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Abstract

The mitral valve is one of four heart valves that ensure unidirectional blood flow

through the heart. Due to mitral valve failure approximately 44,000 people in the US

alone undergo open heart surgery every year. Current treatment options include mi-

tral valve replacement and mitral valve repair, neither of which have shown satisfying

long-term success. A deepened understanding of mitral valve mechanics may help

in improving current medical device designs and treatment options for mitral valve

regurgitation. Here I provide an in depth analysis of the in vivo mechanics of the

mitral valve using the theory of finite kinematics and based on this data develop non-

linear in silico models of the mitral valve employing the finite element method. Using

mechanical metrics such as strain and curvature I reveal the in vivo deformation of

the mitral annulus and the mitral leaflet in the healthy, diseased, and repaired mitral

valve. Furthermore, in silico I explore the effects of prestrain as well as growth and

remodeling on the mechanics of the mitral valve. The results of my in vivo studies

extend our current understanding of the healthy mitral valve, reveal new insight into

disease characteristics and progressions, and evaluate the efficacy of current device

designs. Furthermore, results from the in silico studies provide improved means to

simulate mitral valve mechanics and predict long term adaptation for basic science

research and medical device design. In conclusion, with the current work I take a

large step toward a deepened understanding of mitral valve mechanics that may help

to optimize medical device designs and treatment options.
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Chapter 1

Introduction

1.1 Background

1.1.1 Mitral Valve Function

The mitral valve is one of four valves that ensure unidirectional blood flow through

the heart. It is situated between the left ventricle and the left atrium and essentially

serves as a check valve. In this role, it prevents blood from flowing back from the

left ventricle into the left atrium during the contractile phase [34, 163]. The mitral

valve apparatus that enables this functionality consists of three elements: the anterior

and posterior mitral leaflets, two collagenous tissue flaps that coapt under pressure

and seal the mitral valve orifice to prevent leakage; the mitral annulus, the hinge

region between the mitral leaflets and the surrounding myocardial tissue; and the

subvalvular apparatus including the chordae tendineae and the papillary muscles, see

Figure 1.1. During the onset of systole, when the heart muscle contracts, the intra-

ventricular pressure rises, creating a pressure difference across the mitral leaflets.

This pressure gradient is the primary driving force for mitral valve closure. Once the

leaflets contact and form a close coaptation line, the subvalvular apparatus, through

the chordae tendineae attached to the free leaflet edges, the leaflet belly, and close

1
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to the annulus, restrict leaflet motion and prevent their prolapse into the left atrium.

A well-coordinated and sensitive interplay between all members of the mitral valve

apparatus ensures mitral valve function in the healthy heart. Disease or damage to

any of these components may result in improper coaptation and enable backflow of

blood from the left ventricle into the left atrium [27, 34].

1.1.2 Mitral Annulus

Even though the mitral annulus is in itself rather soft it maintains a distinct three-

dimensional configuration throughout the cardiac cycle, which has been described as

saddle-shaped [139]. According to its position in the heart it is subdivided into an

anterior section, and a posterior section. The anterior section of the mitral valve an-

nulus protrudes farther into the left atrium than the posterior section and is therefore

often referred to as the saddle-horn [105]. When projected into a plane the annulus

shape resembles that of an ellipse with a long-axis to short-axis ratio of approximately

4:3 [34]. This particular shape of the mitral valve annulus has been associated with

proper functioning of the mitral valve [195]. Furthermore, the mitral valve annulus

undergoes large deformation throughout the cardiac cycle. During diastole, or the

filling phase, the annulus relaxes with the surrounding myocardium, during systole

the posterior portion contracts with the myocardium [194]. However, the anterior

section of the mitral valve annulus expands even further during systole than during

diastole in response to its mechanical connection to the aortic heart valve, which is

stretched during systole while blood is being ejected from the left ventricle into the

aortic root [181]. Consequently, deviation from shape and dynamics of the normal

mitral valve annulus result in suboptimal leaflet coaptation and thus valve function.
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anterior mitral leaflet!

papillary muscle!

chordae tendineae!

mitral annulus!

Figure 1.1: The mitral valve apparatus consists of three elements: the mitral leaflets,
the mitral annulus, and the subvalvular apparatus including the chordae tendineae
and the papillary muscles. This lateral left ventricular view shows the atrial surface
of the anterior mitral leaflet, attached through the mitral annulus, and supported by
the chordae tendineae.
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1.1.3 Mitral Leaflets

Most of today’s understanding of mitral leaflet structure and function is based on ex

vivo testing of explanted leaflet tissue [87, 149], on ex vivo testing of functional valves

in pulsatile left heart simulators [166], on in vivo testing in large animals [7, 197], and

on clinical studies in patients [104, 169]. Small angle light scattering has allowed to

decipher the complex microstructure of mitral leaflet tissue. Its extracellular matrix

is composed of a highly organized collagen network, spanning circumferentially across

the anterior leaflet [35]. This fiber distribution may display significant heterogeneities

throughout the thickness direction [128]. The first series of uniaxial tension tests on

explanted leaflet tissue revealed a pronounced nonlinear stress-strain behavior with

varying stiffnesses in fiber and cross-fiber directions [125]. The follow-up series of

quasi-static planar biaxial tests produced a coherent data base, which is commonly

used today to calibrate constitutive models of mitral leaflet tissue [149]. In viscoelas-

tic studies of a similar biaxial setup, mitral leaflet tissue displayed no strain-rate

dependence, no creep, and only minor hysteresis. However, mitral leaflet tissue did

display a significant degree of relaxation [87, 88, 142]. In addition, recent studies

in an infarct animal model [184] and in infarct patients [39, 38] suggest that mitral

leaflets may adaptively grow and remodel in response to environmental changes.

Ex vivo whole valve studies in pulsatile left heart simulators revealed mitral leaflet

area strains of almost 100% under physiologic pressures [90, 192]. Recent in vivo

studies have observed mitral leaflet strains in the order of 10% to 20% throughout

the cardiac cycle [180, 193], a significantly smaller range than previously measured

ex vivo. This controversy has initiated vivid discussions generating two complemen-

tary hypotheses: the theory of active in vivo stiffening, supported by a sophisticated

system of contractile elements found in mitral leaflets in the beating heart [102, 122],

and the theory of prestrain, supported by residual stresses reported in the physio-

logical in vivo environment [7]. Adult mitral leaflets possess three distinguishable
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layers throughout their thickness, the atrialis or spongiosa, the fibrosa, and the ven-

tricularis. This three-layered core is lined on both surfaces by endothelial cells [156],

which form a non-thrombogenic blood-tissue interface and regulate immune and in-

flammatory reactions. Of the three core layers, the fibrosa is the main load-bearing

element, containing mainly thick, organized collagen fibers [128]. The atrialis contains

a layer of loose connective tissue made of glyosaminoglycans and proteoglycans. The

ventricularis is characterizaed primarily through elastin. Together, collagen, elastin,

glyosaminoglycans, and proteoglycans form the extracellular matrix. The leaflet dry

weight consists approximately of 60% collagen, 20% glyosaminoglycans, and 10%

elastin [128]. The interior of the leaflet is populated sparsely by valvular interstitial

cells, which are phenotypically similar to fibroblasts [157]. When stimulated phar-

macologically or mechanically, valvular interstitial cells can undergo a transformation

into myofibroblast-like cells, which are believed to be responsible for the remodeling

capabilities of the tissue [39]. Recent studies have shown that valvular interstitial

cells may possess smooth muscle cell-like properties [207].

1.1.4 Mitral Valve Dysfunction

Due to organic failure or functional failure the mitral valve may be impaired in its

role to properly close and prevent retrograde blood flow, or mitral regurgitation [82].

In almost all cases of mitral valve disease the mitral valve annulus has been found to

deviate from the normal shape and dynamics of the health mitral valve [34]. While

the improper shape and dynamics are symptoms of an underlying disease or dys-

function, restoring its normal shape and dynamics are paramount in the quest of

restoring proper valve function [31, 32]. While the first attempts to alleviate so called

mitral valve regurgitation, the backflow of blood from the left ventricle into the left

atrium, involved heart valve replacement during open-heart surgery, most surgeries

today attempt to instead repair the mitral valve [232, 161]. The past decades have
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brought forth a tremendous amount of different surgical techniques for the repair

of the mitral valve [203, 101, 73]. However, it is been shown, over and over again,

that long-term durability of the repairs is insufficient [151, 73, 63]. One phenomenon,

known as cardiac remodeling, has, particular in association with functional mitral

regurgitation, been shown to reverse the beneficial effects of mitral valve repair. Ba-

sically, continuing maladaptation of the myocardium to pathological hemodynamic

and mechanical boundary conditions imposes a force misbalance on the mitral valve

and consequently results in deviations from the ideal mitral valve shape and dynamics

over time [96, 117].

1.2 Motivation

As pointed out in the previous section, despite extensive research from the biological,

clinical, and mechanical perspective, the treatment of mitral regurgitation remains

suboptimal [70]. Of the patients treated for mitral regurgitation up to 30% return to

the hospital for recurrent mitral regurgitation within five years [151, 73, 63]. Today

we know that, especially in functional mitral regurgitation, e.g. mitral valve dys-

function without organic disease, repair failure is mechanical in nature. It therefore

really lies in the responsibility of biomedical engineers in collaboration with clinicians

to deepen our understanding of mitral valve mechanics and its relationship to mitral

valve function, and to develop the necessary tools to improve current device designs

and treatment options.

While data from in vivo experiments on mitral valve mechanics is available, this

branch of research has been primarily driven by clinicians [208, 21]. Consequently,

most mechanical analyses are limited to simple descriptions of mitral valve defor-

mation based on measures of distances between varying mitral valve landmarks. To

date, only a small number of studies haven been published that performed rigorous
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mechanical analysis using continuum theory to describe the in vivo deformation of

the healthy, diseased, and repaired mitral valve [54, 193].

Furthermore, fundamental characteristics of soft tissues, such as prestrain as well as

growth and remodeling, and their impact on mitral valve mechanics remain unex-

plored.

