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Abstract

Computational modeling has become an integral tool for understanding the interaction between structural organization and
functional behavior in a wide range of biological tissues, including the human myocardium. Traditional constitutive models,
and recent models generated by automated model discovery, are often based on the simplifying assumption of perfectly
aligned fiber families. However, experimental evidence suggests that many fiber-reinforced tissues exhibit local dispersion,
which can significantly influence their mechanical behavior. Here, we integrate the generalized structure tensor approach
into automated material model discovery to represent fibers that are distributed with rotational symmetry around three mean
orthogonal directions—fiber, sheet, and normal—by using probabilistic descriptions of the orientation. Using biaxial exten-
sion and triaxial shear data from human myocardium, we systematically vary the degree of directional dispersion and stress
measurement noise to explore the robustness of the discovered models. Our findings reveal that up to a moderate dispersion in
the fiber direction and arbitrary dispersion in the sheet and normal directions improve the goodness of fit and enable recovery
of a previously proposed four-term model in terms of the isotropic second invariant, two dispersed anisotropic invariants,
and one coupling invariant. Our approach demonstrates strong robustness and consistently identifies similar model terms,
even in the presence of up to 7% random noise in the stress data. In summary, our study suggests that automated model
discovery based on the powerful generalized structure tensors is robust to noise and captures microstructural uncertainty
and heterogeneity in a physiologically meaningful way.
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1 Introduction

Computational modeling provides important insights into
the intricate relationship between myocardial structure and
mechanical function (Goktepe and Kuhl 2010; Baillargeon
et al. 2014; Peirlinck et al. 2021; Martonova et al. 2022).
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dynamic sliding behavior and contribute to ventricular defor-
mation. Finally, to fully characterize the local orthotropic
structure, we define the normal direction perpendicular to
both fiber and sheet directions. Understanding this complex
organization and possible uncertainties and anomalies in the
microstructural architecture provide important insights into
both normal physiology and pathological conditions.

Traditional constitutive models, and recently discovered
models based on the constitutive neural networks (Linka
et al. 2023; Martonova et al. 2024; Peirlinck et al. 2024),
often assume a perfect local alignment of a family of fibers
at a given location, simplifying the fully anisotropic nature
of the biological tissue, in particular the myocardium.

This structural complexity necessitates the use of more
advanced modeling techniques. Recent studies have explored
how planar variations in fiber angles influence transversely
isotropic model discovery for arteries (Vervenne et al. 2025),
and studied similar effects in orthotropic textile structures
(McCulloch and Kuhl 2024). Although these studies directly
vary a single angle between two fiber families, various model
frameworks exist to account for probabilistic three-dimen-
sional fiber dispersion around a given mean fiber direction.
One model framework assigns each individual fiber within a
dispersion its own strain energy, and the fibers are dispersed
around a mean preferred direction according to an angular
density distribution (Lanir 1983). This model framework
was later modified (Sacks 2003; Driesse et al. 2005; Holzap-
fel and Ogden 2015; Martonova et al. 2021) and is referred
to as angular integration (AI). The approach is based on
full integration over a unit sphere, so that all possible fiber
directions according to a given probability density function
are considered. However, computational efficiency concerns
have led to the adoption of alternative approximations such
as the generalized structure tensor approach (Gasser et al.
2006; Holzapfel et al. 2015; Niestrawska et al. 2016). The
advantages of this model framework include: (i) It is an alge-
braic formulation and therefore easier to implement than the
Al formulation, (ii) it allows for explicit analytical results for
arange of different deformations, (iii) the numerical analysis
is less demanding, and (iv) it is more accurate because the
numerical integrations required for the Al approach always
lead to computational errors, whereas such integrations are
not required for the generalized structure tensor model. Stud-
ies have shown that the predictive powers of the two models,
generalized structural tensor based and artificial intelligence
based, are almost identical for a significant range of large
deformations (Holzapfel and Ogden 2017). More recent
modeling efforts for fiber dispersion in soft biological tis-
sues focus on capturing the complex anisotropic behavior of
heterogeneous fiber orientations and stretch distributions.
An alternative affine distribution framework (Britt and Ehret
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2023) improves numerical tractability while accounting for
fiber stretch variability and anisotropy. A novel switchless
constitutive model (Arvind and Kannan 2025) removes
mechanical response discontinuities (Latorre 2016), thus
enabling smoother and more stable simulations, as exem-
plified in arterial tissue models.

Due to its flexibility and efficiency to model heteregenous
fiber dispersion, in the present study, we utilize the general-
ized structural tensor approach and incorporate fiber, sheet,
and normal dispersions into our material model discovery. In
particular, instead of assuming a perfect fiber, sheet, and nor-
mal alignment along one particular direction, we assume that
these characteristic directions are locally distributed with
some probability. Although the effects of myofiber disper-
sion on myocardial mechanics have been explored (Eriksson
et al. 2013; Melnik et al. 2018; Guan et al. 2022), its impact
on the discovery of material models remains insufficiently
understood. Here, we use dispersed invariants to explore
the influence of uncertainty in fiber architecture on model
discovery using constitutive neural networks, which offer
a physics-informed approach to modeling complex mate-
rial behavior directly from data. By embedding principles
such as objectivity, material symmetry, and thermodynamic
consistency into the network architecture, constitutive neu-
ral networks achieve accurate and generalizable predictions
(Linka et al. 2021; Linka and Kuhl 2023). Recent applica-
tions to both hyperelastic and inelastic materials, including
human myocardium (Martonov4 et al. 2024), arterial tissue
(Peirlinck et al. 2024; Vervenne et al. 2025), brain (Linka
et al. 2023; St. Pierre et al. 2023), skin (Linka et al. 2023), or
skeletal muscle (Holthusen et al. 2023), have demonstrated
their effectiveness in capturing both elastic and time-depend-
ent behavior of biological tissues. These models enable auto-
mated model discovery and robust parameter identification
from experimental data.

In the present study, to evaluate the impact of aleatoric
noise, we introduce variability to the measured stress data.
A key question we address is whether fiber dispersion and
aleatoric noise result in the discovery of fundamentally dif-
ferent models or solely in modified parameter values.

We illustrate these effects through a case study on heart
model discovery and compare the results with previously
discovered models and parameters (Martonova et al. 2024)
for given constant fiber, sheet, and normal orientations. To
achieve this objective, we modify the architecture of the
constitutive neural network to account for dispersions in the
fiber, sheet, and normal directions and investigate the sensi-
tivity of model discovery to both, the amount of the disper-
sion and the amount of noise in the stress—strain measure-
ments. We train our network simultaneously on the biaxial
extension and triaxial shear data (Sommer et al. 2015).
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2 Methods I =C:1I L =3[-C:C]
2.1 Continuum model ly = det(©) = Ly = C: Uy @)

In continuum mechanics, a deformation map ¢ describes
how material points move from their original (reference)
configuration X to their current (deformed) configuration
X= q?()_f) (Gurtin 1981; Holzapfel 2000). The deformation
gradient F of the map ¢ with respect to the undeformed
coordinates X and its determinant J are defined as

F=V,p,  J=det(F)>0. (1)

Multiplying the deformation gradient with its transpose F*
from the left, we obtain the right Cauchy—Green deformation
tensors C = F' - F.

We demonstrate our approach using human myocardial
tissue, modeled as perfectly incompressible orthotropic
material with three distinct structural directions. We adopt
the standard orthotropic architecture of the myocardium
defined by myofiber, sheet, and sheet—-normal directions
(LeGrice et al. 1995; Usyk et al. 2000; Holzapfel and
Ogden 2009), denoted by f,, 5, and 7, respectively. This
architecture effectively represents the laminar structure
observed in histology and diffusion tensor imaging, and
we schematically illustrate it in Fig. 1. We introduce nine
invariants to describe the deformation (Spencer 1984;
Holzapfel and Ogden 2009), three standard isotropic
invariants I, I,, I3, three anisotropic invariants character-
izing the stretches, Iy, Iy, 1,,, and three mixed coupling
invariants, Ige, Igens Igens

Iyty = C : sym(fy ®3y) Igpy = C & sym(fy ® 7iy)
ISsn =C: symGO ®ﬁ0)

where I is the identity tensor. Under our assumption of
perfect incompressibility, the third invariant equals one,
13 = J2 = 1.

2.2 Material model discovery with constitutive
neural networks

To autonomously discover the most suitable passive mate-
rial model for human myocardial tissue with probabilistic
fiber, sheet, and normal orientations, we use constitutive
neural networks as our model discovery framework (Linka
et al. 2021; Linka and Kuhl 2023). In particular, we select an
orthotropic constitutive neural network made up of two hid-
den layers and 32 nodes with built-in incompressibility and
polyconvexity of the free energy function y, being the net-
work output (Martonova et al. 2024; Holzapfel and Ogden
2009). As shown in Fig. 2, eight invariants serve as network
inputs. This network architecture is therefore capable of
discovering up to 232 possible models. In the present work,
we include uncertainty in both network input and network
output, to better reflect realistic experimental data.

