. 
To ensure that each component of the final output layer 𝐳𝐶 is convex in 𝐲, the weights 𝐖𝑧 must satisfy 𝐖𝑧 ∈ ℝ≥0, while the activation 
functions 𝑔𝑐𝑙  are required to be convex and non-decreasing. The remaining weights 𝐖 and biases 𝐛 are unconstrained, and the activations 
𝑘𝑐𝑙  are not restricted.

In the context of finite strain inelasticity, we employ ICNNs to approximate both the Helmholtz free energy and the dual potential. 
Since these functions are zero-valued at the origin, an adjustment to the architecture is necessary. Moreover, if the input 𝐲 is already 
passed through a convex function 𝑓 , i.e. (𝐱, 𝑓 (𝐲)) ↦ 𝑐 (𝐱, 𝐲), then also 𝐖𝑦 must satisfy 𝐖𝑦 ∈ ℝ≥0. To incorporate these aspects, we 
slightly modify the architectureEq. (6), yielding

𝐮𝑙+1 = 𝑘̃𝑐𝑙
(

𝐖′
𝑙 𝐮𝑙 + 𝐛′𝑙

)

, 𝐮0 = 𝐱,
𝐳𝑙+1 = 𝑔̃𝑐𝑙

(

𝐖𝑧
𝑙
(

𝐳𝑙 ⊙ [𝐖𝑧𝑢
𝑙 𝐮𝑙 + 𝐛𝑧𝑢𝑙 ]+

)

+𝐖𝑦
𝑙
(

𝐲 ⊙ [𝐖𝑦𝑢
𝑙 𝐮𝑙 + 𝐛𝑦𝑢𝑙 ]+

)

+ 𝐛𝑐𝑙
)

,

𝐳1 = 𝑔̃𝑐0
(

𝐖𝑦
0
(

𝐲 ⊙ [𝐖𝑦𝑢
0 𝐮0 + 𝐛𝑦𝑢0 ]+

)

+ 𝐛𝑐0
)

,

(7)

with 𝐛𝑐𝑙 ∶= 𝐖𝑢
𝑙 𝐮𝑙 + 𝐛𝑧𝑙 , and where 𝐖𝑧,𝐖𝑦 ∈ ℝ≥0. The modified activations

𝑘̃𝑐𝑙 ∶= 𝑘𝑐𝑙 ((∙)𝑙) − 𝑘
𝑐
𝑙 (𝐛

′
𝑙), 𝑔̃𝑐𝑙 ∶= 𝑔𝑐𝑙 ((∙)𝑙) − 𝑔

𝑐
𝑙 (𝐛

𝑐
𝑙 ), (8)

ensure that 𝐮𝐿 = 𝟎 if 𝐱 = 𝟎 and 𝐳𝐶 = 𝟎 if 𝐲 = 𝟎. This guarantees zero-valuedness of the scalar functions to be approximated. Note that 
we made the architectural choice that 𝐳𝐶 = 𝟎 if 𝐲 = 𝟎 holds independently of the value of 𝐱. Lastly, it is worth noting that although 
the constraint 𝐖𝑦 ∈ ℝ≥0 appears to limit the expressive power of ICNNs, architectures of the formEq. (6) can still be represented by 
augmenting the input as (𝐱, (𝐲,−𝐲)) ↦ 𝑐 (𝐱, 𝐲).

Input Monotonic Neural Networks. Next, we propose a new architecture, termed Input Monotonic Neural Networks (IMNNs), in analogy 
to ICNNs. These networks are designed to produce outputs that are monotonically increasing with respect to a specific subset of inputs 
𝐬, while remaining unconstrained in other inputs 𝐯. Formally, IMNNs implement mappings (𝐯, 𝐬) ↦ 𝑚(𝐯, 𝐬). The architecture again 
employs two parallel branches:

𝐫𝑙+1 = 𝑘̃𝑚𝑙
(

𝐖∗
𝑙 𝐫𝑙 + 𝐛∗𝑙

)

, 𝐫0 = 𝐯,
𝐩𝑙+1 = 𝑔̃𝑚𝑙

(

𝐖𝑝
𝑙
(

𝐩𝑙 ⊙ [𝐖𝑝𝑟
𝑙 𝐫𝑙 + 𝐛𝑝𝑟𝑙 ]+

)

+𝐖𝑠
𝑙
(

𝐬⊙ [𝐖𝑠𝑟
𝑙 𝐫𝑙 + 𝐛𝑠𝑟𝑙 ]+

)

+ 𝐛𝑚𝑙
)

,

𝐩1 = 𝑔̃𝑚0
(

𝐖𝑤
0
(

𝐬⊙ [𝐖𝑠𝑟
0 𝐫0 + 𝐛𝑠𝑟0 ]+

)

+ 𝐛𝑚0
)

,

(9)

where 𝐛𝑚𝑙 ∶= 𝐖𝑟
𝑙 𝐫𝑙 + 𝐛𝑝𝑙 . If 𝑔̃𝑚𝑙  are monotonically increasing activation functions and 𝐖𝑝,𝐖𝑠 ∈ ℝ≥0, then each output component of 

𝐩𝑀  is guaranteed to be monotonically increasing in each component of 𝐬; see Appendix A.1. As before, shifted activations analogous 
to Eq. (8) are used to enforce zero-valuedness. A monotonically decreasing output can be obtained by simply replacing 𝐬 with −𝐬.

Noteworthy, a three-layer architecture with min-max pooling, which enforces monotonicity, was first proposed in [65] and later 
extended in [66] to partially input specific monotonic networks. More recently, You et al. [67] combined three types of layers–
calibrators, linear embeddings, and lattices–within a deep lattice framework to enforce monotonicity.

Composition of ICNNs and IMNNs. Section 2 and Fig. 1 demonstrated that the dual potential 𝜑 can be expressed as a composition of 
convex and monotonic functions. Accordingly, we construct a neural network architecture ◦ by composing ICNNs and IMNNs:

◦(𝐱, 𝐲) = 𝑚
(

𝐮𝐶−1, 𝐳𝐶
)

, with (𝐮𝐶−1, 𝐳𝐶 ) = 𝑐 (𝐱, 𝐲). (10)

Here, 𝐮𝐶−1 is chosen instead of 𝐮𝐶 , since 𝐮𝐶 is typically not computed in ICNNs as it does not influence the output 𝐳𝐶 . Fig. 2 
schematically illustrates the composition.

Liquid Neural Networks. Unlike purely elastic materials, inelasticity requires not only an additional dual potential but also the solution 
of evolution equations for the internal variables. Explicit time discretization schemes are computationally efficient but often unsta-
ble, while implicit schemes are stable but computationally costly and thus impractical for neural network training, which typically 
requires many epochs. An alternative, explored in [33] for feed-forward networks and long-short-term memory (LSTM) networks, is 
to approximate the update of the internal variables using auxiliary networks [68].

In this work, we employ Liquid Neural Networks (LiNNs) [69], a class of recurrent networks that update their hidden state 𝐡 using 
dynamics inspired by differential equations of continuous systems. This formulation naturally reflects the temporal evolution typical 
for inelastic internal variables. In continuous time, the update reads

d𝐡(𝑡)
d𝑡

= −α(𝐡(𝑡),𝐪(𝑡))⊙ 𝐡(𝑡) + 𝐟 (𝐡(𝑡),𝐪(𝑡)), (11)
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with 𝛼𝑖 ≥ 0 and 𝐪 denoting an external input. Since α and 𝐟 may vary with time, these networks are called liquid.
For numerical implementation, Eq. (11) can be discretized within 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1], for example by a (semi-)explicit Euler scheme

𝐡𝑛+1 =
(

𝟏 − Δ𝑡α(𝐡𝑛,𝐪𝑛+1)
)

⊙ 𝐡𝑛 + Δ𝑡 𝐟 (𝐡𝑛,𝐪𝑛+1), (12)

or by a (semi-)explicit exponential time integration scheme [70]

𝐡𝑛+1 = exp(−Δ𝑡α(𝐡𝑛,𝐪𝑛+1))⊙ 𝐡𝑛 + Δ𝑡 𝜉(−Δ𝑡α(𝐡𝑛,𝐪𝑛+1))⊙ 𝐟 (𝐡𝑛,𝐪𝑛+1), 𝜉(𝑥) =
exp(𝑥) − 1

𝑥
(13)

where Δ𝑡 ∶= 𝑡𝑛+1 − 𝑡𝑛.
In the neural network formulation, both α and 𝐟 are learned by independent feed-forward networks, i.e. (𝐡𝑛,𝐪𝑛+1) ↦ 𝛼(𝐡𝑛,𝐪𝑛+1)

and (𝐡𝑛,𝐪𝑛+1) ↦ 𝑓 (𝐡𝑛,𝐪𝑛+1). There are no constraints on weights, biases, or activation functions, except that we again apply shifted 
activations (analogous to Eq. (8)) to ensure that the state remains unchanged if both the previous state and external input are zero. 
Further, the last activation function of 𝛼 should ensure the non-negativity of α. Although both discretization schemes are viable, 
we observed that the (semi-)explicit Euler method yields superior stability for the problems considered in this work. Accordingly, we 
restrict our investigation to this scheme.

4.  Fundamentals of constitutive relations

After introducing the neural network architectures in the previous section, which will later serve as functional representations of 
𝜑 and 𝜓 , we now turn to the foundations of constitutive modeling for inelastic materials at finite strains. Our objective is to formulate 
a framework for anisotropic materials that captures the essential kinematics and satisfies the dissipation inequality.

Noteworthy, the term anisotropy is not unambiguous in inelasticity. Unlike in elasticity, where anisotropy does not necessarily 
result in coaxiality of the stress-strain response, inelasticity exhibits additional sources of anisotropic behavior. For example, kinematic 
hardening or the coupling between elastic and inelastic strains can both induce effective anisotropy. In this context, one may further 
distinguish between initial anisotropy (present in the undeformed material, e.g., due to texture or fibers) and induced anisotropy 
(evolving during inelastic deformation). Here, we use anisotropy exclusively to denote the presence of preferred directions–either in 
the energy (e.g., due to embedded fibers) or in the dual potential (e.g., Hill’s plasticity). The latter case is closely related to what is 
commonly referred to as distortional hardening.

In this contribution, we limit ourselves to the class of initial anisotropy that can be characterized by several line or outward normal 
vectors n𝑖 perpendicular to a plane. For brevity, we derive the equations for one family of vectors n (transversal isotropy), however, 
the extension to more such classes of anisotropy is straightforward.

To this end, we will first introduce the kinematics of the multiplicative decomposition and the material principles that the 
Helmholtz free energy must satisfy. We will then derive the evolution equation for isotropic materials based on a dual potential 
and extend this concept to anisotropic materials. The scalar functions, namely the energy and the dual potential, will be discovered 
by the neural networks introduced in the previous section as the manuscript progresses.

Kinematics. Let χ ∶ ℬ0 ⊂ ℝ3 → ℬ denote the motion that maps the reference configuration ℬ0 onto the current configuration ℬ in 
Euclidean space. The deformation is characterized by the deformation gradient

F = G𝑟𝑎𝑑χ, 𝐽 ∶= det F .

To ensure an admissible, orientation-preserving motion one requires 𝐽 > 0 in ℬ0, such that F ∈ G𝐿+(3,ℝ). In the finite strain regime, 
inelastic effects are commonly described by postulating a multiplicative decomposition3 of the deformation gradient [71–75], irre-
spective of the specific inelastic mechanism,

F = F𝑒F𝑖 = F𝑒∗F𝑖∗. (14)

Here, F𝑒 and F𝑖 denote the elastic and inelastic parts, respectively. Constitutive admissibility requires 𝐽𝑒 ∶= det F𝑒 > 0 and 𝐽𝑖 ∶=
det F𝑖 > 0. The decomposition is not unique, since any rotation Q ∈ S𝑂(3) yields an equivalent representation with F𝑒∗ = F𝑒Q

𝑇

and F𝑖∗ = QF𝑖 (see, e.g., Casey[76]). Since F𝑒,F𝑖 ∈ G𝐿+(3,ℝ), both admit polar decompositions, F𝑒 = R𝑒U𝑒 and F𝑖 = R𝑖U𝑖, with 
R𝑒,R𝑖 ∈ S𝑂(3) and U𝑒,U𝑖 ∈ S𝑦𝑚3×3

+ . It follows that the elastic right stretch tensor in the rotated configuration, U𝑒∗ = QU𝑒Q
𝑇 , is 

orthogonally similar to U𝑒, while the inelastic stretch remains unchanged, U𝑖∗ = U𝑖. Fig. 3 shows the various mappings involved.