1.3 Goals

The aim of this dissertation is to respond to the above shortcomings. The first goal is

to use data from a video fluoroscopic imaging technology that allows to track discrete

markers implanted to the mitral leaflets, the mitral annulus, and the surrounding my-

ocardium over time in the beating ovine heart to study the deformation of the mitral

valve under healthy, diseased, and repaired conditions. These data, for the first time,

will allow to accurately describe the in vivo deformation of the mitral valve and asses

the impact of disease and mitral valve repair. The second goal is to use these data as

input for a finite element model that will be used to answer fundamental questions

about the effect of prestrain as well as growth and remodeling on the mechanics of

the mitral valve. Together, the in vivo and in silico data will present a significant

step toward a deepened understanding of mitral valve mechanics and improved com-

putational models of the mitral valve that may be used to optimize current device

designs and treatment options.

1.4 Overview

The thesis is split into two parts. Chapters 2 through 6 present the in vivo mechanical

characterization of the mitral annulus and the anterior mitral leaflet under healthy,

diseased, and repaired conditions. In the second part of the thesis, Chapters 7, 8,
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and 9, present in silico models of the mitral valve based on the previous chapters

to explore the effects of prestrain as well as growth and remodeling on mitral valve

mechanics.

Chapters 2,3, and 4 presenting the in vivo characterization of the mitral annulus

under healthy, diseased, and repaired conditions in terms of strain and curvature

were published in the Annals of Biomedical Engineering [181, 187, 183]. Chapter 5

discussing the mechanics of the healthy anterior mitral leaflet in terms of strain has

appeared in the Journal of Biomechanics, while Chapter 6, covering the mechanics

of the anterior mitral leaflet under disease conditions was published in the Journal

of the Mechanical Behavior of Biomedical Materials [180, 184]. Chapters 7 and 8

exploring the effect of prestrain on the mechanics of the mitral valve were accepted

for publication in the Journal for Biomechanics and Modeling in Mechanobiology and

the Journal of Mechanics and Physics of Solids, respectively [185, 186]. Finally, the

last chapter, Chapter 9, has been submitted to the Journal of Mechanics and Physics

of Solids as well.

For all here included chapters I conceptualized the study, performed all data analysis

including the statistical analysis, developed the mechanical models, created the fig-

ures, graphs, and tables, and wrote the text. However, for chapters 2,3,4,5,6, and 7

my clinical collaborators designed and performed the animal experiments.



Chapter 2

Characterization of Mitral Valve

Annular Dynamics in the Beating

Heart

Abstract. The objective of this work is to establish a mathematical characterization

of the mitral valve annulus that allows a precise qualitative and quantitative assess-

ment of annular dynamics in the beating heart. We define annular geometry through

16 miniature markers sewn onto the annuli of 55 sheep. Using biplane videofluo-

roscopy, we record marker coordinates in vivo. By approximating these 16 marker

coordinates through piecewise cubic splines, we generate a smooth mathematical rep-

resentation of the 55 mitral annuli. We time-align these 55 annulus representations

with respect to characteristic hemodynamic time points to generate an averaged base-

line annulus representation. To characterize annular physiology, we extract classical

clinical metrics of annular form and function throughout the cardiac cycle. To char-

acterize annular dynamics, we calculate displacements, strains, and curvature from

the discrete mathematical representations. To illustrate potential future applica-

tions of this approach, we create rapid prototypes of the averaged mitral annulus at

9
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characteristic hemodynamic time points. In summary, this work introduces a novel

mathematical model that allows us to identify temporal, regional, and inter-subject

variations of clinical and mechanical metrics that characterize mitral annular form

and function. Ultimately, this model can serve as a valuable tool to optimize both

surgical and interventional approaches that aim at restoring mitral valve competence.

2.1 Introduction

Mitral regurgitation is a common form of valvular heart disease affecting more than

2.5 million people in the United States, a number that is expected to double by 2030

as the population ages and grows [196]. Annually, more than 300,000 people world-

wide, 44,000 in the United States alone, undergo open heart surgery for mitral valve

treatment [16]. Mitral annuloplasty is the most common surgical procedure to repair

a leaking valve [161]. The rationale behind mitral annuloplasty is to optimize annu-

lar dimensions and shape. However, despite intense research within the past decades,

the classification of different repair techniques and devices remains largely qualitative.

To optimize treatment strategies for mitral regurgitation, it is crucial to thoroughly

understand normal mitral annular dynamics, in particular, to identify extreme values

of strain and curvature, and the locations at which they occur. The objective of this

study is to establish a mathematical characterization of the mitral valve annulus that

allows a precise qualitative and quantitative assessment of annular dynamics in the

beating heart. We hypothesize that clinical and mechanical metrics of annular form

and function display significant temporal, regional, and inter-subject variations. We

will test this hypothesis by adopting a hybrid experimental/computational approach

combining an ovine model of normal healthy hearts, an imaging technique based on

videofluoroscopic markers, and a computational reconstruction of the mitral annulus

using the field theories of continuum mechanics.
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The mitral annulus is defined as the transitional region between the atrial myocardium

and the mitral valve leaflet tissue. It is subdivided into lateral and septal portions that

are separated by the trigones [164, 216]. While the lteral annulus is considered mus-

cular and flexible, its counterpart is known to be fibrous and rather stiff. The shape

of the mitral annulus has been described as the border of a hyperbolic paraboloid

with an elliptical two-dimensional projection. Due to its resemblance with a saddle,

the mitral annulus has also been called saddle-shaped [108, 139, 138]. Its highpoints

are close to the mid septal and mid lateral sections (SEP and LAT, respectively,

Figure 2.1); its low points at the antero-lateral and the postero-medial commissures,

(AC and PC, respectively, Figure 2.1). In a series of experimental and computational

studies, this particular shape has been associated with an optimal stress distribution

over the mitral valve leaflet [108, 166, 195]. Numerous studies proved the mitral

annulus to undergo complex three-dimensional deformation throughout the cardiac

cycle with characteristic changes in its geometric parameters including saddle height,

septal-lateral diameter, commissure-commissure diameter and mitral annular area

[74, 213, 224]. Shape, size, and dynamics of the mitral annulus are closely related to

mitral valve function; deviations from the normal have been associated with mitral

valve insufficiency. Typical examples of pathologies that affect mitral annular shape

and kinematics are ischemic and dilated cardiomyopathy [133].

During the past decades, surgical repair techniques and medical devices have been

developed that share the ultimate goal of restoring mitral valve function without valve

replacement [31, 32]. Ideally, such surgical interventions reconstruct the native mi-

tral valve apparatus while maintaining its dynamic character [113]. In order to do so,

however, a comprehensive baseline database must be established that, among other

parameters, reports on normal mitral annular dynamics. Earlier studies have reported

on the dynamic changes of the mitral annulus in humans as well as in animals us-

ing echocardiography [8, 112], sonocrystal tracking [81], and biplane videofluoroscopy
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[158]. Unfortunately, most of these studies are based on a small numbers of study sub-

jects and have a low temporal or spatial resolution. Moreover, most existing studies

focus exclusively on the clinical characterization of the mitral annulus neglecting the

mechanical characterization necessary to fully comprehend mitral annular dynamics.

The goal of this study is therefore to use our well-documented method of tracking

implanted miniature markers over the cardiac cycle in the beating heart [22, 23, 46]

to identify temporal, regional, and inter-subject variations of clinical and mechanical

metrics to characterize mitral annular form and function in the normal beating heart.

To compute relevant characteristic measures from discrete data points, it is critical

to create a smooth mathematical representation of the original anatomic structure.

Several methods have been suggested in the past for the computational reconstruction

of the mitral annulus from discrete data points. Linear interpolation has been widely

used amongst clinical researchers to characterize the mitral annulus in humans and in

animal models [74, 81, 84, 213]. More sophisticated approaches use one-dimensional

interpolating Hermitian finite elements [54] or Fourier series to approximate the mi-

tral annulus from echo data [137]. An alternative method to reconstruct space curves

that provides a variety of practical advantages is spline fitting. Splines are piecewise

polynomial functions that are continuous to a desired degree and allow for an efficient

computational implementation [18].

In what follows we illustrate the design of a mathematical model of the mitral an-

nulus based on piecewise cubic splines. This mathematical representation lends itself

naturally into a precise quantification of displacement, strain, and curvature fields to

characterize not only the clinical but also the mechanical features of the mitral an-

nulus. Our representation is based on 55 high resolution data sets acquired directly

in the beating heart. From these we create a comprehensive baseline characterization

of mitral annular form and function and discuss its clinical significance in view of

optimizing surgical techniques and medical device design for mitral valve repair.
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Figure 2.1: Schematic of mitral valve annulus created from piecewise cubic splines
c(s, t) (black curve) fitted through n = 1, ..16 implanted miniature markers (black
spheres). A local coordinate system can be defined at each point in time t along the
curve c(s, t) for discrete arc length parameters 0 ≤ s ≤ 1 through the tangential vector
t, the normal vector n, and the binormal vector b. AC: Antero-Lateral Commissure,
PC: Postero-Medial Commissure, SEP: Septal Annulus, LAT: Lateral Annulus, LT:
Left Trigone, RT: Right Trigone.



14 CHAPTER 2. MITRAL VALVE ANNULAR DYNAMICS

2.2 Methods and Materials

2.2.1 Animal Experiments

All animals received humane care in compliance with the Principles of Laboratory

Animals Care formulated by the National Academy of Sciences and published by the

National Institutes of Health. This study was approved by the Stanford Medical

Center Laboratory Research Animals Review Committee and conducted according to

Stanford University policy.

Prior to data acquisition, we pre-medicated 55 adult, male Dorsett-hybrid sheep

(495kg) intramuscularly with ketamine (27 mg/kg IM) for placement of a single pe-

ripheral intravenous line, anesthetized them with sodium thiopental (6.8 mg/kg IV),

intubated them, and ventilated them mechanically with inhalational isoflurane (1.5-

2.2%). For bradycardia and to control secretions we gave glycopyrrolate (0.1 mg/kg

IV) as needed.