2.2.1 Network input uncertainty—fiber dispersion
We follow the generalized structural tensor approach (Gas-

ser et al. 2006) to include fiber, sheet, and normal dispersion
into our network. This approach is based on a symmetric

I
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Fig. 1 Fiber, sheet, and normal architecture in the left ventricle. Left
and middle: Schematic representation of fiber architecture in left ven-
tricle, rotating throughout the ventricular wall. Right: Schematic rep-

resentation of the dispersion local in fiber, sheet, and normal direc-
tions. Fibers, sheets, and normals are assumed to be located inside the
blue cone

@ Springer



2026

D. Martonova et al.

Fig.2 Orthotropic, perfectly incompressible constitutive neural net-
work accounting for fiber, sheet, and normal dispersion. Eight invari-

ants Iy, L, I3 I 1y Ige, Igens Iy, serve as network input, while a

scalar-valued free energy function y, depending on these eight invari-
ants, is the network output. Cauchy stress components are derived
from the discovered free energy function y. The displayed feed-for-
ward partially connected network contains two hidden layers. In the
first layer, the corrected eight invariants are raised to the first and sec-
ond powers, (o) and (o)?, while the identity (o) and exponential func-
tions (exp(o) operate on these values

generalized structural tensor H; for each fiber family i,
defined as

H,-=4i / p(N(O. DYN(6. D) ® N:(0.®)dw,  (3)
v/ S?

where &%= {]_Vi : |1_Vi| =1} is the unit sphere,
dw = sin ®dO do, pi(ﬁi(@, @)) s a probability density func-
tion, and I_Vi is any unit vector in three-dimensional Eule-
rian space, i.e., V; denotes a possible fiber direction within
fiber family i, and pi(ﬁi(@, @))dw represents the normal-
ized number of fibers with orientations within the intervals
[0,0 + dO], [@, D + dP] that fulfills the symmetry condi-
tion pi(K/i) = p(—_Ni) (Gasser et al. 2006).

Now, we assume axisymmetric distributions for each fam-
ily of undeformed fibers with the mean direction i,. The
density function is then independent of @ and simplifies to
p.(N,(O, ®)) ~ p,(©). For a given family of fibers, the fib-
ers are distributed with rotational symmetry about a mean
referential direction represented by a unit vector _1:0; the gen-
eralized structural tensor approach in Eq. (3) simplifies to

H,=x1+[1-3c]i, ®1,

1

. i .3 “
with «; = 1 p;(©)sin’ © dO,
0
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where x; € [0, 1/3] is the dispersion parameter. In the fol-
lowing, we consider three fiber families, fibers, sheets, and
normals, i € {f,s,n}, and we assume that the orientations of
these fiber families follow a modified z-periodic von Mises
distribution. The probability density function centered at
O = 0is then given by

- b, cos(20
p(O) = 4\/2[’:‘”‘1’{1‘?—05()}
z erﬁ(\/z_bl)

such that L/p(@)dco: 1,
4z /,

&)

with a concentration parameter b; > 0 and an imaginary

error function erfi(x) = —i erf(x), with
2 * 2
erf(x) = — / exp(—t-)dt. (6)
\/7_1' 0

We can interpret this distribution as a projection of the nor-
mal distribution onto the unit sphere (Fisher et al. 1987;
Gasser et al. 2006). In particular, for x; = 0, we recover a
perfect fiber alignment along the mean direction 70, whereas
for k; = 1/3, the fibers are distributed isotropically within
the sphere, as schematically shown in Fig. 3.

Using the generalized structural tensor approach, we
modify the three anisotropic invariants 4, 14, I4,, and obtain
the following dispersed invariants for our network input,

Iy = C:H, =«J +[1-3kx]l,, (7
I; =C:H, =0, +[1-3k,]1,

Following previous studies (Eriksson et al. 2013; Guan et al.
2022), we solely account for the dispersion in the fourth
invariants. We note, though, that it is also possible to account
for dispersion in the modified coupling /5-like invariant, see
(Melnik et al. 2018). However, the softening effect of this
coupled dispersed invariant was shown to be smaller than for
the dispersed fourth invariants and its physical interpretation
remains largely unexplored.

2.2.2 Network output uncertainty—added Gaussian noise

To investigate the influence of aleatoric uncertainty
on the discovered model and its parameters, we sys-
tematically add varying levels of Gaussian noise, €,
k € {0.03,0.05,0.07,0.1}, to the measured values of the
Cauchy stress components iy

GU = O-U + €k Wlth €k ~ kN(O, Stdgij)’ (8)

where std,, is the standard deviation of the measured Cauchy
ij
stresses for a given deformation mode. We refer to Table 1
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Fig.3 Modified von Mises probability density function for the dis-
persion angle ©. Left: two-dimensional probability density function
p; for different dispersion parameters ;. Right: planar schematic rep-

in (Martonové et al. 2024) for the corresponding stress
values.

2.2.3 Neural network architecture

Figure 2 showcases the architecture of our neural network
with its two hidden layers and 32 nodes. The network
assumes perfect incompressibility and takes eight input
invariants: two isotropic invariants /, and /,; three aniso-
tropic invariants that account for fiber, sheet, and nor-
mal dispersion IZf,IZS,I:n; and three coupling invariants
Igto, Igens Igen- The output is a scalar-valued free energy func-
tion y. In the first layer, the network generates the powers
(o) and (0)? of the corrected input invariants. In the second
layer, the network applies the identity function (o) and the
exponential function (exp(o)) to these values. This allows us
to explicitly express the free energy function v,

21

resentation of possible fiber, sheet, and normal directions for a given
dispersion parameter k;

v =wy wyy [ =31 + wy, [expwy, [ =31 )—1]
+wis was [ =31 + wyy [expwyy [ =312)-1]
+wis wys [, =31 +wye [expwye [, =31 )—1]
+wig way [l =31 + wyg [expwig [, =312)-1]
+ wig Wyg [IZf =11 + wy 1 [expwy g [sz -1] )-1]
+ win wo [ —11? + wyy [expwy 1y [, -1 )-1]
+wis wos [y, =11+ wyyy [expwy gy [y, —11 ) —1]
+wigs wogs [ =117 + w6 [expOwy g6 (17, =117 ) —1]
+ wy g woup Uy, =1+ wyyg [expwy g [y, —11 )—1]
+ Wigg Wagg [l =117 + wang [exp(wy g [, =117 ) = 1]
+ wig ooy Uses 1+ wopy [expwip gy 1 ) —11
+ Wiy Waos gee 1P+ wong [expwy oy g 12 ) —1]
+ Wins Wops g 1+ Wooe [expW) g6 gy 1 ) — 1]
+ Wiy Wagy ey 1P+ Wog [exp(wy g gy 12 ) —1]
+ W29 Wong [Igs, ] + Wa3p [exp(wmo Ugsn 1 )—1]
+ Wiz Wasy g 1P+ wysy [expOwy g g, 12 ) =11

9

Due to the incompressibility assumption, the free energy
is modified by the hydrostatic pressure term p, yielding
v =y — p[J — 1]. The corrections for the invariants values
by one and three ensure that w(F =I) = 0 is satisfied. We
note that we only activate the dispersed fourth invariants
terms, IZf, IZS, IZH, if the fibers, sheet, and normal direc-
tions are under tension, i.e., if Iy, I, 1,, = 1. This ten-
sion—compression switch is applied in all directions to pre-
vent non-physiological compressive stiffening (Holzapfel
and Ogden 2009; Goktepe and Kuhl 2010; Holzapfel and
Ogden 2017). For the eighth coupling invariants, Ig;, Ig,,
Iy, in the undeformed configuration, the values are zero
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and can be used as such. Notably, these coupling invariants
are sign-sensitive with respect to the fiber, sheet, and normal
directions and are therefore not strictly invariant (Holzapfel
and Ogden 2009; Melnik et al. 2018). However, when train-
ing the network with experiments specified in Sect. 2.3, the
sign always remains positive. Following standard arguments
of thermodynamics, we obtain the Cauchy stress from the
free energy function y in Eq. (9) as

aF 24 91, OF : (10)
where Z={I},1,, I}, I} . I} . Ig, Igens Iggn } i the set of

network input invariants. Analytical expressions for the
free energy derivatives with respect to the eight invariants
depend on the network weights and are documented in prior
work (Martonova et al. 2024). The derivatives of these
invariants with respect to the deformation gradient follow as

opl, =2F
opl, =2 [[F-F-F -F]