Material principles. For anisotropic materials, we introduce a symmetry class 𝒮 ⊂ O(3) consisting of all orthogonal tensors Q relative 
to which the material response remains invariant. In this work, following the structural-tensor approach (cf. [77,78]), we focus on 
a single preferred direction n ∈ 𝕊2 in the reference configuration and set the structural tensor M = n⊗n. In analogy to [79], we 
introduce the group 𝒢 = {Q ∈ S𝑂(3) ∶ Qn = n}, i.e., the set of proper rotations leaving n invariant. As mentioned at the beginning, 
we set 𝒮 = 𝒢 , and thus, the material is invariant about n. For isotropic materials, in contrast, the symmetry class is 𝒮 = S𝑂(3) (often 
O(3) is admitted as well).

3 As shown in [126], the multiplicative decomposition is superior to the additive decomposition in case of finite elasto-plasticity regardless of the 
elastic material law.
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We derive the constitutive equations in the sense of hyperelasticity and postulate the existence of a Helmholtz free energy
𝜓 ∶ G𝐿+(3,ℝ) × G𝐿+(3,ℝ) × → ℝ, (F ,F𝑖,M ) ↦ 𝜓(F ,F𝑖,M ),

where  = {M = n⊗n ∶ n ∈ 𝕊2}. For inelastic materials with multiplicative split F = F𝑒F𝑖, the free energy is required to satisfy 
the following principles:

• Objectivity (frame indifference)
𝜓(F ,F𝑖,M ) = 𝜓(QF ,F𝑖,M ) ∀Q ∈ S𝑂(3).

• Material symmetry
𝜓(F ,F𝑖,M ) = 𝜓(FQ𝑇 , F𝑖Q

𝑇 , QMQ𝑇 ) ∀Q ∈ 𝒢 .

• Indifference to the choice of intermediate configuration
𝜓(F ,F𝑖,M ) = 𝜓(F , QF𝑖, M ) ∀Q ∈ S𝑂(3).

Consequently, 𝜓 can be expressed as a scalar-valued isotropic function in terms of the right Cauchy–Green tensors C = F 𝑇F  and 
C𝑖 = F 𝑇

𝑖 F𝑖 and the structural tensor M
𝜓(F ,F𝑖,M ) = 𝜓(C,C𝑖,M ) = 𝜓

(

QCQ𝑇 , QC𝑖Q
𝑇 , QMQ𝑇 ) ∀Q ∈ S𝑂(3). (15)

Further, we impose volumetric growth (coercivity) conditions
𝜓 → ∞ as 𝐽 ↘ 0 or 𝐽 → ∞, (16)

𝜓 → ∞ as 𝐽𝑒 ↘ 0 or 𝐽𝑒 → ∞. (17)

In addition, non-essential conditions are employed: the stress is usually normalized such that it vanishes for FF −1
𝑖 = I, and we set 

the reference level 𝜓(I , I ,M ) = 0.
To ensure existence of minimizers, we design 𝜓 to be polyconvex in F  [80,81], i.e., there exists a function 𝑊 =

𝑊
(

F , cof F , 𝐽 ; F𝑖,M
) that is convex in (F , cof F , 𝐽 ) (with F𝑖 and M acting as parameters) and satisfies

𝜓(F ,F𝑖,M ) = 𝑊 (F , cof F , 𝐽 ; F𝑖,M ).

For background on polyconvex hyperelastic formulations in terms of the deformation gradient for anisotropic solids we refer the reader 
to [79]; see also [82] for classical symmetry principles and [83] for a discussion of isomorphism concepts in inelastic anisotropy.

Thermodynamic consistency for isotropic materials. Considering Eq. (15), we evaluate the Clausius–Planck inequality −𝜓̇ + 1
2 S ∶ Ċ ≥

0, where S denotes the second Piola–Kirchhoff stress tensor. Following the arguments of [84–86], this yields the state law S = 2 𝜕C𝜓
as well as the reduced dissipation inequality

𝒟 ∶= Σ ∶ D𝑖 ≥ 0, Σ ∶= −2F𝑖
𝜕𝜓
𝜕C𝑖

F 𝑇
𝑖 , (18)

where D𝑖 denotes the symmetric part of Ḟ𝑖F −1
𝑖  and is related to C𝑖 by Ċ𝑖 = 2F 𝑇

𝑖 D𝑖F𝑖. As discussed in [87], Σ shares the same 
eigenvalues as the Kirchhoff stress FSF 𝑇  if 𝜓 depends solely on the elastic part of the deformation4. Note that neither D𝑖 nor Σ
is invariant under the choice of the intermediate configuration; indeed, D𝑖∗ = QD𝑖Q

𝑇 , Σ∗ = QΣQ𝑇  for any Q ∈ S𝑂(3). However, 
the resulting dissipation is invariant with respect to the intermediate configuration, i.e., Σ∗ ∶ D𝑖∗ = Σ ∶ D𝑖.

We postulate the existence of a dual potential [88]
𝜑 ∶ S𝑦𝑚3×3 ⟶ ℝ, Σ ↦ 𝜑(Σ).

Similar to the Helmholtz free energy, the dual potential must satisfy the principles of objectivity, material symmetry, and invariance 
with respect to the choice of intermediate configuration. The first two properties are automatically satisfied, while the latter implies 
that 𝜑 can be expressed as a scalar-valued isotropic function. We then postulate that the evolution equation follows from the dual 
potential

D𝑖 ∈ 𝜕Σ𝜑, (19)

which in general is nonsmooth [89]. Contrary to the one-dimensional example presented in Section 2.2, the argument of the dual 
potential is now a second-order tensor. Hence, it is natural to ask how our previous findings can be consistently extended to the three-
dimensional case. A standard approach is to assume that the potential is convex in Σ, which ensures positive dissipation, analogous 
to InequalityEq. (4). Such an assumption falls within the framework of Generalized Standard Materials [27]. However, for certain 
materials, this convexity requirement may be overly restrictive. As shown in [36], we may relax this requirement by formulating a 

4 Alternatively, one may derive the reduced dissipation inequality with respect to Ċ𝑖 and its conjugated force (see [127]). However, this approach 
loses the physical interpretation of Σ, which is considered a disadvantage here
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potential 𝜔 that is convex, non-negative, and vanishes at the origin, expressed in terms of the invariants 𝜑(Σ) ∶= (𝑆1, 𝑆2, 𝑆3), and 
setting 𝜑 = 𝜔(𝜑). Importantly, these invariants must be positively homogeneous of degree one, i.e.,

𝜕𝑆𝑘
𝜕Σ

∶ Σ = 𝑆𝑘, 𝑘 = 1,… , 3. (20)

With these properties, the reduced dissipationEq. (18) simplifies to 𝜕Σ𝜑 ∶ Σ =
∑

𝑖(𝜕𝑆𝑖𝜑)𝑆𝑖. Analogous to InequalityEq. (4), this for-
mulation guarantees positive dissipation–yet without requiring convexity with respect to Σ itself. A suitable choice for the invariants 
𝑆1, 𝑆2, and 𝑆3 was proposed in [36] as

𝑆1 ∶= trΣ, 𝑆′
2 ∶=

1
2 tr

(

(d𝑒𝑣Σ)2
)

, 𝑆′
3 ∶=

1
3 tr

(

(d𝑒𝑣Σ)3
)

, (21)

where 𝑆2 ∶=
√

𝑆′
2 and 𝑆3 ∶= 3

√

𝑆′
3; see Appendix A.2 for details on the computation of the roots and Appendix A.3 for a more 

comprehensive proof of thermodynamic consistency.
Although the convexity requirement with respect to the stress tensor has now been relaxed, convexity with respect to the invariants 

is still assumed. Recalling the insights from Section 2 and Fig. 1, we may further extend the concept of monotonicity to the three-
dimensional case. This allows us to generalize the potential by introducing a monotonically increasing function 𝜁 and defining

𝜑(𝜑) = (𝜁◦𝜔)(𝜑).

Since thermodynamic consistency already holds for 𝜑 = 𝜔, it is preserved under this composition, provided that 𝜁 is monotonically 
increasing; see Appendix A.3 for a detailed proof.

Extension to anisotropic materials. We now extend the methodology developed for inelastic isotropic materials to the anisotropic case. 
To this end, we postulate a dual potential

𝜑 ∶ S𝑦𝑚3×3 ×𝕄3×3 ⟶ ℝ, (Σ,M̃ ) ↦ 𝜑(Σ,M̃ ),

where M̃ = F𝑖 ⋆M denotes an appropriate push-forward of M onto the intermediate configuration such that QF𝑖 ⋆M =
QM̃ Q𝑇 ∀Q ∈ S𝑂(3), see [90]. The push-forward must be chosen such that 𝜑 remains invariant under the choice of the inter-
mediate configuration.

Let us introduce a set of extended invariants
𝜑(Σ,M̃ ) ∶=

(

𝜑(Σ), 𝜑(Σ,M̃ )
)

,

where 𝜑(Σ,M̃ ) ∶=
(

𝐴1(Σ,M̃ ),… , 𝐴𝑚(Σ,M̃ )
) accounts for anisotropy. Similarly to 𝜑, the anisotropic invariants 𝐴𝑘 must be pos-

itively homogeneous of degree one, i.e.
𝜕𝐴𝑘
𝜕Σ

∶ Σ = 𝐴𝑘, 𝑘 = 1,… , 𝑚. (22)

Thermodynamic consistency can then be established by the same arguments as in the isotropic case for
𝜑(𝜑) = (𝜁◦𝜔)(𝜑). (23)

A suitable choice of invariants 𝜑 will be introduced in Section 4.2, while a more detailed proof of thermodynamic consistency is 
given in Appendix A.3.

4.1.  Helmholtz free energy

In the previous section, we have introduced several principles the Helmholtz free energy must respect. As a consequence, we 
express it in terms of invariants, which we now define. Inelastic materials are usually described relative to the intermediate configu-
ration through elastic and inelastic invariants. To include anisotropy, the structural tensor is pushed to the intermediate configuration 
by an admissible mapping M̃ = F𝑖 ⋆M , as discussed previously. The associated structural vector ñ in the intermediate configuration 
is obtained via a covariant or contravariant mapping [90]

ñ ∈
{

F𝑖n

‖F𝑖n‖

,
cofF𝑖n

‖cofF𝑖n‖

}

=∶ {ñ1, ñ2}, (24)

which we normalize, since we do not attribute any physical meaning with the vector’s length [91,92]. Consequently, two structural 
second-order tensors follow

M̃ ∈
{

ñ1 ⊗ ñ1, ñ2 ⊗ ñ2
}

=∶ {M̃1,M̃2}.

With the elastic right Cauchy–Green tensor C𝑒 = F 𝑇
𝑒 F𝑒 and the inelastic left Cauchy–Green tensor B𝑖 = F𝑖F

𝑇
𝑖 , the following 

similarity holds

C𝑘
𝑒 B

𝑟
𝑖 M̃

𝑠
1 M̃

𝑡
2 = F −𝑇

𝑖
(

CC−1
𝑖

)𝑘
C 𝑟
𝑖

(

C𝑖M

C𝑖∶M

)𝑠
(

MC−1
𝑖

C−1
𝑖 ∶M

)𝑡
F 𝑇
𝑖 , 𝑘, 𝑟 ∈ ℤ, 𝑠, 𝑡 ∈ ℕ0. (25)

Consequently, the mechanically relevant eigenvalues in the intermediate configuration can be determined solely from tensorial quanti-
ties defined with respect to the reference configuration. This represents an important result, as it shows that although the intermediate 
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configuration is arbitrary, the eigenvalues can still be uniquely obtained. Furthermore, since M̃1 and M̃2 are idempotent, we may, 
without loss of generality, restrict 𝑠, 𝑡 ∈ {0, 1}.5

Similarly to the dual potential, we are aiming for an isotropic set of invariants 𝜓  and an anisotropic set 𝜓  to express the 
Helmholtz free energy as a scalar-valued isotropic function. With the relation given in Eq. (25), we are enabled to define a suitable 
set of invariants in terms of C𝑒, B𝑖, and M̃ for both sets and subsequently express them in terms of C, C𝑖, and M . We start with 
the isotropic set. In line with [93], the corresponding integrity basis is given by the following ten invariants

tr (C𝑒), tr (cofC𝑒), 𝐽𝑒,

tr (B𝑖), tr (cofB𝑖), 𝐽𝑖,

tr (C𝑒B𝑖), tr (cofC𝑒 cofB𝑖), tr (cofC𝑒B𝑖), tr (C𝑒 cofB𝑖).