Following a left thoractomy and under cardiopulmonary bypass and cardioplegic ar-

rest, we surgically implanted 16 miniature radiopaque tantulum markers onto the

mitral annulus. We placed markers at the two trigones, at the mid septal annulus,

at both commissures and at the center of the lateral mitral annulus. To subdivide

the annulus in approximately equidistant segments, we placed additional markers as

illustrated in Figure 2.1. Before weaning the animals off cardiopulmonary bypass, we

closed the left atrium. For biplane videofluoroscopic imaging, we transferred the ani-

mals to the experimental catheterization laboratory 1-2 hours after weaning them off

of cardiopulmonary bypass. After acquiring the data set for a separate study, acute

ischemia with 90s of LCx occlusion [23], we recorded three-dimensional marker coordi-

nates in the beating heart at a sampling frequency of 60Hz under open chest conditions

in the right lateral decubitus position. In order to prevent ventricular fibrillation, we

administered a loading dose of lidocaine (1mg/kg IV) followed by a lidocaine infusion
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(1mg/min) along with bretylium (75 mg IV) and magnesium (3g IV). Using catheter

micromanometer pressure transducers, we simultaneously recorded atrial, ventricu-

lar, and aortic pressures. Using a semi-automated image processing and digitization

software developed in our laboratory [158], we obtained four-dimensional coordinates

χn(t) of the n = 1, ..16 implanted markers offline from the acquired biplane images.

2.2.2 Spatial Approximation of the Annulus

To create a functional representation of the annulus in terms of the n = 1, ..16 ac-

quired marker coordinates χn(t), we generate 16 piecewise cubic Hermitian splines

cn(s, t) parameterized in terms of the arc length s at each discrete time point t.

c (s, t) =
3∑
i=0

bi,3(s) βi(t) (2.1)

Herein, bi,3 are the Bernstein polynomials of degree three,

bi,3 =

(
3

i

)
si [1− s]3−i i = 0, .., 3 (2.2)

specifically

b0,3 = − s3 + 3s2 − 3s + 1 b1,3 = 3s3 − 6s2 + 3s

b3,3 = s3 b2,3 = − 3s3 + 3s2
(2.3)

and βi(t) are the corresponding Bernstein coefficients.

β0 = x0(t) β1 = x0(t) +m0(t)/3

β3 = x1(t) β2 = x1(t) −m1(t)/3
(2.4)

The Bernstein coefficients are expressed in terms of the marker positions x0, x1 and

slopes m0, m1 at the beginning and end point of each spline segment, respectively.
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For each discrete time point t we determined these coefficients βi(t) by solving the

following discrete minimization problem.∣∣∣∣∣
16∑

n=1

||χn − cn(s, t)||+ λ

∫ [
d2c(s, t)

ds2

]2

ds

∣∣∣∣∣→ min (2.5)

The first term ||χn − cn(s, t)|| ensures that the 16 generated splines cn(s, t) approx-

imate the 16 marker positions χn in the best possible way, while the second term

enforces smoothness of the overall annulus representation through the penalty param-

eter λ. This procedure allowed us to generate a smooth piecewise cubic representation

c(s, t) of all 55 annuli at discrete time points t throughout the cardiac cycle.

2.2.3 Temporal Interpolation of the Annulus

To generate an average representation of the mitral valve annulus [137], we mapped

all 55 experimental data sets into four time intervals between End Diastole (ED), End

IsoVolumic Contraction (EIVC), End Systole (ES), and End IsoVolumic Relaxation

(EIVR). We then performed a linear temporal interpolation between the raw data

points to create temporally aligned data sets of geometric and hemodynamic data

over a cardiac cycle. Using these averaged geometric data we applied the method

described in Section 2.2.2 to obtain a mathematical model of the averaged mitral

annulus throughout the cardiac cycle. To illustrate potential future applications of

this model, we created rapid prototypes of the averaged mitral annulus representation

at characteristic hemodynamic time points based on equation (2.1).

2.2.4 Clinical Characterization

To characterize annular physiology, we extracted classical clinical metrics of annu-

lar form and function from the averaged spline representation. In particular, we

computed the Septal-Lateral (SL) and Commissure-Commissure (CC) distances after
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projecting the spline into a best-fit plane to prevent interdependence of these param-

eters. In this best-fit plane, we fitted an ellipse to the spline curve and calculated its

eccentricity. In addition, we calculated the three-dimensional annular perimeter as

the line integral along the spline in terms of the arc-length parameter . We divided

this perimeter into a septal and lateral section defined by the trigone marker coordi-

nates (LT and RT, see Figure 2.1). Furthermore, we computed the Mitral Annular

Area (MAA) from the same projected spline. As a measure for the non-planarity,

we calculated the Saddle Height (SH) as the distance of the commissures to a plane

through the mid septal and mid lateral sections of the annulus and equidistant to the

anterior and posterior commissure. Lastly, we calculated the annular velocity as the

temporal derivative of the absolute displacement of the mitral annulus normal to the

best-fit plane through the 16 marker coordinates (see Figure 2.1).

2.2.5 Mechanical Characterization

To characterize annular dynamics, we calculated displacement [107, 114], strain [25,

180], and curvature [78, 132] fields from the discrete annulus representations. Accord-

ingly, we evaluated the first and second spatial derivatives of the spline curve (2.1)

as
dc(s, t)

ds
=

3∑
i=0

dbi,3(s)

ds
βi(t) (2.6)

in terms of the first derivatives of the Bernstein polynomials (2.3)

db0,3

ds
= − 2s2 + 6s − 3

db1,3

ds
= 9s2 − 12s + 3

db3,3

ds
= 3s2 db2,3

ds
= − 9s2 + 6s

(2.7)

and
d2c(s, t)

ds2
=

3∑
i=0

d2bi,3(s)

ds2
βi(t) (2.8)
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in terms of the second derivatives of the Bernstein polynomials (2.3).

d2b0,3

ds2
= − 4s + 6

d2b1,3

ds2
= 18s − 12

d2b3,3

ds2
= 6s

d2b2,3

ds2
= − 18s + 6

(2.9)

For each discrete time point t, we determined the best fit plane through the approx-

imated 16 marker points xn. The unit normal to this plane defines the binormal

vector b(t), such that the local coordinate system at each point along the curve can

be characterized through the triad [t, n, b] with

t(s, t) =
dc(s, t)

ds

/∣∣∣∣dc(s, t)ds

∣∣∣∣ (2.10)

and

n(s, t) = b(t)× t(s, t). (2.11)

Herein, t is the unit tangent vector, n is the unit normal vector, and b is the unit

binormal vector to the curve c at point s and time t, see Figure (2.1). The relative

displacement of the annulus c(s, t) with respect to its reference position at minimum

Left Ventricular Pressure (LVPmin) c(s, tLVPmin) can be used to derive global indices

for ventricular function. It is characterized through the discrete distance vector u(s, t)

u(s, t) = c(s, t)− χapx(t) (2.12)

projected onto the binormal vector b(t)

ub(s, t) = u(s, t) · b(t) (2.13)



2.3. RESULTS 19

for each point s along the curve at every discrete time point t. Next, we calculate the

Green-Lagrange E(s, t) strain along the annulus in terms of the stretch λ(s, t),

E(s, t) =
1

2

[
λ(s, t)2 − 1

]
(2.14)

With the stretch λ(s, t)

λ(s, t) =

∣∣∣∣dc(s, t)ds

∣∣∣∣/ ∣∣∣∣dc(s, tLVPmin)

ds

∣∣∣∣ (2.15)

characterizing the change in length between the tangent vector of the reference con-

figuration at LVPmin, dc(s, tLVPmin) / ds, and the current configuration at any other

time point, dc(s, t) / ds. Last, we calculate the curvature κ(s, t) along the annulus

using the first and second derivatives (2.6) and (2.8).

κ(s, t) =
dc(s, t)

ds
× d2c(s, t)

ds2

/∣∣∣∣dc(s, t)ds

∣∣∣∣3 (2.16)

2.2.6 Statistical Analysis

We compared peak values for clinical metrics in diastole and systole using paired, two-

tailed, two-sample student t-test with an alpha level of 0.05. To ensure normality, we

plotted histograms of the data.

2.3 Results

2.3.1 Clinical Characterization

Hemodynamic data of all 55 animals is summarized in Table 2.1. Figure 2.1 sum-

marizes temporal and inter-subject variations of classical clinical metrics of mitral

annular form and function. In the following, it is important to keep in mind that
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Table 2.1: Summary of hemodynamic data of all 55 animals showing averages of Heart
Rate (HR), Maximum Pressure Gradient (dP/dtmax), End Diastolic Volume (EDV),
End Systolic Volume (ESV), Stroke Volume (SV), Left Ventricular End Diastolic
Pressure (LVEDP), Left Ventricular End Systolic Pressure (LVESP), and Maximum
Left Ventricular Pressure (LVPmax); Standard Deviations (SD).

Units Mean ± SD
HR beats/minute 91.13 ± 13.22
dP/dtmax mmHg/s 1310.60 ± 342.73
EDV cc 119.66 ± 18.64
ESV cc 91.50 ± 14.84
SV cc 28.17 ± 9.20
EF - 0.23 ± 0.06
LVEDP mmHg 12.30 ± 4.73
LVESP mmHg 93.00 ± 8.26
LVPmax mmHg 96.82 ± 7.78
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the minima and maxima in the graphs in Figure 2.2 display peak average values,

while the values reported in the text are the average peak values. Accordingly, min-

imum/maximum values of the temporal averages shown in the graphs may not be

identical to the average minimum/maximum values discussed in the text. The in-

plane characteristics of the mitral annulus are best described in terms of the Septal-

Lateral (SL) and Commissure-Commissure (CC) distances. Their temporal averages

are shown in Figures 2.2A and 2.2B. Both distances clearly change during the cardiac

cycle being largest during diastole and smallest during systole. The average maxima,

i.e., the average of the maximum values for each animal, were 3.03 ± 0.24cm and 3.85

±0.26cm for SL and CC, respectively, while the average minima were 2.66 ± 0.23cm

and 3.64 ± 0.26cm, giving rise to dynamic changes of SL of -12.06% and CC of -5.51%,

both with respect to the diastolic state. Herein, the minus sign indicates a reduction

from diastole to systole. The differences between the diastolic and systolic values for

both SL and CC were statistically significant (p<0.001 in both cases). The inequality

of SL and CC is also reflected in the elliptic annular projection with eccentricity values

larger than 0. Recall that perfect circles have an eccentricity of 0, while ellipses have

eccentricity values between 0 and 1. The asymmetric reduction in SL and CC dur-

ing systole causes the annulus to further deviate from a circular shape evident from

the increase in eccentricity, Figure 2.2C. The average minimum eccentricity during

diastole was 0.61 ± 0.06, while the average maximum value during systole was 0.71

± 0.04 a change throughout the cardiac cycle of +13.5%. Again, values in diastole

and systole were significantly different (p<0.001). Furthermore, the decreases in SL

and CC were accompanied by changes in the septal and lateral perimeters shown in

Figures 2.2D and 2.2E, respectively. The septal portion increased in perimeter from

diastole to systole with average minima and maxima, respectively, of 1.43 ± 0.21cm

and 1.52 ± 0.22cm giving rise to a relative change of +6.0% (p<0.05). In contrast

to the septal perimeter, the lateral perimeter behaved similar to SL and CC with an

average maximum of 9.85 ± 0.61cm during diastole, an average minimum of 9.17 ±
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0.65cm during systole (significantly different with p<0.001), and a relative change of

-6.9%. Changes in the above parameters cause the Mitral Annular Area (MAA) to

decrease from diastole to systole, see Figure 2.2F. In addition, MAA decreased from

an average maximum of 9.47 ± 1.15cm2 to an average minimum of 8.09 ± 1.12cm2

with an average maximum change of +14.6% (p<0.001).