Opl;, =2 F-|xI+(1-3x)f, ®f,

Ol =2 F- [k I+ (1 —3k)5 ®F,

aFI;;n =2 F - 1,1+ (1 - 3K,)it, ® iig] (11)
Oplgs = F- |fo ®5)+5,®f

Oplgr, = F- 70 ® iy + 7 ®J_%

2.3 Mechanical experiments used for training

Finally, we evaluate the stresses for the specific experimen-
tal loading modes. Motivated by our previous findings (Mar-
tonova et al. 2024), we train our dispersed-invariant network
from Fig. 2 simultaneously with triaxial shear and biaxial
extension data from human myocardial tissue (Sommer et al.
2015). In the following, the subscripts, f, s, n, are associated
with the fiber, sheet, and normal directions, respectively, and
are used to denote the corresponding stretches A; and shear
strains Yii> i,j € {f,s,n}. For all six triaxial shear experi-
ments, the three stretches remain constant and equal to one,
i.e., 4y = A, = 4, = L. During triaxial shear testing in the ij-
plane along the j-direction, only the shear strain y; becomes
nonzero, while all other shear strains remain zero. As a result,
each of the six tests yields two nonzero shear stress compo-

nents, oy; = oj; # 0, in particular
dy  ody oy
U]J y1_| a]] 612 ( )OIZI 12
+Kx Al 1 61// =0 (2
/ ()IZJ. 2 ()181J I
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We note that due to the fiber, sheet, and normal dispersions,
k; > 0, both fourth invariants, IZi and I;‘j, contribute to the

shear stress Vi whereas in the non-dispersed case,
k; = k; = 0, only the invariant I}, appears in Eq. (12).

For the biaxial extension tests, we consider five differ-
ent ratios of fiber and normal stretches (4 > 1) : (4, > 1),
namely 1:1, 1:0.5, 1:0.75, 0.5:1, 0.75:1. The remaining sheet
stretch is computed from the incompressibility condition as
Ay = 1/[4;4,] < 1 and all shear strains vanish. We further
assume a zero stress condition throughout the sample thick-
ness, such that the condition o, = 0 holds. For the hydrostatic
pressure p in (10), we obtain

1 oy 1 oy
=21V s
Pt l,12+ ]()12 3)

The nonzero normal stresses take the following form:

oy

o = 23—"’[/12 - ,12]+2a—12[ /1_2] 2
+ 222 al* Y1 -2k f;+ :;f n_, -,
= 267"’[,12 - 25y -2
+ 22 _;]—Z(l — 2k,) + %Kf_ :

In Egs. (12) and (14), the free energy derivatives with
respect to the eight invariants depend on the network weights
(Martonova et al. 2024), which we learn during neural net-
work training.

2.4 Neural network training

Using the explicit formulations for all Cauchy stress com-
ponents, we train the network by optimizing a loss func-
tion L (see Eq. (15)), which penalizes the mean squared
error in the L,-norm between the modeled Cauchy stress
o(F;,w) and the measured Cauchy stress 6;, divided by the
total number of data points ny,,. Equation (9) suggests that
we can replace w; | and w; , by their product w; ;w; , for all
odd-indexed weights i = 2n + 1,n > 0. This reduces the total
number of non-negative trainable weights from 64 to 48,
w = {W Wy, Wi, Wyg, .., W30, Wano} 2 0. The first-
layer weights w ; are unit-less parameters, and the second-
layer weights w, ;have units of the stiffness. To promote model
sparsity and enhance model interpretability, we add a L,-regu-
larization term « || w ||, to our loss function (McCulloch et al.
2023), leading to
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Mgata

D o, w)— 6,13

data ;=]

Lw;F) =

as)

48
+a2|wi|—> min .
i=1

In the following, we set the regularization parameter
a = 0.01, as proposed in recent studies (Martonova et al.
2024; Vervenne et al. 2025). To minimize the loss func-
tion in Eq. (15), we use the adaptive first-order gradient-
based optimizer Adam (Kingma and Ba 2014). The network
is trained for up to 30 000 epochs with a batch size of 32.
We implement early stopping criterion if accuracy does not
improve for 1 000 consecutive epochs. To mitigate the risk
of convergence to local minima, we initialize the network
weights randomly. Specifically, we use the Glorot normal
initializer for layers with identity functions, and a random
uniform initializer for layers with exponential functions,
assigning non-negative weights with a maximum value of
0.1. We quantify model performance using the coefficient
of determination R2, both individually for each individual
experiment and combined across all experiments. Based on
the finding in (Martonova et al. 2024) that training with only
biaxial experimental data or with only triaxial shear data is
not sufficient, we train our network on all available datasets.
However, we note that excluding either a particular biaxial
experiment or a particular triaxial shear experiment does not
significantly influence the presented results.

3 Results and discussion

To systematically investigate the influence of the input and
output noise, we perform the following learning scenarios:

e we vary the amount of the Gaussian noise added
the experimental data according to Eq. (8), and we
assume perfect fiber, sheet and normal alignment
(ky =k =k, =0),

e we add 3% Gaussian noise to the experimental data and
vary the dispersion in the fiber direction (k; # 0); we
assume perfect alignment in sheet and normal directions
(k, = &, = 0),

e we add 3% Gaussian noise to the experimental data, and
we vary the dispersion in the sheet and normal direc-
tions (x, = k,, # 0); we assume perfect alignment in fiber
direction (x; = 0),

¢ we add 3% Gaussian noise to the experimental data, and
we vary the dispersion in the fiber, sheet and normal
directions (k; = k, = k,, > 0),

e we add 3% Gaussian noise to the experimental data and
treat ky, K, k;, > O as trainable parameters,

e we train the network without dispersion (k, ki, k,, = 0) with
simulated data obtained with varying dispersions in the fiber,
sheet, and normal directions (k; = k, = k,, > 0).

The network robustly discovers four-term models,
even with aleatoric noise on the experimental data. The
robustness of our model discovery process is demonstrated
by its insensitivity to the introduced random noise according
to Eq. (8). As shown in Fig. 4, up to the data perturbations of
7% random Gaussian noise, our constitutive neural network
consistently identifies similar four-term models and eight
key parameters, with only minor variations. At the chosen
regularization level of @ = 0.01, the anisotropic invariants
I3, = Lyg, I} = Ly, I contribute with an exponential quad-
ratic term to the free energy y and are highlighted in orange,
yellow, turquoise, and blue in Fig. 4. For the isotropic second
invariant 7,, the contributing terms are quadratic for noise
levels less or equal to 3% and equal to 10%, whereas they
are exponential quadratic for levels of noise equal to 5% and
7%. Notably, the data noise of 10% activates an additional
invariant Ij = I,,. Interestingly, this term is also present
in the classical Holzapfel Ogden model for cardiac tissue
(Holzapfel and Ogden 2009).

The network robustly discovers four-term models,
even with dispersion in sheet and normal directions. As
highlighted in Fig. 5 left, for all variations in the dispersion
parameters k, and k,, we recover four-term models which
depend on the four invariants 7,, I:f, IIn and Iy, Except for
the second invariant I, with the levels of dispersion
Kk, =k, € {0,1/15,1/5} and the eight invariant /g, with
K, = k, = 1/15, both contributing quadratically in the free
energy function (9), the active terms are exponential quad-
ratic. The plot in Fig. 5 right indicates that, with increasing

Noos | Moos | Moor | Moq | ™= 07 Ll 2
. exp((:-3)) exp(ll,-1])
- (307 [l4,-112
mm exp([1-3]2) expl[la,-112)
I I - (3] U]
mm exe(l1-3])) exp(llg )
- 032 )
exp([l;-3]2) m exp([lg:, 1)
[1s-1] US|
exp(lly-1]) o exp(llern )
[1s-112 UG
E EI D exp(ll-11%) m exp(llgn 1?)
[1s-1] - ]
exp((l;;-1]) | exp([ls., )
[1s-1]2 - )

exp(lly,-1]2) W exp(lls, 1?)