Making use of Eq. (25), we express these invariants as

tr (CC−1
𝑖 ), 1

𝐽2𝑖
tr (C𝑖 cofC), 𝐽

𝐽𝑖
,

tr (C𝑖), tr (cofC𝑖), 𝐽 ,

tr (C), tr (cofC), 1
𝐽2𝑖

tr (C𝑖), tr (cofCC𝑖), 𝐽 2
𝑖 tr (CC−2

𝑖 ),

where 𝐽𝑖 has been replaced by 𝐽 to directly account for the volumetric growth condition (16). Notably, it is interesting to recognize 
that the seventh and eighth mixed invariants of elastic and inelastic arguments simplify to total deformation, which gives them 
a clear physical interpretation. Further, we observe that each trace-like invariant can be expressed as tr(F 𝑇F G) with G ⪰ 0 and 
analogously when replacing F  with its cofactor. This particular type of invariant can be shown to be polyconvex; see Appendix A.4. 
Thus, each of these ten invariants is polyconvex as they are convex in either F , cofF  or 𝐽 . It remains to explicitly define the isotropic 
set 𝜓 ∶= (𝑆1,… , 𝑆10). Unfortunately, none of the above mentioned invariants satisfies to normalize the energy and stresses. To this 
end, we introduce the following convex functions6

𝛽1(A) ∶= trA − 3 − ln detA, 𝛽2(𝐴) ∶= 𝐴 − 1 − ln𝐴, 𝛽3(A) ∶= ln cosh(max(trA − 1, 0)), (26)

which are illustrated in Fig. 4. With these functions at hand, we define the isotropic set as follows

𝑆1 = 𝛽1(CC−1
𝑖 ), 𝑆2 = 𝛽1

(

1
𝐽2𝑖

C𝑖cofC
)

, 𝑆3 = 𝛽2
(

𝐽
𝐽𝑖

)

, 𝑆4 = 𝛽1(C𝑖),

𝑆5 = 𝛽1(cof C𝑖), 𝑆6 = 𝛽2(𝐽 ), 𝑆7 = 𝛽1(C), 𝑆8 = 𝛽1(cof C),

𝑆9 = 𝛽3

(

1
𝐽2𝑖

C𝑖 cofCC𝑖

)

, 𝑆10 = 𝛽3(𝐽 2
𝑖 CC−2

𝑖 ),

(27)

where each 𝑆𝑘 represents a polyconvexity-preserving combination of our above introduced invariants.7
Next, we turn our attention to the anisotropic set 𝜓 . We restrict ourselves to the mapping M̃1 for simplicity, though both can be 

included (e.g. letting the neural network select the more appropriate one). Once again, in line with [93], we introduce the integrity 
basis

tr (C𝑒 M̃1), tr (cofC𝑒 M̃1), tr (B𝑖 M̃1),

tr (cofB𝑖 M̃1), tr
(

C𝑒 (B𝑖 #M̃1)
)

,

which map to their referential counterparts as

tr ( CM

C𝑖∶M
), 1

𝐽2𝑖
tr
(

C𝑖 cofC
C𝑖M

C𝑖∶M

)

, tr
(

C2
𝑖 M

C𝑖∶M

)

,

𝐽 2
𝑖 tr

(

M

C𝑖∶M

)

, tr
(

CC−1
𝑖

(

C𝑖 #
MC𝑖
C𝑖∶M

))

,

with the outer product # of second-order tensors. This unusual choice8 replaces the classical invariant C𝑒B𝑖M̃1, which is generally 
not polyconvex; see Appendix A.4 for the definition of the outer product as well as the corresponding discussion of polyconvexity. 
For the same reasons as in the isotropic case, we observe that each of these five invariants is polyconvex. In fact, the third and fourth 
invariants are independent of the deformation gradient; hence, polyconvexity with respect to these invariants is trivially satisfied. 

5 Mixed-variant mappings are not discussed in this contribution; see Appendix A.4.
6 For 𝛽1, one has 𝛽1 = ∑3

𝑖=1(𝐴𝑖 − 1 − ln𝐴𝑖) if A ∈ S𝑦𝑚3×3
+  with the eigenvalues 𝐴𝑖. All 𝛽𝑗 are non-negative, convex, and vanish at the normalized 

state: A = I for 𝛽1, 𝐴 = 1 for 𝛽2, and trA = 1 for 𝛽3. Further, 𝛽3 is non-decreasing.
7 For 𝑓 (𝐽 ) = − ln(𝑎𝐽 𝑏) = − ln 𝑎 − 𝑏 ln 𝐽 with 𝐽 > 0 and 𝑎 > 0, one has 𝑓 ′′(𝐽 ) = 𝑏∕𝐽 2. Since 𝐽 2 > 0, the function is convex iff 𝑏 ≥ 0 (strictly convex 

for 𝑏 > 0). The invariant 𝑓 (C,G) = tr(CG) is polyconvex if G ⪰ 0, same holds when C is replaced by its cofactor; see Appendix A.4.
8 For materials with two distinct in-plane preferred directions, the outer product of the corresponding structural tensors can be used to compute 

the structural tensor being normal to the plane they span; cf.[92]
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However, as in the isotropic case, none of them ensures proper normalization of the energy and the stresses. Therefore, we make use 
of the convex function 𝛽3 introduced in Eq. (26) and define the anisotropic set 𝜓 ∶= (𝐴1,… , 𝐴5)

𝐴1 = 𝛽3
(

CM

C𝑖∶M

)

, 𝐴2 = 𝛽3

(

1
𝐽2𝑖

C𝑖 cofC
C𝑖M

C𝑖∶M

)

, 𝐴3 = 𝛽3

(

C2
𝑖 M

C𝑖∶M

)

,

𝐴4 = 𝛽3

(

𝐽2𝑖 M
C𝑖∶M

)

, 𝐴5 = 𝛽3
(

CC−1
𝑖

(

C𝑖 #
MC𝑖
C𝑖∶M

))

,

(28)

where each 𝐴𝑘 is polyconvex, as it arises from composing the convex and non-decreasing function 𝛽3 with a polyconvex invariant.
Finally, the Helmholtz free energy is expressed as

𝜓 = 𝜓
(

𝜓
)

, 𝜓 (C,C𝑖,M ) ∶=
(

𝜓 (C,C𝑖), 𝜓 (C,C𝑖,M )
)

. (29)

Noteworthy, within the above introduced definitions, we followed the energy normalization condition, but slightly relaxed the stress 
normalization condition. That is, we allowed for individual normalization conditions by choosing the 𝛽𝑖 functions. However, if mixed 
invariants involving both elastic and inelastic parts are not employed, our choices for 𝛽𝑖 are consistent with the classical assumption 
of an elastic, stress-free state.

4.2.  Dual potential

We introduce the set 𝜑Eq. (23) as a basis for describing the inelastic evolution of solids. Similarly to the Helmholtz free energy, 
the set is formulated in terms of invariants. In contrast to 𝜓 , which must be polyconvex in (F , cofF , 𝐽 ) (rather than merely in its 
invariants), thermodynamic consistency of the dual potential does not require convexity of the chosen invariants. This reflects the 
different mathematical roles of the two potentials; see [94,95] for theoretical discussions of non-convex potentials and [96] for 
experimental evidence of non-convex yield surfaces in prestressed concrete.

The isotropic invariants 𝜑 are already given in Eq. (21). For the anisotropic contribution, we permit both push-forwards of the 
structural vector in Eq. (24). Following [93], this leads to

𝐴11 = d𝑒𝑣Σ ∶ M̃1, 𝐴12 = d𝑒𝑣Σ ∶ M̃2, 𝐴21 =
√

1
2

(

d𝑒𝑣Σ
)2 ∶ M̃1,

𝐴22 =
√

1
2

(

d𝑒𝑣Σ
)2 ∶ M̃2, 𝐴3 = Σ ∶ s𝑦𝑚(ñ1 ⊗ ñ2), 𝐴4 =

√

1
2 Σ

2 ∶ s𝑦𝑚(ñ1 ⊗ ñ2),

(30)

and we set 𝜑 ∶=
(

𝐴11, 𝐴12, 𝐴21, 𝐴22, 𝐴3, 𝐴4
)

. All these invariants are positively homogeneous of degree one in Σ.
As discussed earlier, the Mandel stress Σ shares its eigenvalues with the Kirchhoff stress under suitable conditions, while the 

Cauchy stress admits a clearer physical interpretation and being related to the Kirchhoff stress by the determinant 𝐽 . Hence, it seems 
reasonable to use the Mandel stress divided by 𝐽 as the argument of the dual potential. Using the positive homogeneity of degree one 
of 𝜑 ∶= (𝑇1,… , 𝑇9) = (𝜑,𝜑) with respect to Σ, the evolution Eq. (19) can be written as

D𝑖 ∈ 𝜕Σ 𝜑
( 𝜑
𝐽

)

= 1
𝐽

[

𝜕𝐳𝜑(𝐳)
]

𝐳=𝜑∕𝐽
∶ 𝜕Σ𝜑, (31)

where the gradient of 𝜑 is evaluated at 𝜑∕𝐽 . Having in mind that each stress invariant satisfies (𝜕Σ𝑇𝑘) ∶ Σ = 𝑇𝑘, we observe that the 
reduced dissipationEq. (18)

Σ ∶ D𝑖 =
⟨

Σ, 𝜕Σ 𝜑
( 𝜑
𝐽

)⟩

=
⟨ 𝜑
𝐽 ,

[

𝜕𝐳𝜑(𝐳)
]

𝐳=𝜑∕𝐽

⟩

(32)

is satisfied, since 𝜑 is composed of a zero-valued, monotonically increasing function 𝜁 and a convex, zero-valued, and non-negative 
function 𝜔, together with the property of subgradientsEq. (4); see Appendix A.3 for a detailed proof of thermodynamic consistency.

Co-rotated intermediate configuration. Direct computation of Σ, ñ1, and ñ2 would require the inelastic part F𝑖 of the deformation 
gradient, which is non-unique. One may either establish a mapping from intermediate to referential invariants (analogous to Eq. (25)) 
or adopt a co-rotated intermediate configuration [97] (similarly exploited in [98]) that maps all non-unique quantities to unique 
counterparts via (cf. Fig. 3)

̄(∙) ∶= R𝑇
𝑖 ⋆ (∙) = R𝑇

𝑖∗ ⋆ (∙)∗,

where R𝑖 and R𝑖∗ denote the rotational parts associated with F𝑖 and F𝑖∗, respectively. This yields

Σ̄ = −2U𝑖
𝜕𝜓
𝜕C𝑖

U𝑖, D̄𝑖 = s𝑦𝑚(U̇𝑖U
−1
𝑖 ) = 1

2 U
−1
𝑖 Ċ𝑖U

−1
𝑖 , n̄1 =

U𝑖n

‖U𝑖n‖

, n̄2 =
cofU𝑖n

‖cofU𝑖n‖

, (33)

An attractive feature of this representation is that the functional form of constitutive relations–such as the invariant set–remains 
unchanged under the transformation.
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5.  Constitutive neural network for anisotropic inelasticity

Building on the constitutive fundamentals in Section 4, the invariant sets 𝜓  and 𝜑 introduced in Sections 4.1 and 4.2, and the 
network architectures of Section 3, we now combine neural networks with the constitutive framework of anisotropic inelasticity. 
Our aim is to discover the Helmholtz free energy and the dual potential in a thermodynamically consistent manner that respects the 
material principles. In fact, the approach to discovering the Helmholtz free energy is closely aligned with the Physics-Augmented 
Neural Networks (PANNs) framework [13,22,99]. Furthermore, we seek to replace the solution of the implicit time discretization 
scheme by a recurrent architecture, in analogy to [33,68]. While the small strain regime is investigated in [33] and the finite strain 
regime is studied in [68], both assume an additive decomposition of the total strain and internal variables. We refer the interested 
reader to [33] for a graphical representation of this procedure and the connections between the individual neural networks.

Helmholtz free energy. The Helmholtz free energy is represented by an Input Convex Neural Network (ICNN) that is polyconvex with 
respect to (F , cofF , 𝐽 ). However, we pass 𝜓  to the ICNN, which already provides a convex representation of (F , cofF , 𝐽 ). This 
motivates the slight adaptation of the ICNN architecture in Eq. (7) compared to the original (6). To enforce the volumetric growth 
conditionsEqs. (16)–(17), we augment the network with a convex penalty contribution 𝜓g𝑟 that prevents the discovery of spurious 
solutions without volumetric dependence. Employing the strictly convex function 𝛽2(𝐴) = 𝐴 − 1 − ln𝐴 the energy takes the form

𝜓 = 𝑐 (∙, 𝜓 ) + 𝜓g𝑟(𝐽 ,
𝐽
𝐽𝑖
), (34)

with

𝜓g𝑟(𝐽 ,
𝐽
𝐽𝑖
) = 𝜆g𝑟

(

𝛽2(𝐽 ) + 𝛽2(
𝐽
𝐽𝑖
)
)

, (35)

where 𝜆g𝑟 is a penalty parameter, fixed to 10−4 in all simulations. In Eq. (34), ∙ denotes the dependence of 𝜓 on the non-convex 
quantities.