The out-of-plane characteristics of the mitral annulus are typically described in terms

of the Saddle Height (SH), see Figure 2.2G. This study shows that the SH changes

dynamically throughout the cardiac cycle with an average minimum during diastole of

0.20 ± 0.15cm, an average maximum during systole of 0.33 ± 0.15cm and an average

change of +65.0% (p<0.001). Lastly, Figure 2.2H displays the dynamic motion of the

mitral annulus normal to the best fit plane through the 16 marker coordinates. Dur-

ing diastole the annulus moves in the basal direction with average maximum velocities

of up to 5.08 ± 1.42cm s−1. During systole the contracting heart causes the annulus

to accelerate in the apical direction with average maximum negative velocities of up

to -3.11 ± 1.18cm s−1 (p<0.001).

2.3.2 Mechanical Characterization

Figure 2.3 displays the regional variation of averaged mitral annular kinematics at five

characteristic time points throughout the cardiac cycle: minimum Left Ventricular

Pressure (LVPmin), End Diastole (ED), End IsoVolumetric Contraction (EIVC), End

Systole (ES), and End IsoVolumetric Relaxation (EIVR). The piecewise cubic spline

approximated all experimentally acquired marker coordinates χn extremely well with

a maximum error at any time and any marker location of less than 0.07cm. This

value is on the order of the digitization error of 0.01 ± 0.03cm of the marker technique

[25, 78, 132, 180]. Moreover, we observed no local maxima in curvature close to the

original marker locations indicating a good choice for the smoothing parameter λ.

Figure 2.3A illustrates the annular excursion of the mitral valve as a measure of left
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Figure 2.2: Clinical characterization of averaged mitral annulus throughout the car-
diac cycle. Vertical lines indicate characteristic time points: minimum Left Ventricu-
lar Pressure (LVPmin), End Diastole (ED), End IsoVolumetric Contraction (EIVC),
End Systole (ES), and End IsoVolumetric Relaxation (EIVR). Data are mean ± SEM
for n = 55 annuli.
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ventricular long-axis shortening [110, 167], displayed in an anterior view. Clearly,

the mitral annulus moves basally between LVPmin and the beginning of systole. In

addition, the mid septal annulus moves in the lateral direction. With progressing

systole, the annulus returns back towards the apex, while the ventricular long-axis is

shortening. Figure 2.3B illustrates the normal strains of the annulus displayed in an

atrial view. While strains towards ED display slightly positive values at the lateral

portion, after the onset of systole strains are clearly compressive throughout the

whole lateral perimeter with maximum values occurring toward the antero-lateral and

postero-medial portions. In contrast, the septal portion displays negative strain values

at ED and positive during systole meaning that the septal annulus is stretched rather

than compressed as the lateral part. Figure 2.3C illustrates the annular curvature

displayed in a three-dimensional view. As apparent from the contour plots, the largest

curvature values can be found at the transition region from the lateral to the septal

annulus where the annulus curves into the mid septal annulus. Points of minimum

curvature appear to be at the central regions of both annular portions. Throughout

the cardiac cycle, these patterns remain qualitatively identical.

Figure 2.4 displays the temporal variation of the averaged mitral annular kinematics

throughout the cardiac cycle. Throughout the 40-time-frame sequence, strain profiles

display two distinct patterns. During diastole, the largest compressive strain the

septal annulus experiences on average is -4.93 ± 2.06%, while the largest tensile

strain experienced by the lateral annulus on average is 11.23 ± 4.92%. During systole,

the largest tensile strain the septal annulus experiences on average is 6.27 ± 3.05%,

while the largest compressive strain experienced by the lateral annulus on average

is -14.83 ± 3.82%. Figure 2.5 displays the inter-subject variation of mitral annular

strains calculated individually for all 55 annuli. LVPmin was chosen as reference

configuration, and ES as current configuration. The majority of the annuli experience

maximum tensile strains in the septal region and maximum compressive strains in

the lateral region, see Figure 2.3B.
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Figure 2.3: Regional variation of averaged mitral annular kinematics at five charac-
teristic time points throughout the cardiac cycle: minimum Left Ventricular Pressure
(LVPmin), End Diastole (ED), End IsoVolumetric Contraction (EIVC), End Systole
(ES), and End IsoVolumetric Relaxation (EIVR). A) Annular excursion as a measure
of left ventricular long-axis shortening, displayed in anterior view. The color code rep-
resents the distance of the annulus along the long-axis of the left ventricle throughout
the cardiac cycle relative to its position at LVPmin. Blue colors indicate displace-
ments toward the apex, red colors represent displacements away from the apex. B)
Annular strains displayed in atrial view. The color code represents normal strains
along the annulus between the current configuration and the reference configuration
at LVPmin. Blue colors indicate compression, red colors indicate tension. C) Annular
curvature displayed in three-dimensional view. Curvature can be interpreted as the
reciprocal of the radius of an inscribed sphere at any location. Blue colors indicate
straighter segments, red colors indicate a higher degree of bending.
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Figure 2.4: Temporal variation of averaged mitral annular kinematics throughout the
cardiac cycle. The color code represents normal strains along the annulus between
the current configuration and the reference configuration at minimum left ventricular
pressure. Blue colors indicate compression, red colors indicate tension, green color
indicates no relative changes in length between the reference configuration and the
current configuration. Strain profiles display two distinct patterns. During diastole,
the entire annulus is virtually unstrained. During systole, the annulus experiences
maximum tensile strains of 6.27 ± 3.05% in the septal region and maximum compres-
sive strains of -14.83 ± 3.82% in the lateral region.
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2.4 Discussion

We have established a mathematical model of the mitral valve annulus that allows

a precise qualitative and quantitative assessment of annular dynamics in the beating

heart. In contrast to previous studies, the mitral annulus was characterized through-

out the entire cardiac cycle in terms of classical clinical metrics such as SL, CC,

MAA, SH and AV, and classical mechanical metrics such as displacement, strain,

and curvature. Our baseline data set based on 55 annuli, traced videofluoroscopically

at a high temporal and spatial resolution, allowed us to identify temporal, regional,

and inter-subject variations of clinical and mechanical metrics to characterize mitral

annular form and function.

2.4.1 Model Validation

Using the same imaging technique and the same animal model, Timek et al. [213]

have previously applied line elements to reconstruct mitral annular geometry. They

reported values closely resembling the findings here: MAA was 8.17cm2 at ED and

7.61cm2 at ES, slightly smaller than the 8.61cm2 and 7.86cm2 that were derived from

the smooth spline representation of the mitral annulus. Furthermore, they reported

a total perimeter of 10.89cm and 10.55cm at ED and at ES, respectively, while the

current study revealed 10.52cm and 10.23cm. In addition, SL and CC in Timeks

study were 2.82cm and 3.89cm at ED, and 2.72cm and 3.74cm at ES. Similarly, in

our study we found SL and CC to be 2.77cm and 3.57cm at ED, and 2.59cm and

3.50cm at ES. Differences are likely due to the smoothing character of the spline

approximation that does not interpolate points but rather creates a best-fit curve,

slightly reducing the perimeter, SL, and CC, but increasing the enclosed area. Values

for SH are similar to data reported by Gorman et al. [84] with 0.41cm vs. 0.20cm

in our study at ED and 0.53cm vs. 0.33cm in our study at ES. Differences are likely

due to the fact that different methods were used to compute SH.
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Eckert et al.[54] previously reported strain and curvature in the ovine mitral annulus.

Their peak strains in the septal and lateral regions are in excellent agreement with

our findings both in systole and in diastole. However, their qualitative curvature plots

display peak values at the mid lateral portion and mid septal portion where our study

shows small values. From the steep gradient of their curvature profile around these

points and from the proximity of curvature peaks to the original marker locations it

seems that their discrete annulus representation displays artificial discontinuities at

these locations. The resulting curvature data are not intuitive from an engineering

point of view and might be incorrect.

2.4.2 Clinical Significance

All current mitral valve reconstructive surgery techniques aim at restoring the native

shape and competence of the mitral valve in order to re-establish normal cardiac func-

tion. The current study provides a comprehensive baseline dataset for mitral annular

dynamics in sheep. The three-dimensional visualization of mitral annular motion,

strains, and curvature in Figures 2.3, 2.4, and 2.5 presents valuable information that

will hopefully inspire further research in humans and thereby ultimately help the

surgeon to characterize normal mitral annular form and function. In addition, novel

reconstructive surgery techniques and medical device design might benefit from this

high-resolution pool of information.

In contrast to most previously conducted investigations, our study not only provides

a clinical characterization but also a mechanical characterization in terms of tempo-

rally and spatially varying kinematic fields. Strains were analyzed thoroughly along

the perimeter over the entire range of motion. To identify potential risks of surgi-

cal techniques it is important to keep in mind that large strain values indicate large

relative changes in length. Such changes result from and cause large forces in the

surrounding tissue both on the myocardial side and on the leaflet side. Suture lines
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Figure 2.5: Inter-subject variation of mitral annular strains calculated individually
for all 55 annuli. The color code represents normal strains along the annulus between
the current configuration at End Systole (ES) and the reference configuration at
minimum Left Ventricular Pressure (LVPmin). Blue colors indicate compression, red
colors indicate tension, green color indicates no relative changes in length between
the reference configuration and the current configuration. The majority of the annuli
experience maximum tensile strains in the septal region and maximum compressive
strains in the lateral region.
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placed close to highly strained mitral annular segments, for example during anterior

leaflet augmentation [115], are therefore likely to experience large stresses. Increased

stresses in the mitral valve leaflets maybe associated with a higher risk of suture

rupture, that has been discussed as a potential causes for mitral valve repair failure

[195]. This danger may be most prevalent during the first weeks post operation as

some evidence has been found that leaflet tissue, after several weeks, may form scar

tissue around the suture lines providing the necessary mechanical strength to the

leaflet and thereby prevent rupture [206]. Accordingly, the strain maps in Figures

2.3, 2.4, and 2.5 may be useful to identify optimal suture locations to reduce repair

failure. Furthermore, mitral annular segments, such as the mid portion of the lat-

eral and septal annulus that show large absolute strain values are highly dynamic.