Fig.4 Model discovery for human myocardium with varying Gauss-
ian noise. Active invariants for varying amount of Gaussian noise,
0%, 3%, 5%, 7%, 10%, added to the measured stress components
according to Eq. (8); color-coded blocks represent the contributions
of the particular active term out of four possible terms, depending on
one of the eight possible invariants given in the first column
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1/15 |2/15 | 1/5 | 4/15 | 1/3

Fig.5 Model discovery for human myocardium with varying amount
of dispersion in sheet and normal directions. Left: active invariants
for varying amount of dispersion in sheet and normal directions,
Kk, =k, € {0,1/15,2/15,1/5,4/15,1/3}, k; = 0; color-coded blocks
represent the contributions of the particular active term out of four
possible terms, depending on one of the eight possible invariants
given in the first column. Right: network weight values in Eq. (9)

dispersion, the stiffness in the normal direction, quantified
by the product of the network weights wy 54 W, 59, increases.
This is reasonable, since a dispersed normal direction will
result in reduced contributions to the strain energy in the
fn-plane during biaxial extension and in the fn- and sn-
planes during shear testing. Interestingly, as suggested by
the last row in Table 1, the mean goodness of fit slightly
improves, from R?=0.890 for x;=x,=x,=0 to
R? = 0.922 for k, = k,, = 4/15. Strikingly, when «, and «,,
are close to 1/3, the dispersed invariants I; and [; given in
(7) reduce to scalar multiples of /;. As a result, the final
strain energy function simplifies to one that depends almost
entirely on /, and the primary fiber invariant /,;, eliminating
any functional role for dispersion. This aligns closely with
transversely isotropic models (Guccione, McCulloch, and
Waldman 1991; Holzapfel and Ogden 2009; Gasser et al.
2006; Costa, Hunter, and McCulloch 1996).

Model discovery is robust against small to moderate
dispersions in fiber direction. Figures 6 and 7 showcase
that, for dispersion up to k; = 1/5 with perfectly aligned
sheet and normal directions and for the dispersion up to
Ky = k, = k,, = 2/15, we recover four-term models which
depend on the four invariants I, I}, I} and Ig;,. The acti-
vated terms are predominantly quadratic and exponential
quadratic, highlighting the high nonlinear material response.
Notably, as shown in Tables 2 and 3 and Figs. 6 and 7 right,
the weights scaling the linear terms depending on the eight
invariant Ig; are relatively small. With a higher regulariza-
tion parameter @, they would possibly be deactivated. High
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that scale the contributions to the discovered free energy function y.
The horizontal axis includes different values of dispersion; the verti-
cal axis displays the sum of the products over the activated network
weights according to Z?Z; wy wy,» Where j=1,2,4,5 correspond to
the terms depending on /, denoted by orange, I, denoted by yellow,
1,, denoted by green and /g, denoted by blue, respectively

dispersions in fiber direction (k; > 1/5) induce model spar-
sity and reduces the goodness of fit. With increasing disper-
sion in fiber direction, we observe an increasing stiffness of
the fiber, measured by the product w, |, w, 1,, suggested by
the yellow curve in Figs. 6 and 7 right. This nearly exponen-
tial increase can be explained by the softening effect of fiber
dispersion (Melnik et al. 2018). In the extreme case of fully
dispersed fibers (k¢ = 1/3), the fiber contribution is spread
out over the entire three-dimensional sphere as visualized in
Fig. 3 right. Figures 8 and 9 depict the individual contribu-
tions of specific model terms to the modeled stress compo-
nents. It is obvious that the assumed dispersion in fiber and
sheet directions activates the invariant /; in the modeled
fiber stress oy, see second row in the respective figures.
Analogously, the invariant /j, is activated when modeling
the normal stress o,,,,, see third row in the respective figures.
For the full dispersion k; = k = k,, both invariants, /;;, and
I} . contribute to the overall stress equally resulting in the
equal modeled stresses o = o,,,. We note that rescaling the
stress axis in the second and third rows in Fig. 9 would result
in the equal plots rows two and three. However, this equality
does not correspond to the experimental data, which is as
well reflected by the low R? = 0.722 given in Table 3.
Across all dispersion settings, the network con-
sistently discovers models depending on the second
invariant. Interestingly, all discovered models for all lev-
els of dispersion incorporate the second invariant rather
than the first. As shown in Tables 1, 2 and 3, except for
the full dispersion in the fiber direction, the discovered
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Fig.6 Model discovery for human myocardium with vary-
ing amount of dispersion in fiber direction. Left: active invari-
ants for varying amount of dispersion in fiber directions,
ky € {0,1/15,2/15,1/5,4/15,1/3}, kx, = k,, = 0; color-coded blocks
represent the contributions of the particular active term out of four
possible terms, depending on one of the eight possible invariants
given in the first column. Right: network weight values in Eq. (9)

0o |1/15 |2/15 | 1/5 | 4/15 | 1/3

-
-
-
-
-
-
—
v

Fig.7 Model discovery for human myocardium with varying amount
of dispersion in fiber, sheet, and normal directions. Left: active invar-
iants for varying amount of dispersion in fiber, sheet, and normal
directions, k; =k, = k, € {0,1/15,2/15,1/5,4/15,1/3}; color-
coded blocks represent the contributions of the particular active term
out of four possible terms, depending on one of the eight possible
invariants given in the first column. Right: network weight values in

models rely exclusively on the quadratic term in the sec-
ond invariant /,. As visualized in Figs. 5, 6 and 7, the
product of the discovered weights w, ; w, ; for the solely
quadratic term and wy gw, ¢ for the quadratic exponen-
tial term changes only minimally, with its minimum of
4.63 kPa for x, = x, = 4/15 and maximum of 5.58 kPa
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Eq. (9) that scale the contributions to the discovered free energy func-
tion y. The horizontal axis includes different values of dispersion;
the vertical axis displays the sum of the products over the activated

network weights according to Z?Q; w Wy, Where j=1, 2,4,5 cor-

respond to the terms depending on /, denoted by orange, I,; denoted
by yellow, 1, denoted by green and /g, denoted by blue, respectively

Ky = k, = k, = 1 /5. This selective preference is visually
corroborated in Figs. 8 and 9, where the color-coded stress
terms are dominated by orange contributions from the sec-
ond invariant /,. The dominance of the second invariant
contrasts with the commonly used models that depend
solely on the first invariant (Treloar 1948; Demiray 1976;
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Fig.8 Human myocardial tissue data from triaxial shear and biaxial
extension tests and the discovered model incorporating small disper-
sion in fiber, sheet, and normal directions. First row displays Cauchy
stress components as functions of shear strains during triaxial shear
tests; second and third rows display stretches during biaxial extension
tests in fiber and normal directions, respectively. Experimental data
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from (Sommer et al. 2015), illustrated with dots, are used for train-
ing the network from Fig. 2 with dispersions in fiber, sheet, and nor-
mal direction k; = k, = k,, = 1/15. Color-coded areas indicate the
activated terms, out of 32 possible terms displayed in the legend, that
contribute to the stress components derived from the discovered free
energy function y according to Eq. (10)
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Fig. 9 Human myocardial tissue data from triaxial shear and biaxial
extension tests and the discovered model incorporating full disper-
sion in fiber, sheet, and normal directions. First row displays Cauchy
stress components as functions of shear strains during triaxial shear
tests; second and third rows display stretches during biaxial exten-
sion tests in fiber and normal directions, respectively. Experimental

Lanir 1983; Holzapfel and Ogden 2009; Budday et al.
2017; Guan et al. 2019), but it aligns well with a few previ-
ous models (Weiss et al. 1996; Horgan and Smayda 2012)
and with recently discovered models (Kuhl and Goriely
2024; Linka and Kuhl 2024; Martonova et al. 2024; Ver-
venne et al. 2025) for soft biological tissues. Notably,
while /, is quadratic in the principal stretches, I, is quartic,
thereby providing a more sensitive measure of nonlinearity
in finite strain regimes (Kuhl and Goriely 2024).
Discovering of the most suitable dispersion param-
eter set. Treating ¢, k,, and k,, as non-negative trainable

@ Springer

data from (Sommer et al. 2015), illustrated with dots, are used for
training the network from Fig. 2 with dispersions in fiber, sheet, and
normal direction k; = &, = k,, = 1/3. Color-coded areas indicate the
activated terms, out of 32 possible terms displayed in the legend, that
contribute to the stress components derived from the discovered free
energy function y according to Eq. (10)

parameters, we obtain a lower bound for fiber dispersion,
ie., k=0, k, = 0.154, and x,, = 0.321. This result aligns
with our previous observation that improved goodness of
fit is achieved for small to moderate dispersions in the
fiber direction (x; < 2/15) and arbitrary dispersions in the
sheet and normal directions. For comparison, calibrating
the Holzapfel Ogden model with dispersed invariants I},
and I, a study reports dispersion parameters k¢ = 0.00765
and x, = 0.0249 (Eriksson et al. 2013), also suggesting
that only small dispersions in the fiber direction are con-
sistent with experimental data. However, using this set of
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Table1 Discovered material parameters for human myocar-
dial tissue for varying amount of sheet and normal disper-
sions. Interpretable network weights for simultaneous training
with six shear and five biaxial tests with a regularization param-

eter a =0.01 for six different pairs of dispersion parameters
K, =k, € {0,1/15,2/15,1/5,4/15,1/3}, k; = 0; mean goodness of
fit R