Dual potential. For the dual potential, we employ the composition of ICNNs and Input Monotonic Neural Networks proposed in (10):

𝜑 = ◦

(

∙,
(𝜑
𝐽
,−

𝜑
𝐽

))

, (36)

where ∙ again denotes the dependence on non-convex quantities. Unlike the free energy, the inner function 𝜔 of the composition (𝜁◦𝜔)
must only be convex with respect to the invariants themselves, not with respect to their arguments, i.e., the thermodynamic driving 
force Σ. To recover the structure of the original ICNN (6), we pass both 𝜑 and −𝜑 through the convex branch of the network. These 
are scaled by the determinant 𝐽 of the deformation gradient, which was motivated by the relation between the Kirchhoff stress tensor 
and the Cauchy stress tensor. To guarantee non-negativity of the ICNN output within the composition, the final activation function 
is chosen as the ReLU. Due to the invariants’ definition, the zero-value constraint is automatically satisfied.

Time discretization. In the inelastic setting, the evolution problem must be discretized in time 𝑡 ∈ [𝑡𝑛, 𝑡𝑛+1]. For the finite strain regime, 
the exponential integrator scheme is well-suited [100], as it consistently preserves the underlying kinematics of the evolution of U𝑖
[41]. The explicit integration step reads

C𝑖𝑛+1 = U𝑖𝑛 exp(2Δ𝑡D𝑖𝑛 )U𝑖𝑛 , U𝑖𝑛+1 =
√

C𝑖𝑛+1 , (37)

with Δ𝑡 ∶= 𝑡𝑛+1 − 𝑡𝑛. The corresponding implicit scheme requires solving

𝐫 ∶= C𝑖𝑛 −U𝑖𝑛+1 exp(−2Δ𝑡D𝑖𝑛+1 )U𝑖𝑛+1
!
= 0, (38)

where D𝑖𝑛+1  depends nonlinearly on U𝑖𝑛+1 .
In our experience, the exponential time-integration scheme–irrespective of whether it is implemented explicitly or implicitly–

tends to destabilize the training process.9 This instability can ultimately cause the training to terminate prematurely at unpredictable 
stages. To address this issue, we follow the approach of [33,68] and predict the evolution of the internal variables during training 
through an auxiliary neural network. Importantly, after training, the exponential-map update is reinstated during inference to ensure 
admissible internal variables. This strategy enables stable training of the physically motivated networks associated with 𝜓 and 𝜑, 
while preventing unphysical extrapolations of the internal variables beyond the training regime. In this contribution, we adopt an 
architecture based on LiNNs (12) to predict the evolution of internal variables; Fig. 5 illustrates the different time discretization 
schemes based on the explicit and implicit exponential integrators as well as the LiNN. The hidden states 𝐡 ∈ ℝ6 are initialized as 
𝐡0 = 𝟎. We then learn α = 𝛼 and 𝐟 = 𝑓  via

(𝐡𝑛, (E𝑛+1,D
t𝑟𝑖𝑎𝑙
𝑖 )) ↦ 𝛼(𝐡𝑛, (E𝑛+1,D

t𝑟𝑖𝑎𝑙
𝑖 )), (𝐡𝑛, (E𝑛+1,D

t𝑟𝑖𝑎𝑙
𝑖 )) ↦ 𝑓 (𝐡𝑛, (E𝑛+1,D

t𝑟𝑖𝑎𝑙
𝑖 )), (39)

9 However, as mentioned in the introduction, an implicit time integration scheme based on the exponential integrator was recently employed for 
finite viscoelasticity in [44].
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where E𝑛+1 denotes the Green–Lagrange strain tensor and Dt𝑟𝑖𝑎𝑙
𝑖  is the trial value of D𝑖, i.e., D𝑖 evaluated with the current C𝑛+1 but 

freezing U𝑖𝑛+1 = U𝑖𝑛 . This choice follows the well-established trial step procedure in plasticity, ensuring that the input is close to the 
target output, which–to our experience–in practice stabilizes training. A systematic study of this effect is beyond the current scope.

Evaluating 𝛼 and 𝑓  in Eq. (39) allows us to update the hidden state according to Eq. (12). Since these states do not generally 
coincide with the independent components of U𝑖 ∈ S𝑦𝑚3×3

+ , positive definiteness must be enforced. For this purpose, we employ the 
Cholesky decomposition of U𝑖 and map 𝐡 to the lower-triangular factor of U𝑖; see Appendix A.2.

Loss function. During training, the weights and biases θ ∶= {𝐖𝜓 ,𝐛𝜓 ,𝐖𝜑,𝐛𝜑,𝐖ℎ,𝐛ℎ} of the three networks for 𝜓 , 𝜑, and the hidden 
states 𝐡 are determined by solving the minimization problem

θ∗ = argmin
θ

(θ), (40)

where the total loss is additively split into10

(θ) = s𝑡𝑟𝑒𝑠𝑠(θ) + 𝜆e𝑣𝑜 e𝑣𝑜(θ). (41)

Here, s𝑡𝑟𝑒𝑠𝑠 measures the discrepancy between predicted and experimentally observed stresses, while e𝑣𝑜 quantifies the residual of 
the implicit evolution Eq. (38). The penalty parameter 𝜆e𝑣𝑜, accounting for the relative magnitudes of the two losses, is heuristically 
set to 1000. Both contributions are evaluated via mean squared error. For the stress contribution we obtain

s𝑡𝑟𝑒𝑠𝑠(θ) =
1

𝐵 𝑇 𝑂

𝐵
∑

𝑏=1

𝑇
∑

𝑡=1

𝑂
∑

𝑜=1

(

𝑆𝑏,𝑡,𝑜(θ) − 𝑆̂𝑏,𝑡,𝑜
)2
, (42)

with the number of batches 𝐵, time steps 𝑇 , independent stress components 𝑂 = 6, the predicted normalized second Piola–Kirchhoff 
stress components 𝑆(θ), and the normalized experimental stresses 𝑆̂. Normalization is performed by dividing the raw experimental 
stress Ŝ by the absolute maximum 𝑆 across all batches and time steps, i.e., Ŝ = Ŝ∕𝑆. Thus, after training we have to multiply S by 
𝑆 to obtain S. Analogously, the evolution loss is defined as

e𝑣𝑜(θ) =
1

𝐵 𝑇 𝑂

𝐵
∑

𝑏=1

𝑇
∑

𝑡=1

𝑂
∑

𝑜=1

(

𝑟𝑏,𝑡,𝑜(θ)
)2, (43)

where 𝑟(θ) denotes the independent components of the residual of the implicit evolution Eq. (38).

6.  Numerical results

In this section, we present a comprehensive evaluation of the proposed framework for discovering inelastic material behavior 
at finite strains. The analysis proceeds in three steps. First, we describe the generation of artificial training data using a classical 
constitutive model (Section 6.1). Second, we examine the predictive capabilities of the discovered networks at the material point 
level, both for isotropic and anisotropic materials, and compare them to recurrent neural network baselines that lack physics priors 
(Section 6.2). Finally, we assess whether the favorable material point performance translates to unseen structural boundary value 
problems, thereby testing the robustness and generalization capability of the framework (Section 6.3).

For clarity, the same neural architectures are employed across all studies. The network representing the Helmholtz free energy
(34) is defined as

𝑐 ∶ ℝ15 → ℝ, 𝜓
exp
←←←←←←←←←←←←←→ 16

S𝑜𝑓𝑡𝑝𝑙𝑢𝑠
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ 16

S𝑜𝑓𝑡𝑝𝑙𝑢𝑠
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ 16

S𝑜𝑓𝑡𝑝𝑙𝑢𝑠
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ 16

S𝑜𝑓𝑡𝑝𝑙𝑢𝑠
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ 𝜓,

while the network for the dual potential Eq. (36) is designed as (cf. Fig. 2 for the color code)

◦ ∶ ℝ18 → ℝ,
(𝜑
𝐽
,−

𝜑
𝐽

)

exp
←←←←←←←←←←←←←→ 16

R𝑒𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←→ 16

R𝑒𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←→ 16

R𝑒𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←→ 4

tanh
←←←←←←←←←←←←←←←←→ 16

tanh
←←←←←←←←←←←←←←←←→ 16

S𝑜𝑓𝑡𝑝𝑙𝑢𝑠
←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←←→ 16

L𝑖𝑛𝑒𝑎𝑟
←←←←←←←←←←←←←←←←←←←←←←←←→ 𝜑.

During training, the internal variables are predicted by an auxiliary Liquid Neural Network (LiNN), which serves to stabilize the 
evolution dynamics

𝛼 ∶ ℝ18 → ℝ6, (𝐡𝑛, (E𝑛+1,D
t𝑟𝑖𝑎𝑙
𝑖 ))

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 12

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 12

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 8

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 8

R𝑒𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←→ α,

and

𝑓 ∶ ℝ18 → ℝ6, (𝐡𝑛, (E𝑛+1,D
t𝑟𝑖𝑎𝑙
𝑖 ))

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 12

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 12

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 8

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 8

L𝑖𝑛𝑒𝑎𝑟
←←←←←←←←←←←←←←←←←←←←←←←←→ 𝐟 ,

where G𝐸𝐿𝑈 refers to the Gaussian Error Linear Unit activation function [101]. Note that the above denoted input dimensions of 
the energy and the potential correlate to the anisotropic case. In case of isotropic materials, the input dimensions are reduced from 
15 to 10 for 𝜓 and from 18 to 6 for 𝜑; however, as mentioned we keep the number and size of hidden layers per network.

All networks are implemented in Flax on top of JAX [102]. Optimization uses the ADAM algorithm from Optax with a learning 
rate of 10−3. To avoid instabilities due to excessively large updates, global-norm gradient clipping with a threshold of 10−3 is applied, 
similar to [36]. Finite element meshes are generated in Gmsh [103], and post-processing is performed in ParaView [104].

10 A regularization term can be added if desired.
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Table 1 
Material parameters of the reference model used to generate the artificial training data set. 
The model can be interpreted as an equilibrium branch (e𝑞) in parallel with a non-equilibrium 
branch (n𝑒𝑞).

 Isotropic  Anisotropic  Relaxation Time
e𝑞 n𝑒𝑞 e𝑞 n𝑒𝑞

𝑎 𝑏 𝑐 𝑎 𝑏 𝑐 𝛼 𝜂 𝛼 𝜂 𝛽 𝜏

MPa MPa MPa MPa MPa MPa  – MPa  – MPa  – s
 80  100  100  40  50  50  2  10  2  10  2  12

6.1.  Generation of training data

Reference material model. To generate sufficiently rich and controlled data sets, we employ a classical constitutive model in which 
Helmholtz free energy and dual potential are additively split into isotropic and anisotropic parts

𝜓 = 𝜓i𝑠𝑜 + 𝜓a𝑛𝑖, 𝜑 = 𝜑i𝑠𝑜 + 𝜑a𝑛𝑖. (44)

For the isotropic study, anisotropic terms are omitted. The functional forms follow [105] for the free energy and [106] for the dual 
potential; detailed equations are given in  Appendix A.5. Rheologically, the model corresponds to a three-element rheological system: 
an equilibrium spring in parallel with a non-equilibrium spring-dashpot branch. Noteworthy, anisotropy is introduced via a metric 
tensor rather than a structural tensor, and the dual potential uses a mixed-variant mapping without normalized vector lengths. Thus, 
the networks must approximate the constitutive response rather than reproducing it analytically.

Material parameters are listed in Table 1. For time integration of the evolution equations, we use the explicit scheme Eq. (37). 
Additionally, in the anisotropic case, the preferred direction is

n =
(

1
√

2
, 1
√

2
, 0

)𝑇
,

Boundary value problem and loading. The simulation setup is illustrated in Fig. 6. The plate is discretized with 2130 eight-node 
hexahedral elements and loaded over 120 time steps of size Δ𝑡 = 0.05 s, resulting in a total duration of 6 s. The prescribed displacement 
𝑢𝑦(𝑡) consists of three linear loading/unloading phases with two hold phases at constant displacement in between. Representative 
deformed configurations are shown in Fig. 7. The isotropic and anisotropic specimens deform differently under identical loading, 
and during the hold phase the anisotropic case is more prone to relax due to anisotropic dissipation. At the end of the program, both 
specimens exhibit residual deformations, characteristic of inelasticity; see Fig. 8.

Training data extraction and strategy. Stress-stretch data are extracted from one quadrature point per element. Here, we use only a 
subset of 1111 out of 2130 elements, yielding 133,320 data pairs (1111 elements with 120 time steps). In contrast to elastic problems, 
clustering the invariant space is not feasible [107], since the internal variables are not known a priori. Hence, the raw stress-stretch 
data are employed directly. An approach to cluster also in the case of inelasticity is desirable for real world application but beyond 
the scope of this contribution.