Restriction of such dynamics, as seen upon annuloplasty ring implantation [76], may

disturb the natural force balance of the surrounding tissue and trigger a cascade of

detrimental responses. Fixing the septal annulus during annuloplasty, for example,

via the aorto-mitral junction may suppress the natural dynamics of the aortic root

[135], which has been shown to be crucial in minimizing shear stress on the aortic

leaflets [45]. The strain maps along the perimeter of the mitral annulus as shown

in Figures 2.3 and 2.4 could therefore provide valuable guidelines to optimize repair

techniques and device design.

At this point it seems critical to draw attention to the large inter-subject variation

of the strain patterns found among the 55 animals. Previous reports have either con-

centrated on reporting mean values to characterize the mechanics of the annulus or

presented representative cases. The inter-subject variability illustrated in Figure 2.5

may encourage the development of patient-specific devices and procedures to decrease

the possibility of device and repair failures [136]. To the best of our knowledge, this

study is the first to correctly characterize mitral annular curvature in the beating

heart. Remarkably, despite the highly dynamic character of the mitral annulus, Fig-

ure 2.3C confirms that the curvature profile remains virtually unchanged throughout
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the cardiac cycle. This suggests that the particular curvature pattern of each annulus

is advantageous in view of valve competence. Again, for annuloplasty rings that aim

at mimicking the shape of the native annulus, our data set may provide a rational

basis for an optimized ring design.

2.4.3 Mathematical Annulus Model as Interface with Engi-

neering Technologies

In the past decades, the finite element analysis has become an important technology

of many scientific disciplines including cardiac surgery [130, 222]. However, numerical

methods such as finite element analyses are highly sensitive to the choice of boundary

conditions that, to a large extent, determine the results of the analysis and signif-

icantly impact the confidence in its outcome. Our mathematical model naturally

characterizes both appropriate Dirichlet boundary conditions in terms of mitral an-

nular shape, and appropriate initial conditions in terms of mitral annular dynamics

throughout the entire cardiac cycle [120]. Our data sets could be of particular interest

to finite element modelers as the current trend in computational mitral valve analysis

is moving toward developing more physiologically realistic models [36, 57, 201, 225].

With the tremendous development of rapid prototyping technologies, the process of

creating prototypes has become cost effective and time inexpensive. The STL file

format, which essentially approximates the surface of a solid with a finite number of

discrete triangles, has become the interface of choice between computer aided design

and rapid prototyping. The proposed discrete spline represenation c(s, t) of the mitral

annulus given in equation (2.1) allows for a direct and straightforward extraction of

STL files, as demonstrated in Figure 2.6A. Our mathematical characterization of the

mitral annulus therefore provides a direct interface between clinical data and state-of-

the-art prototyping techniques. To demonstrate potential of our mathematical model,
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Figure 2.6: Averaged mitral annulus at five characteristic time points throughout
the cardiac cycle: minimum Left Ventricular Pressure (LVPmin), End Diastole (ED),
End IsoVolumetric Contraction (EIVC), End Systole (ES), and End IsoVolumetric
Relaxation (EIVR). A) Average mitral annulus at ES in STL file format. The STL
file format approximates the surface of a solid model with discrete triangles. It was
generated from the discrete spline representation c(s, t) of equation (2.1). B) Pho-
tographs of rapid prototypes of the averaged mitral annulus at LVPmin, ED, EIVC,
ES and EIVR manufactured directly from the STL file.
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the averaged mitral annular geometry was used to manufacture subject-specific proto-

types of a physiological annuloplasty ring at characteristic time points of the cardiac

cycle. Photographs of these manufactured rings are illustrated in Figure 2.6B.

2.4.4 Limitations

The mathematical model developed in the course of this study does not exactly repre-

sent the marker data collected during biplane videofluoroscopy. The underlying idea,

however, is that the collected marker coordinates themselves contain an acquisition

error, and that the anatomical structure represented through discrete data points

is not curvature-discontinuous but rather smooth. We believe that a cubic spline

approximation provides a better representation of the mitral annulus than discrete

line elements or interpolations that force the representation to pass through discrete

points which themselves might contain acquisition errors. Second, it could generally

be argued that marker implantation may impact annular motion and therefore affect

mitral annular dynamics. Our implanted markers weighed 3.2mg each and there-

fore had a cumulative weight of approximately 50 mg. During the relatively small

acceleration of the mitral annulus, these small weights are not expected to produce

significant additional inertial effects that could induce non-physiological dynamics.

Third, as a part of a different study, the 55 sheep underwent brief periods of less

than 90s of acute ischemia before the marker coordinates where recorded. Together

with the impact of the surgical procedure for marker placement this may theoreti-

cally affect normal cardiac mechanics. For example, we observed that the sphincter

motion of the annulus was delayed in comparison to earlier studies in our laboratory

[75], which could possibly be a result of the mentioned interventional procedures.

Lastly, even though sheep have been recommended as large animal models for hu-

man cardiovascular disease and have been widely used in the past, their physiology

and anatomy, after all, are different from human. Taken these differences and the
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fact that the sheep herein where studied after open heart surgery and under open

chest conditions the results presented herein must be used with caution and with the

according limitations in mind when extrapolated to human hearts.

2.5 Conclusion

We have established a mathematical model of the mitral valve annulus that allows

a precise qualitative and quantitative assessment of annular dynamics in the beat-

ing heart. Using this model, we have identified temporal, regional, and inter-subject

variations of clinical and mechanical metrics to characterize mitral annular form and

function. A quantitative mathematical model of mitral annular dynamics over the

entire cardiac cycle has a plentitude of potential clinical implications some of which

we have discussed in detail. It is our hope that this study will inspire similar studies

in human subject employing non-invasive imaging techniques such as 3D echocardiog-

raphy or MRI to eventually help identify regions of low strain as safe suture locations

to reduce the risks of rupture and repair failure. To improve medical device design,

our model can be used to create templates of subject-specific annuloplasty rings. We

believe that our mathematical model will be useful to researchers, physicians, and

ultimately patients. We hope that it will not only contribute to develop a deepened

understanding of mitral valve dynamics, but also to motivate further efforts that will

improve the lives of patients suffering from mitral valve disease.
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Chapter 3

Mechanics of the Mitral Annulus in

Chronic Ischemic Cardiomyopathy

Abstract. Mitral valve annuloplasty is a common surgical technique used in the

repair of a leaking valve by implanting an annuloplasty device. To enhance repair

durability, these devices are designed to increase leaflet coaptation, while preserving

the native annular shape and motion; however, the precise impact of device implanta-

tion on annular deformation, strain, and curvature is unknown. Here we quantify how

three frequently used devices affect native annular dynamics. In controlled in vivo

experiments, we surgically implanted eleven flexible-incomplete, eleven semi-rigid-

complete, and twelve rigid-complete devices around the mitral annuli of 34 sheep,

each tagged with 16 equally-spaced tantalum markers. We recorded four-dimensional

marker coordinates using biplane videofluoroscopy, first with the device implanted,

and then without. From these, we created mathematical models using piecewise cu-

bic splines. Clinical metrics (characteristic anatomical distances) revealed significant

global reduction in annular dynamics upon device implantation. Mechanical met-

rics (strain and curvature fields) explained this reduction via a local loss of anterior

36
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dilation and posterior contraction. Overall, all three devices unfavorably reduced an-

nular dynamics. The flexible-incomplete device, however, preserved native annular

dynamics to a larger extent than the complete devices. Heterogeneous strain and

curvature profiles suggest the need for heterogeneous support, which may spawn a

rational redesign of annuloplasty devices using design concepts of functionally graded

materials.

3.1 Introduction

The mitral valve is one of four heart valves that ensure unidirectional blood flow

through the heart into the pulmonary and systemic circulation. Located between the

left atrium and the left ventricle, the open mitral valve enables efficient filling of the

left ventricle with newly oxygenated blood before it closes to allow for proper ejection

of the blood from the left ventricle into the aorta and eventually into the systemic

circulation [194].

Dysfunction of the mitral valve drastically reduces the efficiency of the heart and

may be fatal, if untreated [185]. Numerous pathologies are known to affect mitral

valve function; while some may cause excessive mitral valve narrowing, which impedes

proper left ventricular filling, others may cause mitral valve leakage [219, 85]. Leak-

age of the valve, also known as mitral regurgitation, may result either from disease

to any of the mitral valve components, or from ventricular distortions that hinder

mitral valve closure [140]. Ischemic disease of the left ventricle is known to be one of

the causes for ventricular distortions that result in mitral regurgitation, also known

as ischemic mitral regurgitation [63].

Especially in the chronic setting, as the left ventricle remodels in response to myocar-

dial necrosis and scarring, displacement of the postero-medial papillary muscle and

of the myocardium surrounding the mitral valve may result in a force imbalance that
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initiates a remodeling process on the valvular level and demobilizes the mitral valve

leaflets [118, 184]. In particular, it is known that infarcts that include the postero-

medial papillary muscle and the myocardium of the posterior wall cause dilation of

the mitral annulus, especially in the septal-lateral direction, as well as asymmetric

dilation at the P3 segment. These changes, together with leaflet tethering, prevent

proper leaflet coaptation and allow for blood to be ejected in retrograde direction

from the left ventricle back in the left atrium [204, 34, 175].

While there are novel devices, techniques, and technologies under development to ad-

dress ischemic mitral regurgitation, mitral valve repair with undersized annuloplasty

rings remains the gold standard treatment option [203, 101, 73]. However, with one

exception, most annuloplasty rings have not been developed specifically for the treat-

ment of ischemic mitral regurgitation [47]. This may be one of the reasons for residual

or recurrent mitral regurgitation in up to 30% of treated patients [73, 63, 151]. A

deepened, quantitative understanding of the effects of ventricular remodeling on the

mitral valve in the setting of ischemic mitral regurgitation could substantially improve

current device designs and hopefully enhance treatment outcomes.