Network weights Model term K, = K,

wy. =], wo [kPa]  [-] 0 1/15 2/15 1/5 4/15 1/3

Wig Wy [, - 3717 5.153 5.108 - 5.144 - -

Wigs Wag exp([l, — 31%) - 1.075, 4.520 - - 1.215, 3.813 1.401, 2.572
Wi 12:Wa 12 exp(lfy, — 11%)  21.062,0.081  23.844,0.063  23.331,0.065  23.925,0.059  24.687,0.055  24.214,0.055
W120, W2.20 exp([I; —11%)  4.132,0.340 4.683, 0.380 3.565, 0.705 2.598, 1.358 2.759,2.228 4.044,4.202
W23 Wan3 e, )* - 0.257 - - - -

Wi04>Woo4 exp([lge1%) 0.511, 0.485 - 0.517,0.532 0.537,0.514 0.605, 0.607 1.696, 0.351
R? 0.890 0.898 0.905 0.914 0.922 0.920

Table 2 Discovered material parameters for human myocardial tissue
for varying amount of fiber dispersion. Interpretable network weights
for simultaneous training with six shear and five biaxial tests with a

regularization parameter @ = 0.01 for six different dispersion param-
eters k; € {0,1/15,2/15,1/5,4/15,1/3}, k, = k,, = 0; mean good-
ness of fit R

Network weights Model term K¢

wy. [=], wy, [kPa] [-] 0 1/15 2/15 1/5 4/15 1/3

Wier Wae exp[l; — 3] - - - - - 0.629, 0.721
Wig Wyg [, - 31? 5.153 5.121 5.290 5.527 5.308 3.080

Wi 12:Wa 10 exp(ll}; — 1) 21.062,0.081 25.558,0.105 24.893,0.199  23.176, 0.406 14.619, 1.438 5.059,9.141
Wii9 © Wag i, - 117 - - - 0.608 - -

Wi 205 W20 exp(ll;, — 1»)  4.132,0.340 5.517,0.214 5.644,0.161 - - -

Wia1 - W2l [Lg¢] - - 0.104 0.035 - -

Wio3® Wan3 [ges 1P - 0.222 - _ _ _

W4 Woog exp([Ig,1%) 0.511, 0.485 - - - _ _

R2 0.890 0.905 0.904 0.885 0.852 0.720

Table 3 Discovered material parameters for human myocardial tis-
sue for varying amount of fiber, sheet and normal dispersions.
Interpretable network weights for simultaneous training with six

shear and five biaxial tests with a regularization parameter a = 0.01
for six different triples of dispersion parameters x; =k, =k, €
{0,1/15,2/15,1/5,4/15,1/3}; mean goodness of fit R?

network weights model term Kp = Ky = Kp

wy. [=], w,, [kPa] [-] 0 1/15 2/15 1/5 4/15 1/3

Wie» Wag expll; = 3] - - - - - 0.642, 0.740
Wig* Wy [, - 3717 5.153 - - 5.579 5.303 3.026

Wig, Wag exp([l, — 31%) - 1.112,4 4333 1.222,4.179 - - -

Wi 12:Wa 12 exp(ll;, — 11  21.062,0.081  25.315,0.105  25.442,0.187  24.149,0.370  14.439,1.459  5.359, 8.582
Wit9* Wa 9 i, -1 - - 1.755 - - _

W1 205 W20 exp(ll;, — 1) 4.132,0.340 5.532,0.286 - 1.393, 1.030 - -

Wio3© Wan3 g1 - 0.270 - - _ _

Wi 245 W04 exp([lge]%) 0.511, 0.485 - - - - -

R? 0.890 0.910 0.904 0.888 0.854 0.722

dispersion parameters for our model discovery, we recover
the same four-term model depending on the invariants

1, Ij;f, Ijn, and Ig;,. The corresponding goodness of fit,

R? = (.896, increases slightly compared to the non-dis-
persed network (R? = 0.890), but remains lower than for
some particular settings of k;, i € f,s,n (see Tables 1, 3,
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and 2). In particular, the most suitable dispersion param-
eter set mentioned above yields the highest R?> = 0.925.
Taken together, these findings show that the discovered
dispersion parameters reflect known aspects of myocar-
dial microstructure. The model consistently identifies
either perfect alignment or minimal dispersion in the fiber
direction, consistent with the highly organized structure
of cardiomyocytes. In contrast, moderate to high disper-
sion in the sheet and normal directions corresponds to the
more variable organization of myocardial sheetlets. While
assuming perfect fiber alignment can be a useful simplifi-
cation, experimental studies consistently report small but
nonzero fiber dispersion. For instance, diffusion tensor
imaging and histological analyses reveal angular disper-
sions between 5° and 15°, depending on transmural loca-
tion and species (Scollan et al. 2000; Pashakhanloo et al.
2016). Thus, using the discovered four-term model with a
small amount of dispersion in all three directions offers a
favorable balance between physiological plausibility and
model performance. These results suggest that the model
implicitly captures structural anisotropy without requir-
ing explicit microstructural input, potentially motivating
targeted experiments such as diffusion tensor imaging or
three-dimensional histological analysis to better quantify
dispersion, particularly in the sheet and normal directions.

Neural network without dispersion can accurately
approximate a model with small dispersion. Table 4
summarizes the discovered material parameters from train-
ing our constitutive neural network visualized in Fig. 2
without dispersion, (k; = k, = k, = 0) on simulated data
that are generated with varying levels of fiber, sheet,
and normal dispersions. In particular, for a small disper-
sion level k; = k, = k, = 1/15, the network accurately

Table 4 Discovered material parameters for human myocardial tissue
trained on simulated data with fiber, sheet and normal dispersions.
Interpretable network weights for simultaneous training with simu-
lated data using models with fiber, sheet and normal dispersion for

approximates the data and rediscovers a four-term model
from the previous study (Martonova et al. 2024) with high
precision (R? = 0.998). This indicates that a dispersion-
free model may be sufficient in regimes with small dis-
persion, underscoring the robustness of automated model
discovery. However, as the degree of dispersion increases,
the network identifies different sets of active terms, sug-
gesting that dispersion significantly influences the underly-
ing mechanics. This highlights the importance of incorpo-
rating formulations with dispersion when modeling highly
heterogeneous materials.

Limitations and outlook. First, our current model
assumes full incompressibility, which may not fully repre-
sent the mechanical behavior of myocardial tissue that exhib-
its slight compressibility (Bonnemains et al. 2018; Avaz-
mohammadi et al. 2020). Future research could explore a
nearly incompressible formulation by incorporating an addi-
tional trainable parameter representing the bulk modulus.
Second, fiber dispersion is represented exclusively through
the fourth invariant, which may limit the model’s ability
to capture more complex anisotropic effects. Although we
lack of experimental data regarding the dispersion in the
coupling invariants, future modification of the coupling
invariants is possible (Melnik et al. 2018). Third, our train-
ing was conducted on a limited dataset. Efforts to obtain
or simulate broader datasets for human myocardium would
improve the robustness of model discovery. While the data-
set could potentially be enriched with more recent experi-
mental data obtained from animal models (Li et al. 2021;
Ahmad et al. 2022; Kakaletsis et al. 2023), further investi-
gation is needed to assess the extent to which such data can
be reliably translated to human cardiac models (Martonova
et al. 2021). Lastly, the model focuses exclusively on passive

six shear and five biaxial experiments. For the training, neural net-
work from Fig. 2 with k; = k, = k,, = 0 and regularization parameter
a = 0.01is utilized; mean goodness of fit R?

Network weights Model term Dispersion in simulated training data k; = k, = K,

wi. [=], wy, [kPa] (-] 0 1/15 2/15 1/5 4/15 1/3

Wis: Wos [, = 3] - - - - - 0.570

Wigs Woe expll, — 3] - - - 0.517,0.504  —

Wiz Wag (=3P - - - 0.066 5.700 2.688

Wig Wag exp([l, — 31%) 1.864,2.575 2.440, 1.901 1.847,2.749 - - -

Wi10> W210 exp([ly — 11) - - - - - 0.249, 0.246
Wi 12:Wa 12 exp([Ly — 11%) 18.758, 0.101 23.695, 0.120 11.105,0.214  2.578,1.086  6.144,0.809  4.089,11.188
Wi18:W2,18 exp([fy, — 1) - - 0.136, 0.136 B 0.303,0.303 -

Wit ® W9 [L, — 117 - = 1.480 1.064 0.040 -

Wi 205 W2.20 exp([ly, — 11%) 1.494, 1.026 1.996, 0.885 - - - -
Wi04>Woo4 exp([lgs]1») 0.497, 0.485 0.496, 0.472 0.517, 0.460 B 0.980, 0.341 -

R? 0.999 0.998 0.981 0.918 0.899 0.997
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mechanical behavior, without explicit distinction between
active and passive responses or consideration of biochemical
feedback mechanisms. Future work can address the inclu-
sion of active mechanical responses, crosslink dynamics,
and reaction-diffusion processes (Goktepe and Kuhl 2010;
Gizzi et al. 2017, Pandolfi et al. 2016, 2017a, b).