As reported in the literature [36], direct training on the full dataset proved unstable. We therefore adopt a two-stage procedure: 
first, pre-train for 500 epochs on a single element and the first 40 time steps; second, continue training with the best parameters from 
pre-training on the full dataset. This strategy significantly improves stability.

After pre-training, both isotropic and anisotropic networks are trained for 10,000 epochs. The resulting losses are shown in Fig. 9. 
The isotropic model converges to a loss of order 10−6, while the anisotropic one stabilizes around 10−5. The auxiliary loss related to the 
evolution equation remains below the stress loss but, due to the penalty 𝜆e𝑣𝑜 = 1000, neither contribution dominates. Normalization 
uses maximum stresses 𝑆 = 1406.429MPa (isotropic) and 𝑆 = 1014.538MPa (anisotropic); cf. Eq. (42).

Training on noisy data. In practical applications, experimental data are typically corrupted by measurement noise, which can dis-
tort stress-strain relationships and consequently impair the training of neural networks. To evaluate the robustness of the proposed 
framework under such conditions, we perform additional training runs based on synthetically generated noisy data sets. The pertur-
bations are introduced directly at the level of the target stresses by superimposing Gaussian noise whose amplitude depends on both 
the statistical variability of the data and a small constant offset. This combination ensures that all stress components are perturbed, 
including those with small or vanishing magnitudes such as the out-of-plane shear stresses. Formally, the noisy stress targets are 
obtained by

Ŝn𝑜𝑖𝑠𝑦 = Ŝ + (𝛼1 𝒔 + 𝛼2 𝟏)⊙ 𝜺, 𝜺 ∼ 𝒩 (𝟎, 𝟏),

where 𝒔 denotes the empirical standard deviation of each stress component computed over all temporal and batch dimensions and 
𝒩  refers to the normal distribution. The parameters 𝛼1 = 0.15 and 𝛼2 = 0.01 specify the relative and absolute noise magnitudes, 
respectively.
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Training follows exactly the same two-stage strategy as in the noise-free case. Both isotropic and anisotropic networks are first 
pre-trained for 500 epochs using data from a single material point to obtain stable initial parameters. Subsequently, full-data training 
is performed for 10,000 epochs using the complete data set. The evolution of the corresponding loss functions is presented in Fig. 10. 
Unlike the noise-free scenario, the total losses no longer decrease monotonically but fluctuate around a mean value after an initial 
decay phase, reflecting the random variability introduced by the noise. Only the auxiliary loss associated with the evolution equation 
exhibits a steady convergence, reaching magnitudes on the order of 10−6 in both isotropic and anisotropic models. The overall higher 
loss levels may indicate that the current choice of the penalty parameter 𝜆e𝑣𝑜 is too small to fully balance the competing terms 
in the objective function. Nevertheless, a detailed hyperparameter sensitivity analysis is beyond the scope of the present work. For 
consistency, the same normalization scheme is applied, using maximum stresses of 𝑆 = 1420.851MPa (isotropic) and 𝑆 = 1012.571MPa
(anisotropic).

6.2.  Material point study

We next assess the performance of the discovered networks at the material point level. This study provides a controlled setting in 
which the predictive accuracy of the constitutive framework can be analyzed in detail, both for isotropic and anisotropic materials. 
At the same time, it allows for a systematic comparison with purely data-driven recurrent neural networks that do not incorporate 
constitutive knowledge, thereby highlighting the effect of embedding physical structure into the network architecture.

To this end, we consider two recurrent baselines trained exclusively on the noise-free data sets. The first is an Elman-type recurrent 
neural network [108], denoted R𝑁𝑁 , which was already used in [36] for inelastic Constitutive Neural Networks. The second is a 
Liquid Neural Network, denoted L𝑖𝑁𝑁 . Both serve as references representing classical recurrent approaches without physics priors. 
Our proposed physics-embedded models are denoted  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖 , where the inelastic variables are predicted by a LiNN, and 
E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖, 

where the evolution is integrated explicitly via the exponential update rule (37). It is important to note that L𝑖𝑁𝑁 , which directly 
predicts stresses, must not be confused with the auxiliary LiNN in  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖 . Architectural details of the recurrent baselines are provided 
in Appendix A.6. In all recurrent models, the number of hidden states propagated through time is set to six.

For a fair comparison, the RNN and LiNN baselines are trained until the same loss value is reached after 5,000 epochs under both 
isotropic and anisotropic conditions. The evolution of the training losses is presented in Fig. 11. In each case, the stress discrepancy 
decreases to magnitudes on the order of 10−5, which is comparable to the performance of the physics-embedded networks shown in 
Fig. 9. As in the previous section, stresses are normalized during preprocessing to ensure balanced training.

6.2.1.  Isotropic response
We begin with the isotropic case, i.e. 𝜓 = 𝜓i𝑠𝑜 and 𝜑 = 𝜑i𝑠𝑜 according to Eq. (44). The analysis proceeds in two steps: first we 

examine training performance on an element (ID 111) contained in the dataset, and subsequently we test the predictive capability 
on an element (ID 53) not used during training.

Training. Fig. 12 displays the stress components predicted for one representative training element. Both physics-embedded variants, 
 L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖  and 
E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖, reproduce the reference stresses with very high accuracy. It should be emphasized once again that 

E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖 is 

not really trained, but rather evaluated using the weights and biases of the Helmholtz free energy and the dual potential discovered 
during training of  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖 . The only noticeable deviation occurs in the out-of-plane shear component 𝑆23, where  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖  produces an 

artificial stress increase. This artifact, however, disappears when the explicit exponential integrator is used. Apart from this effect, 
the results of both variants are almost indistinguishable, indicating that the auxiliary LiNN mainly stabilizes the update of inelastic 
variables while having only a marginal influence on the stress prediction itself. This observation is consistent with the findings of 
[33].

In contrast, the purely recurrent baselines show clear deficiencies. While R𝑁𝑁  and L𝑖𝑁𝑁  capture the dominant normal stress 
components qualitatively, their predictions deviate significantly for shear stresses. Notably, oscillations occur in the in-plane shear 
and in the minor shear components, indicating a lack of robustness when stresses evolve along more complex trajectories. Although 
increasing the number of hidden states or employing more complex recurrent architectures may improve performance to some degree, 
the constitutive networks consistently achieve superior results while guaranteeing physically admissible stress states by construction.

Testing. The generalization capability of the networks is evaluated on an unseen element not included in the training data (element 
ID 53). The results are presented in Fig. 13 as well as the corresponding parity plot in Fig. 14. Once again, the constitutive networks 
reproduce the reference stresses with high fidelity. Only small deviations appear, most notably in 𝑆11, while the remaining stress 
components follow the reference solution almost perfectly. The artificial rise in the out-of-plane shear observed for  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖  during 
training is also present here, but is absent in  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖. The recurrent baselines capture the overall stress evolution but continue to 
show oscillations in the shear components and less accurate predictions in the in-plane shear. Nevertheless, no severely nonphysical 
stress-strain responses, such as stress decreasing with increasing strain, were observed in these tests–failure modes that have been 
reported for plain RNNs in the literature [36,109]. In this regard, an advantage of more advanced networks is clearly that embedding 
constitutive structure yields a much more reliable predictive model.

Noisy data. Next, we examine how well the proposed framework performs when trained on data sets corrupted by synthetic noise. 
Fig. 15 presents the training results (element ID 111), while the testing results are shown in Fig. 16. In addition, Fig. 14 shows the 
corresponding parity plot. Here, we observe that  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖  and 
E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖 continue to deliver stable and accurate predictions across all 
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stress components, despite the presence of noise in the training data. For comparison, we also include the results of the noise-free 
training case obtained with  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 (noise-free). Interestingly, the network trained on noisy data discovers almost the same stress-
strain relationships as in the noise-free scenario. In addition, as in the noise-free case, we do not use any regularization techniques 
beyond gradient clipping, yet overfitting is not observed although the depth and width of the involved networks are relatively large. 
We attribute this favorable behavior to the physics-embedded approach, which constrained the architectures of the involved neural 
networks. In simple terms, for example, a convex energy and dissipation potential limit the space of possible stress-strain relationships 
and suppress oscillating behavior, thereby acting as an implicit regularizer. Of course, this favorable effect strongly relies on noise-free 
input data, i.e., the deformation measures.

6.2.2.  Anisotropic response
We now turn to the anisotropic case, where the free energy and dual potential include anisotropic contributions, 𝜓 = 𝜓i𝑠𝑜 + 𝜓a𝑛𝑖

and 𝜑 = 𝜑i𝑠𝑜 + 𝜑a𝑛𝑖; see Eq. (44). As before, we analyze both training and testing performance using the same element IDs as in the 
isotropic study for direct comparability.

Training. The training results are shown in Fig. 17. Here, the constitutive networks again outperform the recurrent baselines across 
most stress components. However, discrepancies are visible in the in-plane shear 𝑆12, which is not captured with the same accuracy as 
the normal stresses. This reduced accuracy can be attributed to the difference in how anisotropy is modeled: in the reference material, 
anisotropy is introduced via a metric tensor, whereas the neural networks rely on invariants in terms of a second-order structural 
tensor in their input representation. In addition, we recognize once more an artificial stress increase when employing  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖 , which, 
however, vanishes with the explicit integration scheme. Despite this mismatch, the physics-embedded approaches retain stability and 
robustness, while the recurrent baselines suffer from pronounced oscillations, especially in the shear components.

Testing. The testing results for element ID 53 are displayed in Fig. 18 with its corresponding parity plot shown in Fig. 14. The 
dominant normal stresses, in particular 𝑆22 and 𝑆33, are predicted with high accuracy. For 𝑆11, however, systematic deviations are 
observed across all models. The in-plane shear remains challenging, with none of the models reproducing it fully accurately. Yet, a 
decisive difference emerges: only the recurrent baselines exhibit oscillations in the remaining shear stresses, whereas the constitutive 
networks provide smooth and physically consistent responses. Interestingly,  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖  and 
E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖 deliver almost identical predictions, 

underlining that the auxiliary LiNN has little influence on accuracy but plays an important role in stabilizing training. Indeed, training 
 E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 alone11 frequently diverged to N𝑎𝑁 losses, whereas the auxiliary LiNN enabled stable convergence.

Noisy data. Finally, we assess the capability of the proposed framework to handle noisy data in the anisotropic setting. Fig. 19 
presents the training results, while the testing results are shown in Fig. 20. Fig. 14 depicts the respective parity plot. As in the 
isotropic case, training on noisy data does not suffer from overfitting, and further, the discovered stress-strain relationships closely 
resemble those obtained from noise-free training. Noteworthy, this would likely change if the input data were no longer noise-free. 
Although the training results are satisfactory, we observe an unstable behavior during testing when using the explicit exponential 
integrator. Specifically, as shown in Fig. 20, the stresses predicted by  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 diverge after 𝑡 = 1.15 s. We attribute this instability to the 
chosen time integration scheme rather than to the network architecture itself. Explicit schemes are known to be conditionally stable; 
probably the size of the networks–which is higher compared to the isotropic case due to the change in the input dimensions–may lead 
to a stronger accumulation of numerical errors during time integration. One may tend to use an implicit version as recently utilized 
in [44]. An explicit Runge-Kutta-like exponential scheme of higher order could be a viable alternative to improve stability without 
the need for implicit solvers; however, this is beyond the scope of the present work. Interestingly,  L𝑖𝑁𝑁

C𝑜𝑛𝑠𝑡𝑖  still performs well in the 
testing regime and closely matches the noise-free reference obtained using  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖.
In summary, the material point study demonstrates that the proposed physics-embedded networks provide a significant improve-

ment over purely recurrent baselines. They achieve superior accuracy in both isotropic and anisotropic settings, eliminate oscillations 
in the shear response, and ensure admissible stress states by construction. The auxiliary LiNN stabilizes training, particularly in the 
anisotropic finite-strain regime, but has only marginal influence on the final stress predictions. These findings establish a solid basis 
for assessing the networks in more complex structural applications, which will be the focus of the next section.

6.3.  Structural level study

Having validated the proposed networks at the material point scale, we now turn to structural boundary value problems (BVPs). 
This step is essential, because structural simulations combine the responses of many integration points, involve complex stress re-
distributions, and require a consistent tangent operator to ensure convergence of the finite element method. Thus, structural studies 
provide a demanding test of whether the advantages observed at the local scale carry over to engineering-scale applications.