While previous studies have investigated the remodeling process of the mitral annu-

lus using a wide array of technologies, none of these studies provides a quantitative,

mechanical characterization of the changes in mitral valve kinematics [133, 82, 208].

The current manuscript aims to close this gap by providing maps of strain and cur-

vature change along the entire mitral annulus between the healthy baseline heart

and the chronic ischemic heart, in a well-established ovine model [26, 197, 209, 210].

In particular, this manuscript tries to answer the questions: Which segments of the

annulus are extended to cause annular dilation? Where along the annulus does the

asymmetric distortion of the annulus originate? Does a mechanical analysis of the

remodeling process support current annuloplasty ring designs?
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Figure 3.1: Schematic of the mitral valve with miniature markers 1-8. Individual
posterior scallops are denoted P1-P3. The middle scallop of the anterior leaflet is
denoted A2. The dashed outline of the lateral-posterior annulus indicates the location
of the inferior infarct caused by ligation of the second and third obtuse marginal
branches of the left circumflex artery.
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3.2 Methods and Materials

3.2.1 Animal Experiments

All animals received humane care in compliance with the Principles of Laboratory

Animals Care formulated by the National Academy of Sciences and published by the

National Institute of Health. This study is approved by the Stanford Medical Center

Laboratory Research Animals Review Committee and conducted according to Stan-

ford University policy.

Twenty-five Dorsett hybrid sheep (71 ± 5kg) were pre-medicated with ketamine

(25mg/kg intramuscularly) and subsequently anesthetized intravenously with sodium

thiopental (6.8mg/kg IV). Throughout surgery, anesthesia was maintained with in-

halational isoflurane (1% to 2.5%). Access to the heart was established via left tho-

ractomy. Polypropylene 2-0 sutures were snared around the second and third obtuse

marginal branches of the left circumflex coronary artery. Once cardiopulmonary by-

pass was established and the heart was arrested, 17 markers were sewn to the mitral

valve, eight to the annulus, five to the anterior leaflet, and four to the posterior leaflet,

see Figure 3.1. Left Ventricular (LV) pressure was measured using a micromanometer

pressure transducer (PA4.5-X6, Konigsberg Instruments Inc., Pasadena, CA). Once

the animals were taken off cardiopulmonary bypass, the tourniquets for the coronary

artery snares were externalized through the fifth intercostal space and buried in a

subcutaneous pocket. Due to respiratory complications four animals died during this

procedure.

3.2.2 Data Acquisition

After 8 ± 2 days, the animals were again taken to the cardiac catheterization labora-

tory and intravenously sedated with ketamine (1 to 4 mg/kg/h) and diazepam (5mg).
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As before, sedation was maintained with inhalational isoflurane (1% to 2.5%). Under

baseline conditions, during three consecutive cardiac cycles, marker locations were

acquired via biplane videofluoroscopy (Philips Medical Systems, Pleasanton, CA).

Videofluoroscopic images were taken in the right decubitus position at a sampling

frequency of 60 Hz. Simultaneously, aortic pressure, LV pressure, and ECG signals

were recorded. After the sheep were medicated with lidocaine (100 mg IV), bretylium

(75 mg IV), and magnesium (3 g IV), coronary snares were tightened to occlude the

second and third obtuse marginal branches of the left circumflex coronary artery.

Complete vessel occlusion was verified via angiography. An epinephrine drip was

titrated in order to maintain coronary perfusion pressure above 60 mmHg. Occurring

ventricular arrhythmias were treated with lidocaine (50 to 100 mg IV) and amio-

darone (50 to 150 mg IV). Due to refractory ventricular fibrillation, nine sheep died

following coronary occlusion.

After 5 ± 1 weeks, the remaining animals returned to the cardiac catherization lab-

oratory. Under chronic conditions, hemodynamic measurements and biplane vide-

ofluoroscopic recordings of marker coordinates were taken. Over the period of 5 ± 1

weeks, all but nine animals had lost significant markers, and were excluded from the

study. The remaining group of n=9 animals was selected as the final study group.

Off-line, utilizing a semi-automated image processing and digitization software [158],

four-dimensional coordinates χn(t) for all n= 1, ..., 8 annular markers were obtained

and stored for three consecutive heart beats, under both baseline condition and

chronic condition. End diastolic time points were selected for all animals and each

cardiac cycle as the time frames immediately before the rapid increase in left ventric-

ular pressure indicating the beginning of the isovolumetric contraction.
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3.2.3 Mathematical Model

As previously reported, from the eight four-dimensional marker coordinates χn(t),

eight piecewise cubic Hermitian splines,

c (s, t) =
∑3

i=0 bi,3(s) βi(t) , (3.1)

were created and parameterized in terms of the arc length s, for every time point t

of the three recorded cardiac cycles [181]. Here the Bernstein polynomials of degree

three were defined as follows,

b0,3 = − s3+ 3s2− 3s + 1 b1,3 = 3s3− 6s2 + 3s

b3,3 = s3 b2,3 = − 3s3+ 3s2.
(3.2)

The corresponding Bernstein coefficients [177],

β0 = x0(t) β1 = x0(t) +m0(t)/3

β3 = x1(t) β2 = x1(t) −m1(t)/3,
(3.3)

were parameterized in terms of the positions x0, x1 and slopes m0, m1 at the begin-

ning and end point of each spline segment. These coefficients βi(t) were determined

for each discrete time point t, by solving a least squares problem,

∑16
n=1 ||χn − cn(s, t) ||+ λ

∫
s
|| d2

sc(s, t) ||2ds→ min . (3.4)

While the first term minimizes the distance from the markers positions χn to the

spline curve cn(s, t), the second term minimizes the second derivative d2
sc(s, t) of

the overall spline, to enforce smoothness through the penalty parameter λ. Linear

equality constraints were applied to ensure C2-continuity.
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3.2.4 Clinical Characterization

Common clinical measures of annular geometry are septal-lateral distance, commissure-

commissure distance, mitral annular area, saddle-height, and septal and lateral perime-

ters. To characterize chronic geometric changes of the annulus, the above measures

were calculated under baseline condition and chronic condition and compared. All

clinical measures were calculated for three consecutive cardiac cycles and subsequently

averaged as previously reported [183].

Septal-lateral distance and commissure-commissure distance were calculated as the

distances between the mid-septal and mid-lateral markers (markers 1 and 5), and be-

tween the anterior commissural and posterior commissural markers (markers 4 and 7),

respectively. Mitral annular area was calculated as the area enclosed by the polygon

spanned by projections of markers 1 through 8 onto the best fit plane through all

annular markers. Saddle-height was defined as the average distance between the

commissural markers and the mid-septal marker projected onto the normal to the

best fit plane through all annular markers. Lastly, septal and lateral perimeters were

calculated as the sums of the distances between the septal markers 8 to 2 and the

lateral markers 2 to 8, respectively.

3.2.5 Mechanical Characterization

In addition to the above clinical measures, mechanical measures were calculated to

compare the mechanics of the mitral annulus under baseline condition and chronic

condition. In particular, strain and relative curvature were derived from the mathe-

matical representation of the mitral annulus to quantify chronic alterations.

Strain is a measure of the relative displacement of continuum points along the annular

perimeter between the reference time t0 and the current time t. As a field quantity,

strain allows us to identify, on a local level, where and to which extent the mitral
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annulus undergoes contraction and dilation during the transition from baseline to

chronic condition. To analyze the deformation of the annulus between baseline con-

dition and chronic condition, the baseline annulus at end diastole was chosen as the

reference configuration (t0) and the chronic annulus at end diastole was chosen as the

current configuration (t) [180, 25, 7]. The stretch λ(s, t) was computed as the ratio

between the lengths of the local tangent vectors in the current configuration dsc(s, t)

and in the reference configuration dsc(s, t0),

λ(s, t) = dsc(s, t)/dsc(s, t0) . (3.5)

The stretch naturally defined the Green-Lagrange strain E(s, t) along the annulus,

E(s, t) = 1
2

[
λ2 − 1

]
= 1

2

[
dsc(s, t)

2/dsc(s, t0)2 − 1
]

(3.6)

in terms of the local tangent vectors

dsc(s, t) =
∑3

i=0 dsbi,3(s) βi(t) , (3.7)

with the first derivatives of the Bernstein polynomials (3.2)

dsb0,3 = − 3s2+ 6s − 3 dsb1,3 = 9s2−12s+3

dsb3,3 = 3s2 dsb2,3 = − 9s2+ 6s
(3.8)

and the coefficients βi(t) determined from the minimization problem (3.4).

Absolute curvature is a measure of the deviation of a smooth curve from a straight

line. Relative curvature is defined as the change in curvature a curve undergoes

between two time points, the reference configuration t0 and the current configuration

t. It allows us to quantify the geometric changes the mitral annulus experiences

during its transition from baseline condition to chronic condition[132, 54]. Here, the
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absolute curvature κ(s, t) was calculated along the annulus at end diastole under

baseline condition and chronic condition,

κ(s, t) = ||dsc(s, t)× d2
sc(s, t)||

/
||dsc(s, t)||3 , (3.9)

and the relative curvature ∆κ(s, t) was calculated as the difference between these two,

∆κ(s, t) = κ(s, t)− κ(s, t0) . (3.10)

The second derivative

d2
sc(s, t) =

∑3
i=0 d2

sbi,3(s) βi(t) (3.11)

was expressed in terms of the second derivatives of the Bernstein polynomials (3.2)

d2
sb0,3 = − 6s + 6 d2

sb1,3 = 18s − 12

d2
sb3,3 = 6s d2

sb2,3 = − 18s + 6
(3.12)

and the coefficients βi(t) from the minimization problem (3.4).

Similar to the clinical measures, strain and relative curvature fields were calculated

for all three cardiac cycles and subsequently averaged. Furthermore, strain and rela-

tive curvature fields between baseline condition and chronic condition were quantified

individually for each animal and averaged over all animals.

3.2.6 Statistics

All data are reported as mean ± 1 Standard Deviation (SD). Hemodynamic data and

clinical measures of annular geometry, recorded under baseline condition and chronic

condition, were compared using two-way paired student t-test. Statistical significance

was defined for p-values below 0.05.
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3.3 Results

Marker coordinates were successfully recorded and digitized for all nine animals. Vi-

sual inspection revealed no apparent abnormalities in the marker data such as marker

detachment or discontinuities in their temporal evolution.