4 Conclusion

In this work, we investigated the effects of fiber, sheet, and
normal dispersions and random noise on the measured
data in passive material model discovery using an ortho-
tropic perfectly incompressible constitutive neural network
for human myocardium. Overall, despite the non-convex
nature of the minimization problem, our approach consist-
ently identifies similar material models. This result under-
scores the robustness and reliability of the automated model
discovery. Added random noise up to 3% has no influence
on the discovered model. Up to a moderate dispersion in
the fiber direction (0 < x; < 2/15), an arbitrary dispersion
in the sheet and normal directions (x, = k, > 0) with per-
fectly aligned fibers (k; = 0), or a small equal dispersion
(k; = K, = k, = 1/15), all improve the goodness of fit and
recover our previously discovered four-term model, subject
to the isotropic invariant I,, the dispersed fourth invariants
I3, I, , and the coupling invariant Iy, in their quadratic or
quadratic exponential forms. Introducing a constitutive neu-
ral network that accounts for dispersion in three directions
enables us to account for the micro-structural architecture,
to discover the best dispersion parameters, and to interpret
model sensitivity with respect to the fiber, sheet, and normal
directions.

5 Supplementary information

Our source code, data, and examples are available at https://
github.com/LivingMatterLab/CANN.

Acknowledgements The authors acknowledge support from the
National Science Foundation (NSF) Grant CMMI 2320933 and the
European Research Council (ERC) Grant 101141626 DISCOVER.
Funded by the European Union. Views and opinions expressed are
however those of the authors only and do not necessarily reflect those
of the European Union or the European Research Council Executive
Agency. Neither the European Union nor the granting authority can be
held responsible for them.

Author Contributions D.M. involved in writing—original draft, writ-
ing—review & editing, visualization, validation, software, methodol-
ogy, investigation, formal analysis, data curation, conceptualization.
S.L. took part in writing—review & editing, supervision, formal analy-
sis. G.A.H. took part in writing—review & editing, formal analysis,
data curation, conceptualization. E.K. involved in writing—review &

editing, supervision, methodology, funding acquisition, conceptualiza-
tion, formal analysis.

Funding Open Access funding enabled and organized by Projekt
DEAL.

Data Availability No datasets were generated or analyzed during the
current study.

Declarations
Conflict of interest The authors declare no conflict of interest.

Open Access This article is licensed under a Creative Commons Attri-
bution 4.0 International License, which permits use, sharing, adapta-
tion, distribution and reproduction in any medium or format, as long
as you give appropriate credit to the original author(s) and the source,
provide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article are
included in the article’s Creative Commons licence, unless indicated
otherwise in a credit line to the material. If material is not included in
the article’s Creative Commons licence and your intended use is not
permitted by statutory regulation or exceeds the permitted use, you will
need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

References

Ahmad F, Prabhu R, Liao J, Soe S, Jones MD, Miller J, Berthelson P,
Enge D, Copeland KM, Shaabeth S, Johnston R, Maconochie I,
Theobald PS (2018) Biomechanical properties and microstruc-
ture of neonatal porcine ventricles. J Mech Behav Biomed Mater
88:1128. https://doi.org/10.1016/j.jmbbm.2018.07.038

Arvind K, Kannan K (2025) Switchless constitutive relation for arterial
tissues: eliminating all discontinuities in mechanical response.
Proc R Soc A 481(2285):20240634. https://doi.org/10.1098/rspa.
2024.0634

Avazmohammadi R, Soares JS, Li DS, Eperjesi T, Pilla J, Gorman
RC, Sacks MS (2020) On the in vivo systolic compressibility of
left ventricular free wall myocardium in the normal and infarcted
heart. J Biomech 107:109767. https://doi.org/10.1016/j.jbiomech.
2020.109767

Baillargeon B, Rebelo N, Fox DD, Taylor RL, Kuhl E (2014) The Liv-
ing Heart Project: a robust and integrative simulator for human
heart function. Eur J Mech A Solids 48:38—47. https://doi.org/10.
1016/j.euromechsol.2014.04.001

Bonnemains L, Guerard AS, Soulié P, Odille F, Felblinger J (2018)
Myocardial volume change during cardiac cycle derived from
three orthogonal systolic strains: towards a quality assessment of
strains. Acta Radiol 60:286-292. https://doi.org/10.1177/02841
85118783777

Britt DT, Ehret AE (2023) Constitutive modelling of fibre networks
with stretch distributions, Part II: alternative representation, aff-
ine distribution and anisotropy. ] Mech Phys Solids 175:105291.
https://doi.org/10.1016/j.jmps.2023.105291

Budday S, Sommer G, Birkl C, Langkammer C, Haybaeck J, Kohnert
J, Bauer M, Paulsen F, Steinmann P, Kuhl E, Holzapfel GA (2017)
Mechanical characterization of human brain tissue. Acta Biomater
48:319-340. https://doi.org/10.1016/j.actbio.2016.10.036

Costa KD, Hunter PJ, Wayne JS, Waldman LK, Guccione JM, McCull-
och AD (1996) A three-dimensional finite element method for
large elastic deformations of ventricular myocardium: II-Prolate

@ Springer


https://github.com/LivingMatterLab/CANN
https://github.com/LivingMatterLab/CANN
http://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1016/j.jmbbm.2018.07.038
https://doi.org/10.1098/rspa.2024.0634
https://doi.org/10.1098/rspa.2024.0634
https://doi.org/10.1016/j.jbiomech.2020.109767
https://doi.org/10.1016/j.jbiomech.2020.109767
https://doi.org/10.1016/j.euromechsol.2014.04.001
https://doi.org/10.1016/j.euromechsol.2014.04.001
https://doi.org/10.1177/0284185118783777
https://doi.org/10.1177/0284185118783777
https://doi.org/10.1016/j.jmps.2023.105291
https://doi.org/10.1016/j.actbio.2016.10.036

2036

D. Martonova et al.

spheroidal coordinates. J Biomech Eng 118(4):464—472. https://
doi.org/10.1115/1.2796032

Demiray H (1976) Stresses in ventricular wall. J Appl Mech 43(2):194—
197. https://doi.org/10.1115/1.3423806

Driessen NJB, Bouten CVC, Baaijens FPT (2005) A structural consti-
tutive model for collagenous cardiovascular tissues incorporating
the angular fiber distribution. J Biomech Eng 127(3):494. https://
doi.org/10.1115/1.1894373

Eriksson TSE, Prassl AJ, Plank G, Holzapfel GA (2013) Modeling
the dispersion in electromechanically coupled myocardium. Int J
Numer Methods Biomed Eng 29(11):1267-1284. https://doi.org/
10.1002/cnm.2575

Fisher NI, Lewis T, Embleton BJJ (1987) Statistical analysis of spheri-
cal data. Cambridge University Press, Cambridge. https://doi.org/
10.1017/CB0O9780511623059

Gasser TC, Ogden RW, Holzapfel GA (2006) Hyperelastic modelling
of arterial layers with distributed collagen fibre orientations. J R
Soc Interface 3(6):15-35. https://doi.org/10.1098/rsif.2005.0073

Gizzi A, Pandolfi A, Vasta M (2017) A generalized statistical approach
for modeling fiber-reinforced materials. J Eng Math 109(1): 211-
226. https://doi.org/10.1007/s10665-017-9943-5

Goktepe S, Kuhl E (2010) Electromechanics of the heart: a unified
approach to the strongly coupled excitation-contraction prob-
lem. Comput Mech 45(2-3):227-243. https://doi.org/10.1007/
$00466-009-0434-z

Guan D, Ahmad F, Theobald P, Soe S, Luo X, Gao H (2019) On the
AIC-based model reduction for the general Holzapfel-Ogden
myocardial constitutive law. Biomech Model Mechanobiol
18(4):1213-1232. https://doi.org/10.1007/s10237-019-01140-6

Guan D, Mei Y, Xu L, Cai L, Luo X, Gao H (2022) Effects of dis-
persed fibres in myocardial mechanics, Part I: passive response.
Math Biosci Eng 19(4):3972-3993. https://doi.org/10.3934/mbe.
2022183

Guccione JM, McCulloch AD, Waldman LK (1991) Passive material
properties of intact ventricular myocardium determined from a
cylindrical model. J Biomech Eng 113(1):42-55. https://doi.org/
10.1115/1.2894085

Gurtin ME (1981) An introduction to continuum mechanics. Academic
Press, New York