We select a variant of the classical Cook’s membrane test [110], here extended to a fully three-dimensional geometry with a 
central hole (Fig. 21). The chosen configuration induces a bending-dominated stress state with strong stress redistributions around 
the hole, making it a challenging yet well-established benchmark for constitutive models. At the structural level, we focus on the 

11 As mentioned earlier, we do not train  E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖 in this contribution. Rather, it is evaluated using the weights and biases discovered during the 

training of its LiNN counterpart.
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Fig. 19. Training results for the data set corrupted by noise for both  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖  and  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖. The reference model is anisotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 + 𝜓a𝑛𝑖 and 
𝜑 = 𝜑i𝑠𝑜 + 𝜑a𝑛𝑖 with material parameters given in Table 1. For comparison, the results of the noise-free training case are given by  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 (noise-free). 
Element ID: 111. Curves start with the first loading step at 𝑡 = 0.05. The noise-free counterpart is depicted in Fig. 17.

network  E𝑥𝑝
C𝑜𝑛𝑠𝑡𝑖, where the inelastic evolution is integrated explicitly. This choice simplifies the computation of the consistent material 

tangent, which can be obtained efficiently via forward-mode automatic differentiation (jax.jacfwd), and avoids the need to invoke 
the implicit function theorem when solving for the inelastic variables implicitly. For all studies, we use the weights and biases 
determined which belong to the noise-free data.

6.3.1.  Isotropic response
Boundary value problem. To investigate rate dependence and relaxation effects, we consider two linear loading phases of different 
magnitude, followed by a hold phase at constant displacement. For program R1, the total loading time of 2 s is divided into 40 
increments of Δ𝑡 = 0.05 s, while for program R2 we use 50 increments of Δ𝑡 = 0.04 s. This setup allows us to test whether the network 
correctly reproduces both the immediate rate effects and the delayed relaxation behavior. Fig. 22 show the two load programs applied.

Results. The global reaction forces measured at the right edge are plotted in Fig. 22. The constitutive network matches the reference 
solution very closely. In particular, it reproduces the increased apparent stiffness under the faster loading rate R1, as well as the gradual 
decrease in reaction force during the hold phase, which arises from inelastic relaxation. The corresponding force-displacement curves 
confirm this behavior: higher loading rates yield higher reaction forces for the same imposed displacement, and this trend is captured 
accurately by the network.

A closer examination of the spatial response is given in Fig. 23, which presents contour plots of nodal forces and displacement 
errors for program R1. The nodal force distributions predicted by the network are in good agreement with the reference solution, 
and the outer feature edges of the deformed geometry coincide almost identical. The Euclidean norm of the displacement error 
‖û − u‖ remains below 0.012mm throughout the simulation, which is negligible relative to the prescribed displacement. The small 
residual errors on the right boundary arise from discrepancies in the unconstrained 𝑥- and 𝑧-directions. Overall, both global and local 
measures demonstrate that the discovered network provides an accurate and physically consistent prediction for isotropic materials. 
These observations are consistently found for the loading rate R2, which is not shown here for brevity.
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Fig. 20. Testing results for the data set corrupted by noise for both  L𝑖𝑁𝑁
C𝑜𝑛𝑠𝑡𝑖  and  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖. The reference model is anisotropic, i.e., 𝜓 = 𝜓i𝑠𝑜 + 𝜓a𝑛𝑖 and 
𝜑 = 𝜑i𝑠𝑜 + 𝜑a𝑛𝑖 with material parameters given in Table 1. For comparison, the results of the noise-free training case are given by  E𝑥𝑝

C𝑜𝑛𝑠𝑡𝑖 (noise-
free). Element ID: 53. Curves start with the first loading step at 𝑡 = 0.05. The noise-free counterpart is depicted in Fig. 18. When using the explicit 
exponential integrator, the stresses diverge after 𝑡 = 1.15 s.

6.3.2.  Anisotropic response
Boundary value problem. We now repeat the Cook’s membrane study for an anisotropic material. To deliberately test generalization 
beyond the training conditions, the preferred direction is rotated to

n =
(

1
√

3
, 1
√

3
, 1
√

3

)𝑇
,

thereby coupling all three spatial axes. The same loading programs R1 and R2 are applied, consisting of two linear loading phases 
followed by a hold phase.

Results. The reaction forces are shown in Fig. 24. As in the isotropic case, higher loading rates lead to higher apparent stiffness and 
larger reaction forces, and relaxation is visible during the hold phase. However, compared to the isotropic material, both peak forces 
and stiffnesses are consistently lower. This reduction reflects the physical effect of misalignment: the preferred direction must reorient 
toward the loading axis before it can effectively resist deformation. Consequently, the specimen undergoes significant twisting and 
out-of-plane deflection, which is not present in the isotropic response.

These deformation patterns are clearly captured in the contour plots of Fig. 25. The structure twists around the 𝑦-axis during the 
hold phase, and the network prediction follows the reference solution both qualitatively and quantitatively. Although the displacement 
errors are larger than in the isotropic case, reaching up to 0.35mm at intermediate times, the overall deformation mode is reproduced 
faithfully. Notably, the anisotropic case also exhibits stronger relaxation in the displacement field: even at constant load, the structure 
continues to twist as the preferred direction gradually align with the principal loading direction. This time-dependent reorientation 
is captured convincingly by the network.

In summary, the structural study demonstrates that the proposed framework generalizes well from material point training to 
unseen structural BVPs. For isotropic materials, both global reaction forces and local deformation patterns are reproduced with 
very high accuracy. For anisotropic materials, even under rotated preferred directions and complex bending-dominated loading, 
the network captures the essential features of the response, including rate dependence, relaxation, and twisting deformation. These 
results underline the robustness of embedding constitutive structure into neural networks and confirm their potential for predictive 
structural simulations.
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Fig. 21. Cook’s membrane with circular hole. Schematic illustration of the BVP used to evaluate predictive capability at the structural level. 
The left edge is fully clamped, while on the right edge a vertical displacement 𝑢𝑦(𝑡) is prescribed; other components are left free. A circular hole of 
diameter 7mm introduces stress concentrations. The plate has a thickness of 6mm, discretized with three hexahedral elements across the thickness 
and 504 elements in-plane.

Fig. 22. The loading program and resulting measured forces at the right surface (cf. Fig. 21) for the isotropic material. Left: Prescribed displacement 
at the right surface in vertical direction at two different loading rates R1 and R2. Middle: Measured reaction force over time at both loading rates. 
Right: Force-displacement curves for both loading rates. Due to the inelastic effects, the stiffness between the two loading rates varies.

7.  Discussion

We have presented a framework for designing a dual potential that governs the amount of dissipation while consistently embedding 
anisotropy into both the Helmholtz free energy and the dual potential itself. The central theoretical extensions of our approach are 
twofold: (i) we propose a dual potential that is not necessarily convex; yet satisfies the dissipation inequality a priori, and (ii) we 
define the integrity sets of the energy and the dual potential under consideration of different consistent mappings of the structural 

Computer Methods in Applied Mechanics and Engineering 450 (2026) 118612 

27 



H. Holthusen and E. Kuhl

Fig. 23. Contour plots of the Cook’s membrane test with isotropic material for the first loading rate. Rows represent selected load steps (cf. Fig. 
22). Columns 1-2 show nodal force contours of the reference and neural network prediction, with green lines marking the reference deformation. 
The last column displays the Euclidean norm of the displacement error û −u, where û corresponds to the reference and u to the prediction. (For 
interpretation of the references to colour in this figure legend, the reader is referred to the web version of this article.).
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Fig. 24. The loading program and resulting measured forces at the right surface (cf. Fig. 21) for the anisotropic material. Left: Prescribed displace-
ment at the right surface in vertical direction at two different loading rates R1 and R2. Middle: Measured reaction force over time at both loading 
rates. Right: Force-displacement curves for both loading rates. Due to the inelastic effects, the stiffness between the two loading rates varies.

tensor to the intermediate configuration. In this course, we discuss the entire set of invariants including those that combine elastic 
and inelastic tensors.

Beyond the theoretical formulation of anisotropic inelasticity at finite strains, we translated the constitutive relations into neural 
network architectures. Specifically, we employed a modified version of Input Convex Neural Networks (ICNNs) and introduced Input 
Monotonic Neural Networks (IMNNs) to extend the dual potential beyond convex formulations. For both the energy and the dual 
potential, we constructed suitable sets of invariants, which serve as physics-embedded inputs to the corresponding neural networks.

In line with [33,68], we eliminate the need for classical time-integration schemes in updating the inelastic variables by using 
neural network prediction. To this end, we incorporated recurrent Liquid Neural Networks (LiNNs) into the overall architecture. We 
designed a trial-step procedure as input to the LiNN and enforced by construction that the inelastic stretches remain positive definite.

The framework was first evaluated at the material-point level, where we compared its performance and accuracy against recurrent 
neural architectures without physics priors. Subsequently, we validated the discovered models at the structural scale by predicting 
deformation and reaction forces for unseen boundary value problems. Across all investigated cases, the framework produced accurate 
predictions even outside the training regime and exhibited stable performance. Nevertheless, several aspects require further discussion 
and refinement. We address some of these aspects below.

Choice of invariants. We proposed two distinct invariant sets to represent anisotropic material behavior: one for the Helmholtz free 
energy (deformation invariants) and another for the dual potential (stress invariants). The choice of invariants, however, is not 
unique. Alternative formulations include Landau invariants [111] or generalized invariants [112], the latter being shown to capture 
material response with accuracy comparable to larger invariant sets while reducing redundancy. This property is particularly relevant 
in the neural network context [113], as smaller invariant sets can reduce network complexity and mitigate uncertainty in weight 
optimization. In our case, the invariants for the energy were designed to be consistent with polyconvexity. Yet, recent work by [114] 
introduced a singular-value-based representation capable of modeling stress plateaus in purely elastic materials, which was already 
implemented within a neural architecture [115]. However, the integration of anisotropy into such approaches remains unresolved. 
While the literature on deformation invariants is extensive, significantly fewer contributions address the invariants underlying dual 
potentials. Most existing designs adhere to convexity in stress space, which is sufficient but not necessary. Thus, there is considerable 
room to explore more expressive invariant sets. In this respect, neural networks might offer a promising tool for discovering such 
invariants, similar to how pattern recognition in transformer architectures has been leveraged in mathematics [116].

Data availability. Training the proposed networks required synthetic data, as high-fidelity data sets for anisotropic inelasticity at 
finite strains remain scarce. While the generality of the framework is an advantage, it also necessitates larger training data sets. 
Increasing the number of invariants directly raises the information entropy required to identify the underlying material behavior in 
a (near-)unique manner. Whether it is feasible to generate such extensive data sets or whether adaptive multiscale data-generation 
schemes [117] will be necessary remains an open question. Additionally, experimental data typically consist of force-displacement 
measurements rather than stress-stretch data, which we employed for training. In this context, data-driven identification methods 
[118], which were used in the context of physics-augmented neural network training strategies [119], may provide an alternative 
route. Furthermore, initialization is crucial for training neural networks, which becomes more challenging with greater non-linearity. 
In this regard, the material fingerprinting method [120] may help identify appropriate initial values and mitigate the need for pre-
training. However, their applicability to anisotropic inelasticity has not yet been clarified.
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Fig. 25. Contour plots of the Cook’s membrane test with anisotropic material for the first loading rate. The specimen twists around the 𝑦-axis due 
to anisotropy, in contrast to the isotropic case (Fig. 23). Rows represent selected load steps (cf. Fig. 24). Columns 1-2 show nodal force contours of 
the reference and neural network prediction, with green lines marking the reference deformation. The last column displays the Euclidean norm of 
the displacement error û −u, where û corresponds to the reference and u to the prediction. (For interpretation of the references to colour in this 
figure legend, the reader is referred to the web version of this article.)
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Architectural hyperparameters. In this contribution, we made deliberate choices regarding the architectural hyperparameters of the 
neural networks, including the depth, width, and layer-wise activation functions. These selections were guided by empirical evidence 
and prior experience in comparable contexts. For instance, we observed that employing rapidly increasing activation functions, such 
as the exponential function exp(∙), in the earlier layers tended to stabilize the training process, whereas their use in later layers often 
led to instability. Furthermore, we adopted identical hyperparameter configurations across both the isotropic and anisotropic studies, 
despite the differing complexity of the underlying material responses. Although the chosen hyperparameters produced satisfactory 
results in all experiments, they may not represent the optimal trade-off between expressive capacity and architectural simplicity in 
every case. A systematic analysis of the sensitivity of model performance, convergence characteristics, and generalization behavior 
with respect to these hyperparameters remains an important direction for future work. Beyond these architectural aspects, we did 
not explore the influence of training-related parameters such as learning rate, batch size, or the choice of optimization algorithm.

Inelastic phenomena. Our study was restricted to viscoelasticity at finite strains, primarily because it represents the simplest inelastic 
phenomenon without requiring additional constraints such as yield conditions or growth laws. Nevertheless, recent efforts have also 
focused on plasticity [23,34,37,92,121] and growth [41], although the rigorous incorporation of anisotropy in these works remains 
limited, and convexity-based potentials are typically employed. Our methodology is designed to extend seamlessly to other inelastic 
mechanisms governed by multiplicative decomposition. Notably, the proposed non-convex dual potential can be directly adapted to 
other types of inelasticity such as damage models, which are also formulated via potentials. The challenge in incorporating increasingly 
complex inelastic phenomena lies in ensuring their unique discovery, which directly depends on data availability and information 
entropy. An interesting research direction is to explore whether auxiliary neural networks for internal variables can stabilize training 
in such cases, particularly for plasticity.