3.3.1 Clinical Measures of Annular Geometry

Hemodynamic data for all animals are summarized in Table 3.1 under baseline con-

dition and chronic condition, while Table 3.3 shows the degree of mitral regurgitation

under chronic condition for each animal. Statistically significant difference was found

only for heart rate (HR, p<0.001), which dropped from baseline condition to chronic

condition. Not statistically significant, but noteworthy, are increases in end dias-

tolic volume (EDV, p=0.064) and end systolic volume (ESV, p=0.060) from 204.33

±125.84 to 255.29 ± 113.92, and from 151.40 ± 110.89 to 179.60 ± 92.31, respec-

tively.

Clinical measures of annular geometry were calculated at end diastole under base-

line condition and chronic condition and reported as percentage changes. Results are

summarized in Table 3.2. Clinical measures of annular geometry reflect the signifi-

cant remodeling on the valvular level following myocardial infarction. Septal-lateral

distance increased significantly (15.2%, p=0.003) as well as commissure-commissure

distance (14.2%, p<0.001). Consequently, mitral annular area during end diastole

increased significantly as well (35.4%, p=0.002). Mitral annular remodeling was also

reflected in increases in septal and lateral perimeter. Interestingly, septal perimeter

(10.4%, p=0.013) increased less drastically than lateral perimeter (18.4%, p<0.001).

In contrast to previous measures, saddle height decreased following myocardial in-

farction. However, this change was not statistically significant.
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Table 3.1: Hemodynamic summary (mean ± 1 standard deviation). Shown are Heart
Rate (HR), maximal Left Ventricular Pressure (LVPmax), Left Ventricular End Di-
astolic Pressure (LVEDP), dP/dt, End Diastolic Volume (EDV), and End Systolic
Volume (ESV). Two-way paired Student t-Test was performed to compare hemody-
namics between baseline condition and chronic condition. * indicates statistically
significant difference between baseline condition and chronic condition with a p-value
smaller than 0.05.

Baseline Chronic

HR* 107 85
(b/min) ± 11 ± 9
LVPmax 95.4 81.2
(mmHg) ± 12.9 ± 26.0
LVEDP 16.5 16.8
(mmHg) ± 8.0 ± 8.8
dP/dt 1207.9 1006.1
(mmHg/s) ± 725.9 ± 427.6
EDV 204.3 255.3
(ccm) ± 125.8 ± 113.9
ESV 151.4 179.6
(ccm) ± 110.9 ± 92.3
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Table 3.2: Mitral annular remodeling (mean ± 1 Standard Deviation). Shown are
Septal-Lateral (SL) distance, Commissure-Commissure (CC) distance, Mitral Annu-
lar Area (MAA), Saddle-Height (SH), Septal Annular Perimeter (SP), and Lateral
Annular Perimeter (LP), under baseline condition and chronic condition at end dias-
tole. Change in clinical measures between baseline condition and chronic condition
represent as a measure of annular remodeling. * indicates statistically significant dif-
ference between baseline condition and chronic condition with a p-value smaller than
0.05.

Baseline Chronic Change (%)

SL* 2.84 3.27 15.2
(cm) ± 0.25 ± 0.32
CC* 3.72 4.25 14.2
(cm) ± 0.27 ± 0.33
MAA* 7.80 10.56 35.4
(cm2) ± 1.44 ± 2.06
SH 0.16 0.15 -6.4
(cm) ± 0.16 ± 0.14
SP* 3.24 3.57 10.4
(cm) ± 0.47 ± 0.53
LP* 7.36 8.71 18.4
(cm) ± 0.67 ± 0.84
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3.3.2 Mechanical Measures of Annular Geometry

Spline representations for all nine annuli were successfully computed. The resulting

approximating splines showed smooth contours and no apparent abnormalities, such

as discontinuities. Approximation errors, i.e., distances between the original markers

and the spline approximations, were checked and found to lie in the range of the

acquisition error.

Strains along the mitral annuli of all nine animals between end diastole under baseline

condition and chronic condition are illustrated in Figure 3.2. The degree of annular

remodeling in terms of strain varied across the nine animals. Overall, strains were

predominantly positive, implying that the annuli were stretched from baseline con-

dition to chronic condition. Quantitatively, peak strains for the individual animals

ranged from 10% to 100%. On average, strains were smallest in the septal segment

of the annulus, as low as 5%, and largest in the lateral segment, as high as 50%. The

average location for peak strain was located in the lateral-posterior segment of the

annulus.

Furthermore, the spline representations of the individual annuli, black for baseline

geometries and color-coded for chronic geometries, illustrate the geometric changes

in mitral valve following myocardial infarction. The average image, bottom right,

highlights the septal-lateral dilation, as well as the asymmetric deformation of the

lateral-posterior segment of the annulus outlining the P3 segment.

As an additional measure of annular mechanics, relative curvature between baseline

condition and chronic condition at end diastole is shown, see Figure 3.3. Relative cur-

vature was predominantly negative, implying that the curvature decreased between

baseline condition and chronic condition. Almost all animals showed distinct points

of localized peak relative curvature, differing significantly from the curvature of the

remaining annulus.
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Table 3.3: Degree of mitral regurgitation under chronic condition. Mitral regurgita-
tion was categorized as 0+ (none-trace), 1+ (mild), 2+ (moderate), 3+ (moderate-
severe), and 4+ (severe).

Degree of MR

Animal 1 4+
Animal 2 3+
Animal 3 4+
Animal 4 1+
Animal 5 2+
Animal 6 2+
Animal 7 2+
Animal 8 1+
Animal 9 2+
Average 2.3
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3.4 Discussion

Approximately 20-25% of the 6 million Americans that suffer from myocardial in-

farction also present with signs of ischemic mitral regurgitation [229, 47, 140]. With

a rising prevalence of coronary heart disease in the industrialized nations, the total

number of patients with ischemic mitral regurgitation is expected to further increase

in the future [77]. Now, more than ever, it is important to develop and device new

treatments for ischemic mitral regurgitation based on an improved quantitative un-

derstanding of the effects of myocardial infarcts on mitral valve mechanics.

The current study presents the first mechanical analysis of mitral annular remodel-

ing following myocardial infarction based on strain and curvature. Both fields were

calculated at end diastole between the healthy baseline condition and chronic disease

condition. In addition, classic clinical measures of mitral annular geometry, before

and after the infarct, were computed to complement the mechanical analysis.

3.4.1 Clinical Measures

Results for clinical measures reflect the drastic changes the mitral valve is known

to undergo in response to inferior myocardial infarction. Consistent with previous

reports, the mitral annulus increased significantly in area, driven primarily by septal-

lateral dilation and commissure-commissure dilation [83]. The most pronounced

change in annular perimeter resulted from dilation of the lateral annulus, which had

previously been identified as the primary cause of annular dilation in ischemic mitral

regurgitation [4]. In accordance with previous studies, saddle-height did not undergo

a statistically significant change at end diastole [84]. Data on the degree of mitral

regurgitation reflect the amount of annular remodeling well. Animals with significant

increase in septal-lateral dimension showed severe regurgitation, while animals with

little to no such deformation showed only trace regurgitation. All other cases fell in
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between these extremes.

3.4.2 Mechanical Measures

The results of the mechanical analysis are in excellent agreement with previous stud-

ies, which reported a markedly asymmetric infarct-induced dilation [83]. Largest

distortions were found in the lateral-posterior direction, the location of myocardial

infarct. Based on this observation, it may be hypothesized that remodeling of the

infarcted myocardium and the surrounding tissue results in a local dilation. This

dilation pulls the respective basal portion of the lateral-posterior wall away from the

annulus, distorting the annulus in the course.

For the first time, we reported regionally varying strain fields that may provide fur-

ther insight into the mechanistic origin of this dilation. The classical clinical measures

already revealed that most annular dilation originated from the lateral rather than

from the septal annulus. Strain and curvature fields confirmed that a large degree

of annular dilation stems from a very localized section of the annulus closest to the

P3 segment. Again, it seems that the remodeling myocardium perturbed the section

of the annulus closest to the infarct, causing local strain peaks, twice as large as

the strains in all other segments. Practically, this implies that the tangential forces,

which deform the mitral annulus, are likely the largest in this segment. Therefore,

the location closest to the infarct may be the region with the highest risk of ring

dehiscence [70].

Relative curvature plots revealed what has previously been described as circulariza-

tion of the annulus following myocardial infarction [133]. Most of the annuli presented

negative relative curvature. This implies that they increased in radius and, most ob-

vious in the average representation, became less curved and more circular. However,

relative curvature profiles displayed local interruptions to curvature homogeneity.

These localized segments of the lateral annulus and of the lateral-posterior annulus
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Figure 3.2: Mitral annular strain and stretch in the individual mitral annuli (ani-
mals 1-9) at end diastole between baseline condition (black) and chronic condition
(color). Red represents tensile strain or stretch, while blue reveals no strain or stretch.
The geometry, strain, and stretch along the annulus of the last image (AVG) were
calculated as the average from all nine animals.
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Figure 3.3: Mitral annular curvature alterations in the individual mitral annuli (an-
imals 1-9) at end diastole between baseline condition (black) and chronic condition
(color). Red illustrates an increase in curvature, while blue reveals a decrease in cur-
vature. The geometry and the relative curvature along the annulus of the last image
(AVG) were calculated as the average from all nine animals.
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displayed less change in curvature then the remaining annulus. Regions with high

curvature may therefore be considered as hinge points for asymmetric distortion. This

new insight could possibly aid surgeons to reversely identify and restore the healthy,

non-infarcted geometry of the mitral annulus during mitral valve repair.

3.4.3 Clinical Significance

Undersized mitral valve annuloplasty is the gold standard treatment of ischemic mi-

tral regurgitation [73]. Yet, 30% of all patients treated for ischemic mitral regurgi-

tation present with residual or recurrent regurgitation upon follow up [73, 63, 151].

Clearly, current treatment strategies of ischemic mitral regurgitation are suboptimal.

In response to this need, an annuloplasty ring was introduced to market with the spe-

cific goal of treating ischemic mitral regurgitation, see Figure 3.4. According to the

inventors, this ring incorporates an increased reduction in septal-lateral dimension

relative to other, non-disease-specific annuloplastly rings. In addition, it possesses

an asymmetric profile, with reduced P2-P3 curvature to accommodate the tethered

P3 segment. An increased sewing margin additionally allows for a double suture row

along the P2-P3 segment of the ring [47].