Holthusen S, Lamm L, Brepols T, Reese S, Kuhl E (2024) Theory and
implementation of inelastic constitutive artificial neural networks.
Comput Methods Appl Mech Eng 428:117063. https://doi.org/10.
1016/j.cma.2024.117063

Holz D, Martonova D, Schaller E, Duong MT, Alkassar M, Weyand
M, Leyendecker S (2023) Transmural fibre orientations based on
Laplace-Dirichlet-Rule-Based-Methods and their influence on
human heart simulations. J Biomech. https://doi.org/10.1016/j.
jbiomech.2023.111643

Holzapfel GA (2000) Nonlinear solid mechanics. A continuum
approach for engineering. Wiley, Hoboken

Holzapfel GA, Gasser TC, Ogden RW (2000) A new constitutive
framework for arterial wall mechanics and a comparative study
of material models. J Elast Phys Sci Solids 61(1-3):1-48. https://
doi.org/10.1023/A:1010835316564

Holzapfel GA, Ogden RW (2009) Constitutive modelling of pas-
sive myocardium: a structurally based framework for mate-
rial characterization. Philos Trans R Soc A Math Phys Eng Sci
367(1902):3445-3475. https://doi.org/10.1098/rsta.2009.0091

Holzapfel GA, Niestrawska JA, Ogden RW, Reinisch AJ, Schriefl AJ
(2015) Modelling non-symmetric collagen fibre dispersion in arte-
rial walls. J R Soc Interface 12(106):20150188. https://doi.org/10.
1098/rsif.2015.0188

Holzapfel GA, Ogden RW (2015) On the tension-compression switch
in soft fibrous solids. Eur J Mech A/Solids 49:561-569. https://
doi.org/10.1016/j.euromechsol.2014.09.005

@ Springer

Holzapfel GA, Ogden RW, Sherifova S (2019) On fibre dispersion
modelling of soft biological tissues: a review. Proc R Soc Lond
Ser A Math Phys Sci 475:20180736. https://doi.org/10.1098/rspa.
2018.0736

Holzapfel GA, Ogden RW (2017) Comparison of two model frame-
works for fiber dispersion in the elasticity of soft biological tis-
sues. Eur ] Mech A/Solids 66:193-200. https://doi.org/10.1016/j.
euromechsol.2017.07.005

Horgan CO, Smayda MG (2012) The importance of the second strain
invariant in the constitutive modeling of elastomers and soft bio-
materials. Mech Mater 51:43-52. https://doi.org/10.1016/j.mechm
at.2012.03.007

Kakaletsis S, Meador WD, Mathur M, Sugerman GP, Jazwiec T,
Malinowski M, Lejeune E, Timek TA, Rausch MK (2021) Right
ventricular myocardial mechanics: multi-modal deformation,
microstructure, modeling, and comparison to the left ventricle.
Acta Biomater 123:154-166. https://doi.org/10.1016/j.actbio.
2020.12.006

Katz AM (2010) Physiology of the Heart. Lippincott Williams &
Wilkins, Philadelphia

Kingma D, Ba J (2014) Adam: a method for stochastic optimization.
arXiv: 1412.6980

Kuhl E, Goriely A (2024) I too @ 12: a new class of hyperelastic
isotropic incompressible models based solely on the second
invariant. J Mech Phys Solids 188:105670. https://doi.org/10.
1016/j.jmps.2024.105670

Lanir Y (1983) Constitutive equations for fibrous connective tissues.
J Biomech 16(1):1-12. https://doi.org/10.1016/0021-9290(83)
90041-6

LeGrice 1J, Smaill BH, Chai LZ, Edgar SG, Gavin JB, Hunter PJ
(1995) Laminar structure of the heart: ventricular myocyte
arrangement and connective tissue architecture in the dog. Am
J Physiol-Heart Circul Physiol 269(2):H571-H582. https://doi.
org/10.1152/ajpheart.1995.269.2. H571

Latorre M, Montans FJ (2016) On the tension-compression switch
of the Gasser—Ogden—Holzapfel model: Analysis and a new
pre-integrated proposal 57:175-189. https://doi.org/10.1016/j.
jmbbm.2015.11.018

Li DS, Avazmohammadi R, Merchant SS, Kawamura T, Hsu EW,
Gorman JH III, Gorman RC, Sacks MS (2020) Insights into
the passive mechanical behavior of left ventricular myocardium
using a robust constitutive model based on full 3D kinematics.
J Mech Behav Biomed Mater 103:103508. https://doi.org/10.
1016/j.jmbbm.2019.103508

Linka K, Hillgédrtner M, Abdolazizi KP, Aydin RC, Itskov M, Cyron
CJ (2021) Constitutive artificial neural networks: a fast and gen-
eral approach to predictive data-driven constitutive modeling by
deep learning. J] Comput Phys 429:110010. https://doi.org/10.
1016/j.jcp.2020.110010

Linka K, Kuhl E (2023) A new family of constitutive artificial neural
networks towards automated model discovery. Comput Meth-
ods Appl Mech Eng 403:115731. https://doi.org/10.1016/j.cma.
2022.115731

Linka K, St-Pierre SR, Kuhl E (2023) Automated model discovery
for human brain using Constitutive Artificial Neural Networks.
Acta Biomater 160:134-151. https://doi.org/10.1016/j.actbio.
2023.01.055

Linka K, Buganza Tepole A, Holzapfel GA, Kuhl E (2023) Auto-
mated model discovery for skin: discovering the best model,
data, and experiment. Comput Methods Appl Mech Eng
410:116007. https://doi.org/10.1016/j.cma.2023.116007

Linka K, Kuhl E (2024) Best-in-class modeling: a novel strategy to
discover constitutive models for soft matter systems. Extr Mech
Lett 70:102181. https://doi.org/10.1016/j.em1.2024.102181

Martonova D, Alkassar M, Seufert J, Holz D, Duong MT, Reis-
chl B, Friedrich O, Leyendecker S (2021) Passive mechanical


https://doi.org/10.1115/1.2796032
https://doi.org/10.1115/1.2796032
https://doi.org/10.1115/1.3423806
https://doi.org/10.1115/1.1894373
https://doi.org/10.1115/1.1894373
https://doi.org/10.1002/cnm.2575
https://doi.org/10.1002/cnm.2575
https://doi.org/10.1017/CBO9780511623059
https://doi.org/10.1017/CBO9780511623059
https://doi.org/10.1098/rsif.2005.0073
https://doi.org/10.1007/s10665-017-9943-5
https://doi.org/10.1007/s00466-009-0434-z
https://doi.org/10.1007/s00466-009-0434-z
https://doi.org/10.1007/s10237-019-01140-6
https://doi.org/10.3934/mbe.2022183
https://doi.org/10.3934/mbe.2022183
https://doi.org/10.1115/1.2894085
https://doi.org/10.1115/1.2894085
https://doi.org/10.1016/j.cma.2024.117063
https://doi.org/10.1016/j.cma.2024.117063
https://doi.org/10.1016/j.jbiomech.2023.111643
https://doi.org/10.1016/j.jbiomech.2023.111643
https://doi.org/10.1023/A:1010835316564
https://doi.org/10.1023/A:1010835316564
https://doi.org/10.1098/rsta.2009.0091
https://doi.org/10.1098/rsif.2015.0188
https://doi.org/10.1098/rsif.2015.0188
https://doi.org/10.1016/j.euromechsol.2014.09.005
https://doi.org/10.1016/j.euromechsol.2014.09.005
https://doi.org/10.1098/rspa.2018.0736
https://doi.org/10.1098/rspa.2018.0736
https://doi.org/10.1016/j.euromechsol.2017.07.005
https://doi.org/10.1016/j.euromechsol.2017.07.005
https://doi.org/10.1016/j.mechmat.2012.03.007
https://doi.org/10.1016/j.mechmat.2012.03.007
https://doi.org/10.1016/j.actbio.2020.12.006
https://doi.org/10.1016/j.actbio.2020.12.006
http://arxiv.org/abs/1412.6980
https://doi.org/10.1016/j.jmps.2024.105670
https://doi.org/10.1016/j.jmps.2024.105670
https://doi.org/10.1016/0021-9290(83)90041-6
https://doi.org/10.1016/0021-9290(83)90041-6
https://doi.org/10.1152/ajpheart.1995.269.2.H571
https://doi.org/10.1152/ajpheart.1995.269.2.H571
https://doi.org/10.1016/j.jmbbm.2015.11.018
https://doi.org/10.1016/j.jmbbm.2015.11.018
https://doi.org/10.1016/j.jmbbm.2019.103508
https://doi.org/10.1016/j.jmbbm.2019.103508
https://doi.org/10.1016/j.jcp.2020.110010
https://doi.org/10.1016/j.jcp.2020.110010
https://doi.org/10.1016/j.cma.2022.115731
https://doi.org/10.1016/j.cma.2022.115731
https://doi.org/10.1016/j.actbio.2023.01.055
https://doi.org/10.1016/j.actbio.2023.01.055
https://doi.org/10.1016/j.cma.2023.116007
https://doi.org/10.1016/j.eml.2024.102181