Interpretability and regularization. In this work, we prioritized expressivity over interpretability. While our networks were designed to 
satisfy physical and constitutive constraints by construction, their interpretability is limited compared to, for instance, Constitutive 
Artificial Neural Networks [21] and their inelastic extensions [31]. We did not employ sparsity-promoting regularization such as Lasso, 
which could enhance interpretability, nor did we systematically investigate dropout or similar techniques that may prevent over-
specialization of network pathways. To this end, clustering methods similar to those in [122] might help increase the interpretability 
of dense networks by clustering different pathways into a common pathway without loss of accuracy. In case of Physics-Augmented 
Neural Networks (PANNs), i.e. highly densely connected neural networks, extreme sparsification methods are investigated in [123] 
which drastically reduce the number effective weights and biases within the network, and thus, enable to interpret the discovered 
energy. A central question remains whether the analytical form of the entire network is essential, given that invariants already carry 
interpretable physical meaning as deformation or stress measures. For instance, from a mechanical point of view, examining whether 
the partial derivative 𝜕𝜑,1𝜑 vanishes is highly insightful. If this derivative of the dual potential with respect to the hydrostatic 
pressure of Σ is zero, the inelastic evolution is volume-preserving, as in von Mises-type plasticity, irrespective of the discovered 
neural networks. As shown in [41], similar observations can be made for the deviatoric part of the stress tensor and its influence on 
isochoric inelastic evolution.

We also did not examine whether the network architecture can reduce to a purely elastic case, which must be included as a 
limiting scenario. For isotropic inelasticity, this reduction was studied in [36], where Lasso regularization effectively discovered a 
vanishing dual potential. Interestingly, comparable behavior was observed without regularization, albeit at the expense of inter-
pretability. Finally, emerging approaches such as neural architecture search [124] may play a crucial role in solid mechanics, both 
for determining whether inelasticity is relevant and for uncovering anisotropy when it is not explicitly known a priori. In this regard, 
gating mechanisms, such as those investigated in [125], may be of particular interest for identifying the relevant invariant subsets.

8.  Conclusion

We have proposed a methodology to consistently embed physics into neural networks for modeling anisotropic inelasticity at 
finite strains based on the design of a dual potential. The approach generalizes beyond convex formulations, ensures the dissipation 
inequality a priori, and integrates anisotropy consistently through invariant-based representations of the Helmholtz free energy 
and the dual potential. By embedding constitutive principles into adapted neural architectures, including Input Monotonic Neural 
Networks and Liquid Neural Networks, we achieved stable and accurate predictions both at the material-point and structural level 
for noise-free data sets, even outside the training regime. We encountered issues during the inference process using the explicit 
exponential integrator scheme when dealing with data sets corrupted by noise in case of anisotropy. Nevertheless, the training 
procedure employing Liquid Neural Networks remained stable throughout all settings.

While the methodology offers a flexible foundation transferable to various inelastic phenomena, its success critically depends on 
the availability of informative data. Future research may address the systematic interpretation of the discovered networks, different 
data-generation strategies, and extensions to more complex inelastic mechanisms such as plasticity.
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Appendix A.  Additions

A.1.  Input monotonic neural network

In the following, we discuss the monotonicity properties of the Input Monotonic Neural Network formulation. Let 𝐬 ∈ ℝ𝑛 denote 
the input parameters and 𝐭 ∈ ℝ𝑚 the network output. The mapping from one layer to the next is defined as

𝐩𝑙+1 = 𝑔𝑙
(

𝐖𝑝
𝑙 𝐩𝑙 +𝐖𝑠

𝑙 𝐬 + 𝐛𝑙
)

, 𝑙 = 0,… , 𝐿 − 1,

with 𝐩0 = 𝐬. Here, 𝐖𝑝
𝑙  and 𝐖𝑠

𝑙  are weight matrices with non-negative entries, 𝐛𝑙 are bias vectors, and the activation functions 𝑔𝑙 are 
chosen to be monotonically increasing functions (such as ReLU, softplus, or sigmoid).

This structure directly implies that the overall network mapping 𝐬 ↦ 𝐭 is monotonically non-decreasing with respect to each input 
component. The reasoning is straightforward: if one increases any component of the input vector 𝐬, the affine terms 𝐖𝑝

𝑙 𝐩𝑙 +𝐖𝑠
𝑙 𝐬 + 𝐛𝑙

in each layer cannot decrease, because all entries of 𝐖𝑝
𝑙  and 𝐖𝑠

𝑙  are non-negative. The subsequent application of a monotonically 
increasing activation function preserves this order. Consequently, the intermediate states 𝐩𝑙 remain ordered in the same way for all 
layers. The final output 𝐭 = 𝐩𝐿 therefore inherits this property.

From a differential perspective, whenever the activation functions are differentiable, the partial derivatives of the outputs with 
respect to the inputs satisfy

𝜕𝑡𝑖
𝜕𝑠𝑗

≥ 0 for all 𝑖, 𝑗.

This means that no output component decreases when any input parameter increases. In other words, the network as defined above 
provides a mapping that is monotone: the response 𝐭 cannot decrease under an increase of any component of the parameter vector 𝐬.

A.2.  Numerical details

Computation of roots. In the computation of the square and cubic roots of the stress invariants, we are particularly concerned with 
their derivatives. However, these are not defined at zero. To circumvent this issue, following [36], we slightly modify the definitions 
as

√

𝑥 ∶= 𝑥
(𝑥 + 𝜖)1∕2

, 3
√

𝑥 ∶= 𝑥
(|𝑥| + 𝜖)2∕3

.

Throughout this work, we set 𝜖 = 0.01. With this choice, one obtains
d
d𝑥

√

𝑥
|

|

|

|𝑥=0
= 10.0, d

d𝑥
3
√

𝑥
|

|

|

|𝑥=0
≈ 21.54435.

Cholesky decomposition. Within the time discretization of the inelastic variable, we employ a recurrent Liquid Neural Network (LiNN) 
architecture to predict the inelastic stretches U𝑖 ∈ S𝑦𝑚3×3

+  at 𝑡𝑛+1. Thus, we must ensure that the hidden states 𝐡 propagated by the 
LiNN are consistently mapped to a symmetric positive definite tensor. Since every U𝑖 admits a Cholesky factorization,

U𝑖 = LL𝑇 ,

with L a real lower triangular matrix with strictly positive diagonal entries 𝐿𝑖𝑖 > 0, we parameterize L through six independent states 
𝐡 = (ℎ1,… , ℎ6)

L =
⎛

⎜

⎜

⎝

𝑓 (ℎ1) 0 0
ℎ4 𝑓 (ℎ2) 0
ℎ6 ℎ5 𝑓 (ℎ3)

⎞

⎟

⎟

⎠

,
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where

𝑓 (𝑥) = 1
ln(2)

ln(1 + exp(ln(2) 𝑥))

is a scaled softplus activation ensuring 𝑓 (𝑥) > 0 for all 𝑥 and 𝑓 (0) = 1. With the initialization 𝐡 = 𝟎, we obtain L = I and hence U𝑖 = I.

A.3.  Thermodynamic consistency

Isotropic materials. We define the stress invariants

𝑆1 ∶= trΣ, 𝑆′
2 ∶=

1
2 d𝑒𝑣Σ ∶ d𝑒𝑣Σ, 𝑆′

3 ∶=
1
3 tr

(

(d𝑒𝑣Σ)3
)

,

together with 𝑆2 ∶=
√

𝑆′
2 and 𝑆3 ∶= 3

√

𝑆′
3. Set

𝜑(Σ) ∶=
(

𝑆1(Σ), 𝑆2(Σ), 𝑆3(Σ)
)

, 𝜑(Σ) ∶= 𝜔(𝜑(Σ)),

where 𝜔 ∶ ℝ3 → ℝ is convex, non-negative, and satisfies 𝜔(𝟎) = 0. The derivatives are
𝜕𝑆1
𝜕Σ

= I ,
𝜕𝑆2
𝜕Σ

= 1

2
√

𝑆′
2

d𝑒𝑣Σ,
𝜕𝑆3
𝜕Σ

= 1
3𝑆′2∕3

3

d𝑒𝑣
(

(d𝑒𝑣Σ)2
)

.

Since 𝑆1, 𝑆2, 𝑆3 are homogeneous of degree 1, it follows that
𝜕𝑆𝑘
𝜕Σ

∶ Σ = 𝑆𝑘 (𝑘 = 1, 2, 3).

By the chain rule,

𝜕Σ𝜑 =
∑

𝑘

𝜕𝜔
𝜕𝑆𝑘

𝜕𝑆𝑘
𝜕Σ

, ⇒ Σ ∶ 𝜕Σ𝜑 =
⟨

𝜑, 𝜕𝜑𝜔
⟩

.

With D𝑖 ∈ 𝜕Σ𝜑, the reduced dissipation inequality reads

Σ ∶ D𝑖 =
⟨

𝜑, 𝜕𝜑𝜔
⟩

≥ 𝜔(𝜑) − 𝜔(𝟎) = 𝜔(𝜑) ≥ 0,

ensuring non-negative dissipation. For a more detailed derivation, see e.g. Holthusen et al. [36]. If 𝜑 = (𝜁◦𝜔)(𝜑) with 𝜁 ∶ ℝ → ℝ
monotone increasing, then

Σ ∶ 𝜕Σ𝜑 =
𝜕𝜁
𝜕𝜔

⟨

𝜑, 𝜕𝜑𝜔
⟩

≥ 0,

so thermodynamic consistency is still preserved.

Anisotropic materials. The push-forward M̃ = F𝑖 ⋆M represents either a covariant or contravariant mapping of the structural vector; 
see Eq. (24). Following [93], we may form the irreducible basis in terms of the mixed invariants of the stress and the structural vectors

Σ ∶ M̃𝛼 = d𝑒𝑣Σ ∶ M̃𝛼 +
𝑆1
3
, Σ2 ∶ M̃𝛼 = (d𝑒𝑣Σ)2 ∶ M̃𝛼 + 2

𝑆1
3

d𝑒𝑣Σ ∶ M̃𝛼 +
𝑆2
1
9
,

ñ1 ⋅Σ ñ2 = Σ ∶ s𝑦𝑚(ñ1 ⊗ ñ2), ñ1 ⋅Σ
2 ñ2 = Σ2 ∶ s𝑦𝑚(ñ1 ⊗ ñ2),

where M̃𝛼 ∶= ñ𝛼 ⊗ ñ𝛼 with 𝛼 = 1, 2. We introduce

𝜑(Σ, ñ1, ñ2) ∶= (𝐴1𝛼 , 𝐴2𝛼 , 𝐴3, 𝐴4)𝛼=1,2,

with

𝐴1𝛼 ∶= d𝑒𝑣Σ ∶ M̃𝛼 , 𝐴2𝛼 ∶=
√

1
2 (d𝑒𝑣Σ)2 ∶ M̃𝛼 , 𝐴3 ∶= Σ ∶ s𝑦𝑚(ñ1 ⊗ ñ2), 𝐴4 ∶=

√

1
2 Σ

2 ∶ s𝑦𝑚(ñ1 ⊗ ñ2).

Each of these invariants is homogeneous of degree 1. We set

𝜑(Σ, ñ1, ñ2) ∶= (𝜁◦𝜔)(𝜑(Σ, ñ1, ñ2)), 𝜑(Σ, ñ1, ñ2) ∶= (𝜑(Σ),𝜑(Σ, ñ1, ñ2)),

with 𝜔 ∶ ℝ9 → ℝ convex, non-negative, and 𝜔(𝟎) = 0. The chain rule gives

Σ ∶ 𝜕Σ𝜑 =
𝜕𝜁
𝜕𝜔

⟨

𝜑, 𝜕𝜔𝜑
⟩

≥ 0,

ensuring thermodynamic consistency as in the isotropic case.
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A.4.  Helmholtz free energy

Mixed-variant mappings. In Eq. (25), for 𝑘 = 𝑟 = 0 and 𝑠 = 𝑡 = 1,

M̃1 M̃2 =
1
𝛾
F𝑖M F −1

𝑖 ,

i.e., proportional to the mixed-variant map F𝑖 ⋆M = F𝑖MF −1
𝑖 , where

𝛾 ∶= (C𝑖 ∶ M ) (C−1
𝑖 ∶ M ) = (n⋅C𝑖n) (n⋅C−1

𝑖 n) ≥ 1

by the Cauchy–Schwarz inequality, with equality if n is an eigenvector of C𝑖. If one wishes to mimic 𝑠 = 𝑡 = −1 by definition (not 
inversion), set

(

C𝑖M

C𝑖 ∶ M

)−1
∶= (C𝑖 ∶ M )MC−1

𝑖 ,

(

MC−1
𝑖

C−1
𝑖 ∶ M

)−1

∶= (C−1
𝑖 ∶ M )C𝑖M ,

which yields, for 𝑘 = 𝑟 = 0 and 𝑠 = 𝑡 = −1,

M̃−1
1 M̃−1

2 = 𝛾 F −𝑇
𝑖 M F 𝑇

𝑖 ,

i.e., proportional to the alternative mixed-variant map.

Polyconvexity. To construct a polyconvex Helmholtz free energy, one must employ invariants that are convex in (F , cofF , 𝐽 ). As an 
example, consider

𝑓 (F ,G) ∶= tr(F 𝑇F G).

Its second Gâteaux derivative in direction H ∈ 𝕄3×3 is

𝔇2
F
[𝑓 (F ,G)](H ,H) = d2

d𝜖2
tr
(

(F + 𝜖H)𝑇 (F + 𝜖H)G
)

|

|

|𝜖=0
= 2G ∶ H𝑇H .

Thus, 𝑓 is convex in F  whenever G ⪰ 0 (positive semidefinite) [105]. Analogously, replacing F  by cof F  shows the same condition 
for convexity in the cofactor.

Polyconvexity of mixed-variant mappings. Let F𝑖 ⋆M denote a mixed-variant mapping consistent with the principle of indifference to 
the choice of intermediate configuration, e.g., F𝑖 ⋆M = F𝑖MF −1

𝑖 , F𝑖 ⋆M = F −𝑇
𝑖 MF 𝑇

𝑖  or any analogous form. Then the function 
𝑓 (F ,F𝑖 ⋆M ) = tr(F 𝑇F F𝑖 ⋆M ) = tr(F 𝑇F s𝑦𝑚(F𝑖 ⋆M )) cannot be guaranteed to be polyconvex a priori as s𝑦𝑚(F𝑖 ⋆M ) is not 
guaranteed to be positive (semi-)definite.

Outer tensor product of second order tensors. Let # denote the outer tensor product of two second-order tensors,

(a⊗ b)#(c⊗ d) ∶= (a × c)⊗ (b × d),

where × denotes the vector cross product. Let B ∈ S𝑦𝑚3×3
+  and G = g ⊗ g. Then their outer product can be written as

B#G =
3
∑

𝑖=1
𝐵𝑖 (p𝑖 ⊗ p𝑖)#G =

3
∑

𝑖=1
𝐵𝑖 (p𝑖 × g)⊗ (p𝑖 × g),

which is positive semi-definite, with 𝐵𝑖 and p𝑖 denoting the eigenvalues and eigenvectors of B, respectively. More generally, the 
outer tensor product of any two tensors A,B ∈ 𝕄3×3 is given by

A#B = (trA trB − tr(AB)) I +B𝑇A𝑇 +A𝑇B𝑇 − (trA)B𝑇 − (trB)A𝑇 ,

which yields a symmetric tensor whenever both arguments are symmetric. In addition, for any P ∈ G𝐿(3,ℝ) one obtains the covari-
ance property

(PAP −1)#(PBP −1) = P −𝑇 (A#B)P 𝑇 .

In view of these properties and of the Helmholtz free energy in Section 4.1, the invariant

tr
(

C𝑒 (B𝑖#M̃ )
)

= tr
(

CF −1
𝑖 (B𝑖#M̃ )F −𝑇

𝑖
)

is polyconvex, since F −1
𝑖 (B𝑖#M̃ )F −𝑇

𝑖  is positive semi-definite. Finally, using Eq. (25), we obtain

tr
(

CF −1
𝑖 (B𝑖#M̃ )F −𝑇

𝑖
)

= tr
(

C−1
𝑖 C (C𝑖#C𝑖M )

)

= tr
(

CC−1
𝑖 (C𝑖#MC𝑖)

)

.
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A.5.  Reference material model

As reference material model, we adopt a rheological formulation with three elements. The model consists of an equilibrium 
branch, represented by a spring element, arranged in parallel to a non-equilibrium branch, consisting of a spring-dashpot series con-
nection. Accordingly, the Helmholtz free energy 𝜓 and the dual potential 𝜑 are additively decomposed into isotropic and anisotropic 
contributions:

𝜓 = 𝜓e𝑞
i𝑠𝑜(C; 𝑎e𝑞 , 𝑏e𝑞 , 𝑐e𝑞) + 𝜓n𝑒𝑞

i𝑠𝑜 (C𝑒; 𝑎n𝑒𝑞 , 𝑏n𝑒𝑞 , 𝑐n𝑒𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝜓i𝑠𝑜

+𝜓e𝑞
a𝑛𝑖(C,G; 𝛼e𝑞 , 𝜂e𝑞) + 𝜓n𝑒𝑞

a𝑛𝑖 (C𝑒, G̃; 𝛼n𝑒𝑞 , 𝜂n𝑒𝑞)
⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏞⏟

=∶𝜓a𝑛𝑖

,

𝜑 = 𝜑i𝑠𝑜(Σ; 𝑎n𝑒𝑞 , 𝑏n𝑒𝑞 , 𝑐n𝑒𝑞 , 𝜏) + 𝜑a𝑛𝑖(Σ,M̃3; 𝜂n𝑒𝑞 , 𝜏).

Here, 𝑎, 𝑏, 𝑐, 𝛼, and 𝜂 denote material parameters, while G represents a metric tensor that accounts for the preferred direction [105], 
and must not be confused with a second-order structural tensor. Assuming the preferred direction aligns with e1, the reference metric 
reads

G0 =

⎛

⎜

⎜

⎜

⎝

𝛽2 0 0
0 1

𝛽 0
0 0 1

𝛽

⎞

⎟

⎟

⎟

⎠

,

where 𝛽 is an anisotropy parameter. To obtain G aligned with an arbitrary preferred direction n ∈ 𝕊2, we employ Rodrigues’ rotation 
formula. A rotation matrix R ∈ S𝑂(3) is constructed such that e1 is mapped onto n, with axis and angle defined by

k = e1 ×n, k̂ = k

‖k‖
, 𝜃 = arccos

(

e1 ⋅n
)

.

The corresponding rotation matrix is
R = I + sin 𝜃 [k̂]× + (1 − cos 𝜃) [k̂]2×,

with [k̂]× denoting the skew-symmetric cross-product operator. The metric tensor is then given by
G = RG0 R

𝑇 .

For the push-forward to the intermediate configuration, we adopt
G̃ = F𝑖GF 𝑇

𝑖 , M̃3 = F𝑖 (n⊗n)F −1
𝑖 .

For the isotropic Helmholtz free energy, we employ the form proposed in [105]:
𝜓e𝑞∕𝑛𝑒𝑞
i𝑠𝑜 (A) = 𝑎 trA + 𝑏 tr cofA + 𝑐 detA − 𝑑1

2 ln detA, 𝑑1 = 2𝑎 + 4𝑏 + 2𝑐.

Further, for the anisotropic Helmholtz free energy, we adopt
𝜓e𝑞∕𝑛𝑒𝑞
a𝑛𝑖 (A,B) =

𝜂
𝛼 (trB)𝛼

((trAB)𝛼 + (tr cofAB)𝛼) − 𝑑2
2 ln detA, 𝑑2 = 2𝜂.

In analogy to [106], the isotropic part of the dual potential is chosen as

𝜑i𝑠𝑜(Σ) = 1
𝜏

(

1
18

(trΣ)2

𝑐
+ 2
𝑎 + 𝑏

( 1
2
tr d𝑒𝑣Σ d𝑒𝑣Σ

)

)

,

while the anisotropic contribution is given by

𝜑a𝑛𝑖(Σ,M̃3) =
1
𝜏

(

1
2𝜂

(

(trΣM̃3)2 + tr (Σ2M̃3)
)

)

.

A.6.  Plain recurrent neural networks

Recurrent Neural Network (RNN). The recurrent neural network employed in this work is formulated in discrete time with input 
𝐱𝑡 ∈ ℝ𝑛𝑥 , hidden state 𝐡𝑡 ∈ ℝ𝑛ℎ , and output 𝐲𝑡 ∈ ℝ𝑛𝑦 . At each time step 𝑡, the hidden state is updated by concatenating the input and 
the previous hidden state,

𝐳(0)𝑡 =
[

𝐱𝑡
𝐡𝑡−1

]

∈ ℝ𝑛𝑥+𝑛ℎ .

This vector is processed by a sequence of dense layers with nonlinear activations,

𝐳(𝓁)𝑡 = 𝜙𝓁

(

𝐖𝓁𝐳
(𝓁−1)
𝑡 + 𝐛𝓁

)

, 𝓁 = 1,… , 𝐿,

with 𝐖𝓁 ∈ ℝ𝑛𝓁×𝑛𝓁−1 , 𝐛𝓁 ∈ ℝ𝑛𝓁 , and nonlinear activation 𝜙𝓁(⋅). The final transformation maps onto the hidden state space of size 𝑛ℎ,
𝐡𝑡 = 𝐖ℎ𝐳

(𝐿)
𝑡 + 𝐛ℎ, 𝐖ℎ ∈ ℝ𝑛ℎ×𝑛𝐿 .
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The output is computed as a linear mapping of the hidden state,
𝐲𝑡 = 𝐖ℎ𝑦𝐡𝑡 + 𝐛𝑦, 𝐖ℎ𝑦 ∈ ℝ𝑛𝑦×𝑛ℎ .

This flexible cell structure allows one to define arbitrary numbers of hidden layers and activation functions inside the recurrent 
update.

In compact form, the chosen RNN topology reads

R𝑁𝑁 ∶ ℝ𝑛𝑥+𝑛ℎ → ℝ𝑛ℎ , (𝐱𝑡,𝐡𝑡−1)
G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

L𝑖𝑛𝑒𝑎𝑟
←←←←←←←←←←←←←←←←←←←←←←←←→ 𝐡𝑡,

with 𝑛𝑥 = 7 (strain-like features C and time increment Δ𝑡) and 𝑛ℎ = 6. The output mapping is
𝐲𝑡 = 𝐖ℎ𝑦𝐡𝑡 + 𝐛𝑦 ∈ ℝ6.

Liquid Neural Network (LiNN). The Liquid Neural Network builds upon the same input-hidden-output structure with 𝐱𝑡 ∈ ℝ𝑛𝑥 , 𝐡𝑡 ∈
ℝ𝑛ℎ , and 𝐲𝑡 ∈ ℝ𝑛𝑦 . The key difference lies in the hidden state update, which introduces adaptive dynamics through two subnetworks: a 
source network 𝐟 (𝐱𝑡,𝐡𝑡−1) ∈ ℝ𝑛ℎ  and a modulation network α(𝐱𝑡,𝐡𝑡−1) ∈ ℝ𝑛ℎ . Both subnetworks take the concatenated input-state vector

𝐳(0)𝑡 =
[

𝐱𝑡
𝐡𝑡−1

]

∈ ℝ𝑛𝑥+𝑛ℎ ,

as input and are constructed entirely from centered layers, i.e.
C𝐿(𝑧) = 𝜙(𝐖𝑧 + 𝐛) − 𝜙(𝐛),

which stabilize training by removing trivial bias-induced offsets. The hidden state update follows an explicit Euler integration scheme,
𝐡𝑡 = (𝟏 − Δ𝑡α)⊙ 𝐡𝑡−1 + Δ𝑡 𝐟 ,

where ⊙ denotes the Hadamard product and Δ𝑡 is a prescribed time step. The output is obtained by
𝐲𝑡 = 𝐖ℎ𝑦𝐡𝑡 + 𝐛𝑦 ∈ ℝ6.

In compact form, the chosen LiNN topologies are

𝑓 ∶ ℝ𝑛𝑥+𝑛ℎ → ℝ𝑛ℎ , (𝐱𝑡,𝐡𝑡−1)
G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

L𝑖𝑛𝑒𝑎𝑟
←←←←←←←←←←←←←←←←←←←←←←←←→ 𝐟 ,

𝛼 ∶ ℝ𝑛𝑥+𝑛ℎ → ℝ𝑛ℎ , (𝐱𝑡,𝐡𝑡−1)
G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

G𝐸𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←←←←→ 64

R𝑒𝐿𝑈
←←←←←←←←←←←←←←←←←←←←←←←→ α.

Here, 𝑛𝑥 = 7 (strain-like features C and Δ𝑡) and 𝑛ℎ = 6. Although Δ𝑡 already appears in the update scheme, we include it also as 
network input for consistency with the RNN case.
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