Discovering dispersion: How robust is automated model discovery for human myocardial tissue? 2037

properties in healthy and infarcted rat left ventricle charac-
terised via a mixture model. ] Mech Behav Biomed Mater
119:104430. https://doi.org/10.1016/j.jmbbm.2021.104430

Martonova D, Holz D, Seufert J, Duong MT, Alkassar M, Ley-
endecker S (2022) Comparison of stress and stress-strain
approaches for the active contraction in a rat cardiac cycle
model. J Biomech 134:110980. https://doi.org/10.1016/j.jbiom
ech.2022.110980

Martonova D, Peirlinck M, Linka K, Holzapfel GA, Leyendecker
S, Kuhl E (2024) Automated model discovery for human car-
diac tissue: discovering the best model and parameters. Comput
Methods Appl Mech Eng 428:117078. https://doi.org/10.1016/j.
cma.2024.117078

McCulloch JA, Kuhl E (2024) Automated model discovery for tex-
tile structures: the unique mechanical signature of warp knitted
fabrics. Acta Biomater. https://doi.org/10.1016/j.actbio.2024.
09.051

McCulloch J, St. Pierre S, Linka K, Kuhl E (2024) On sparse regres-
sion, Lp-regularization and automated model discovery. Int J
Numer Meth Engng 125: €7481. https://doi.org/10.1002/nme.7481

Melnik AV, Luo X, Ogden RW (2018) A generalised structure tensor
model for the mixed invariant Ig. Int J Non-Linear Mech 107:137—
148. https://doi.org/10.1016/j.ijnonlinmec.2018.08.018

Niestrawska JA, Viertler C, Regitnig P, Cohnert TU, Sommer G,
Holzapfel GA (2016) Microstructure and mechanics of healthy
and aneurysmatic abdominal aortas: experimental analysis and
modelling. J R Soc Interface 13(124):20160620. https://doi.org/
10.1098/rsif.2016.0620

Pandolfi A, Gizzi A, Vasta M (2016) Coupled electro-mechanical mod-
els of fiber-distributed active tissues. J Biomech 49(6):841-849.
https://doi.org/10.1016/j.jbiomech.2016.01.038.

Pandolfi A, Gizzi A, Vasta M (2017) Visco-electro-elastic models
of fiber-distributed active tissues. Meccanica 52(14): 3399-
3415. https://doi.org/10.1007/s11012-017-0622-4

Pashakhanloo F, Herzka DA, Ashikaga H, Mori S, Gai N, Bluemke
DA, Trayanova NA, McVeigh ER (2016) Myofiber architecture
of the human atria as revealed by submillimeter diffusion tensor
imaging. Circulation Arrhythm Electrophysiol 9:¢004133. https://
doi.org/10.1161/CIRCEP.116.004133

Peirlinck M, Costabal FS, Yao J, Guccione JM, Tripathy S, Wang Y,
Ozturk D, Segars P, Morrison TM, Levine S, Kuhl E (2021) Preci-
sion medicine in human heart modeling: perspectives, challenges,
and opportunities. Biomech Model Mechanobiol 20(3):803-831.
https://doi.org/10.1007/s10237-021-01421-z

Peirlinck M, Linka K, Hurtado J, Holzapfel G, Kuhl E (2024) Democra-
tizing biomedical simulation through automated model discovery

and a universal material subroutine. Comput Mech. https://doi.
org/10.1007/s00466-024-02515-y

Sacks MS (2003) Incorporation of experimentally-derived fiber orien-
tation into a structural constitutive model for planar collagenous
tissues. J Biomech Eng 125(2):280. https://doi.org/10.1115/1.
1544508

Scollan DF, Holmes A, Zhang J, Winslow RL (2000) Reconstruction of
cardiac ventricular geometry and fiber orientation using magnetic
resonance imaging. Ann Biomed Eng 28:934-944. https://doi.org/
10.1114/1.1312188

Spencer AJM (1984) Continuum theory of the mechanics of fibre-
reinforced composites. Springer, Wien, pp 1-32

Sommer G, Schriefl AJ, Andrd M, Sacherer M, Viertler C, Wolinski H,
Holzapfel GA (2015) Biomechanical properties and microstruc-
ture of human ventricular myocardium. Acta Biomater 24:172—
192. https://doi.org/10.1016/j.actbio.2015.06.031

St Pierre SR, Linka K, Kuhl E (2023) Principal-stretch-based constitu-
tive neural networks autonomously discover a subclass of Ogden
models for human brain tissue. Brain Multiphys 4:100066. https://
doi.org/10.1016/j.brain.2023.100066

Streeter DD, Spotnitz HM, Patel DP, Ross J, Sonnenblick EH (1969)
Fiber orientation in the canine left ventricle during diastole and
systole. Circ Res 24(3):339-347. https://doi.org/10.1161/01.RES.
24.3.339

Treloar LRG (1948) Stresses and birefringence in rubber subjected to
general homogeneous strain. Proc Phys Soc 60(2):135. https://doi.
org/10.1088/0959-5309/60/2/303

Usyk TP, Mazhari R, McCulloch AD (2000) Effect of laminar ortho-
tropic myofiber architecture on regional stress and strain in the
canine left ventricle. J Elast Phys Sci Solids 61:143—164. https://
doi.org/10.1023/A:1010883920374

Vervenne T, Peirlinck M, Famaey N, Kuhl E (2025) Constitutive neu-
ral networks for main pulmonary arteries: discovering the undis-
covered. Biomech Model Mechanobiol. https://doi.org/10.1007/
$10237-025-01930-1

Weiss JA, Makerc BN, Govindjee S (1996) Finite element implemen-
tation of incompressible, transversely isotropic hyperelasticity.
Comput Methods Appl Mech Eng 135(1-2):107-128. https://doi.
org/10.1016/0045-7825(96)01035-3

Publisher's Note Springer Nature remains neutral with regard to
jurisdictional claims in published maps and institutional affiliations.

@ Springer


https://doi.org/10.1016/j.jmbbm.2021.104430
https://doi.org/10.1016/j.jbiomech.2022.110980
https://doi.org/10.1016/j.jbiomech.2022.110980
https://doi.org/10.1016/j.cma.2024.117078
https://doi.org/10.1016/j.cma.2024.117078
https://doi.org/10.1016/j.actbio.2024.09.051
https://doi.org/10.1016/j.actbio.2024.09.051
https://doi.org/10.1002/nme.7481
https://doi.org/10.1016/j.ijnonlinmec.2018.08.018
https://doi.org/10.1098/rsif.2016.0620
https://doi.org/10.1098/rsif.2016.0620
https://doi.org/10.1016/j.jbiomech.2016.01.038
https://doi.org/10.1007/s11012-017-0622-4
https://doi.org/10.1161/CIRCEP.116.004133
https://doi.org/10.1161/CIRCEP.116.004133
https://doi.org/10.1007/s10237-021-01421-z
https://doi.org/10.1007/s00466-024-02515-y
https://doi.org/10.1007/s00466-024-02515-y
https://doi.org/10.1115/1.1544508
https://doi.org/10.1115/1.1544508
https://doi.org/10.1114/1.1312188
https://doi.org/10.1114/1.1312188
https://doi.org/10.1016/j.actbio.2015.06.031
https://doi.org/10.1016/j.brain.2023.100066
https://doi.org/10.1016/j.brain.2023.100066
https://doi.org/10.1161/01.RES.24.3.339
https://doi.org/10.1161/01.RES.24.3.339
https://doi.org/10.1088/0959-5309/60/2/303
https://doi.org/10.1088/0959-5309/60/2/303
https://doi.org/10.1023/A:1010883920374
https://doi.org/10.1023/A:1010883920374
https://doi.org/10.1007/s10237-025-01930-1
https://doi.org/10.1007/s10237-025-01930-1
https://doi.org/10.1016/0045-7825(96)01035-3
https://doi.org/10.1016/0045-7825(96)01035-3

	Discovering dispersion: How robust is automated model discovery for human myocardial tissue?
	Abstract
	1 Introduction
	2 Methods
	2.1 Continuum model
	2.2 Material model discovery with constitutive neural networks
	2.2.1 Network input uncertainty—fiber dispersion
	2.2.2 Network output uncertainty—added Gaussian noise
	2.2.3 Neural network architecture

	2.3 Mechanical experiments used for training
	2.4 Neural network training

	3 Results and discussion
	4 Conclusion
	5 Supplementary information
	Acknowledgements 
	References