Our mechanical analysis may provide some additional support for the design concept

of this disease-specific annuloplasty ring. First, it illustrates a significant increase in

septal-lateral dimension, which may be alleviated by the ring’s aggressive downsizing.

Second, the data clearly reveal an asymmetric dilation of the lateral-posterior seg-

ment. The ring’s smaller curvature in this region may reduce the downsizing effect and

thus limit the risk of damage to the surrounding tissue. Third, the ring’s increased

sewing margin, which allows for double suture rows, may provide the necessary sup-

port to prevent the large local strains from tearing the surrounding myocardial tissue

and causing ring dehiscence.
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Figure 3.4: Image of the disease-specific annuloplasty ring for ischemic mitral regurgi-
tation. A top view on the left shows the ring’s characteristic features: an asymmetric
outline with reduced curvature at the P3 segment and an increased sewing margin.
The image on the right shows the same ring from a lateral perspective, with its char-
acteristic dip close to the P3 segment. Photograph courtesy of Edwards Lifesciences.
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3.4.4 Limitations

While this ovine model for chronic ischemic disease has been shown in the past to

be highly repeatable, it is inherently different from human infarct patients. When

extrapolating the knowledge gain from this study to human subjects, this limita-

tion should be kept in mind. Furthermore, these sheep have undergone open heart

surgery for maker placement before they were imaged in healthy and diseased condi-

tions. It can therefore not be excluded that some of the mitral valve remodeling may

be in response to open heart surgery and marker placement. Also, the duration of

this study was 5 weeks on average. It may be possible that some aspects of mitral

valve remodeling are initiated after a longer period of time and therefore were not

visible in this analysis. Lastly, as reported in the result section of this manuscript,

the quantitative analysis of each annulus revealed a large variation between the in-

dividual animals, especially in the diseased state. While baseline dimensions were

similar between all animals, diseased mitral annuli differed largely both in size and

in geometric distortion. One of the reasons for such large variation between animals

may be inter-subject differences in coronary anatomy. These differences may result

in varying infarct sizes and possibly varying infarct locations following the occlusion

of obtuse marginal branches two and three [82, 145].

3.5 Conclusion

This is the first time that a quantitative, mechanical analysis provides additional

insights into the mechanistic origins of asymmetric mitral annular dilation following

inferior myocardial infarction. Our data illustrate that annular dilation originates
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primarily from the lateral segment of the annulus; in particular from the lateral-

posterior segment, where infarct-induced peak strains were 50% and higher. The

relative curvature analysis reveals the existence of distinct hinge points of localized

curvature, from which this asymmetric distortion may originate. Overall, we believe

that our combined clinical and mechanical analysis of mitral annular changes following

inferior myocardial infarction provides additional understanding of disease-induced

changes in the mitral valve. This new and mechanistic insight may support improved

device designs and aid surgeons in reversely identifying healthy annular geometries

during mitral valve repair.
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Chapter 4

Mitral Valve Annuloplasty - A

Quantitative Clinical

and Mechanical Comparison of

Different Annuloplasty Devices

Abstract. Approximately one third of all patients undergoing open-heart surgery for

repair of ischemic mitral regurgitation present with residual and recurrent mitral valve

leakage upon follow up. A fundamental quantitative understanding of mitral valve

remodeling following myocardial infarction may hold the key to improved medical

devices and better treatment outcomes. Here we quantify mitral annular strains and

curvature in nine sheep 5 ± 1 weeks after controlled inferior myocardial infarction of

the left ventricle. We complement our marker-based mechanical analysis of the remod-

eling mitral valve by common clinical measures of annular geometry before and after

the infarct. After 5 ± 1 weeks, the mitral annulus dilated in septal-lateral direction by

15.2% (p=0.003) and in commissure-commissure direction by 14.2% (p<0.001). The

septal annulus dilated by 10.4% (p=0.013) and the lateral annulus dilated by 18.4%

59
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(p<0.001). Remarkably, in the animals with large degrees of mitral regurgitation

and annular remodeling the annulus dilated asymmetrically with larger distortions

toward the lateral-posterior segment. Strain analysis revealed average tensile strains

of 25% over most of the annulus with exception for the lateral-posterior segment,

where tensile strains were 50% and higher. Annular dilation and peak strains were

closely correlated to the degree of mitral regurgitation. A complementary relative

curvature analysis revealed a homogenous curvature decrease associated with signif-

icant annular circularization. All curvature profiles displayed distinct points of peak

curvature disturbing the overall homogenous pattern. These hinge points may be the

mechanistic origin for the asymmetric annular deformation following inferior myocar-

dial infarction. In the future, this new insight into the mechanism of asymmetric

annular dilation may support improved device designs and possibly aid surgeons in

reconstructing healthy annular geometry during mitral valve repair.

4.1 Introduction

More than half a century ago, the first mitral valve procedure was performed to cor-

rect a leaking valve under open heart conditions [152]. While the initial technique was

based on leaflet corrections alone, mitral valve repair today calls for a combination of

leaflet and annular procedures coupled with implantation of an annuloplasty device

[34]. Since it was established more than four decades ago [31], mitral valve annulo-

plasty has become progressively refined, and is now considered the gold standard for

the treatment of mitral regurgitation due to most etiologies [161].

The most common form of clinical mitral valve disease is mitral regurgitation with

systolic retrograde flow from the left ventricle to the left atrium. It affects more than

2.5 million Americans today; a number that is expected to double by 2030 as the

population ages and grows [196]. Annually, more than 300,000 people worldwide,
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44,000 in the United States alone, undergo open heart surgery due to mitral valve

disease [16].

The rationale behind mitral annuloplasty is to correct mitral valve insufficiency by

restoring the physiological form and function of the healthy mitral valve apparatus

[34]. The healthy mitral valve undergoes significant dynamic changes in shape and

size during the cardiac cycle [164]. These changes are largely due to the dynamic mo-

tion of the mitral annulus [180], a fibrous structure of collagenous connective tissue

that attaches the mitral leaflets and the left atrium to the left ventricle and the aortic

root [112]. From diastole to systole, the annulus undergoes a sphincteric motion, nar-

rowing the orifice area to enhance coaptation of the two leaflets [211]. The orifice area

is further reduced by a pronounced three-dimensional configuration during systole,

the characteristic saddle shape [106, 139]. These dynamic changes are believed to be

important to satisfactory mitral valve function in terms of optimizing leaflet coapta-

tion [105] and theoretically minimizing leaflet tissue stresses [195, 166]. The challenge

today is to improve the diseased, often distorted shape of the mitral valve and restore

a more physiological configuration, while preserving normal native annular dynamics

[43]. Today, the cardiac surgeon can select from a wide variety of annuloplasty devices

[24], flexible, semi-rigid, or rigid, incomplete or complete, planar or saddle-shaped,

see Figure 4.1. While all devices seek to increase leaflet coaptation and support the

posterior annulus against dilation, flexible incomplete fabric bands are particularly

designed to preserve the three-dimensional contour of the native annulus [43]. The

design goal of semi-rigid rings is to maintain coaptation and valve integrity during

systole, while permitting good hemodynamics during diastole [33]. Rigid, complete

rings are designed to induce radical reshaping of very dilated annuli associated with

left ventricular dilatation and systolic dysfunction [15]. Despite progress during the

past decades, the characterization and selection of different annuloplasty devices re-

mains largely qualitative and subjective.
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In this study, we sought to quantify to what extent flexible-incomplete, semi-rigid-

complete, and rigid-complete devices succeed in meeting their design goals. Although

related studies had been conducted in the past [211, 95], none of those were based

on quantitative side-by-side comparisons of three mechanistically different devices,

where each study subject was used as its own control [20]. Here, we used a hy-

brid experimental-computational approach to quantify device-induced alterations in

annular dynamics, both globally in terms of common clinical criteria and locally in

terms of mechanical field quantities. The unique combination of in-vivo biplane vide-

ofluoroscopy and non-linear field theories of mechanics allowed us to identify local

extrema in strain [24, 180, 193], stress [102, 120, 121], and curvature [54, 132, 181]

fields in addition to standard global clinically-used parameters [112, 76]. With these,

we tested the hypothesis that annuloplasty device implantation, irrespective of device

design, affects mitral annular dynamics. We also quantified to which extent flexible

bands and semi-rigid rings succeed in preserving native annular dynamics, compared

to rigid rings.

4.2 Methods and Materials

4.2.1 Animal Experiments

All animals received humane care in compliance with the Principles of Laboratory

Animals Care formulated by the National Academy of Sciences and published by the

National Institutes of Health. This study was approved by the Stanford Medical

Center Laboratory Research Animals Review Committee and conducted according to

Stanford University policy.

For this study we used 34 adult, male Dorsett-hybrid sheep (49±5 kg). We first ad-

ministered ketamine intramuscularly for placement of a single peripheral intravenous

line, and then anesthetized the sheep with sodium thiopental. Following intubation,
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Figure 4.1: Three common annuloplasty devices compared in the current study:
the flexible-incomplete Cosgrove c© band (top), the semi-rigid-complete Physio c© ring
(middle), and the rigid-complete Geoform c© ring (bottom). The left column shows
photographs of the devices from the atrial view, where the anterior portion is arranged
to be at the top, while the posterior portion is at the bottom. The right column shows
the mathematical representation of the mitral valve annulus in its native state, black,
and upon device implantation, white, both at end diastole. Photographs courtesy of
Edwards Lifesciences.
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we ventilated the sheep mechanically with inhalational isoflurane. To control secretion

and bradycardia, we gave glycopyrrolate as needed. Next, we performed a thorac-

tomy to gain access to the mitral valve via a direct atrial approach, a longitudinal

incision through the roof of the left atrium. Subsequently, we surgically implanted 16

radiopaque miniature tantulum markers on the perimeter of the mitral valve annu-

lus under cardiopulmonary bypass and cardioplegic arrest. We sutured six markers

onto characteristic annular landmarks, one marker at each trigone, one at the mid

anterior portion, one at the mid posterior portion and one at each commissure, see

Figure 4.2. We then subdivided the annulus into segments of equal length using the

remaining ten markers. Once all markers were secured at their respective locations,

we implanted one of the three frequently used annuloplasty devices (Edwards Life-

sciences, Irvine, CA, USA): flexible-incomplete polyester fabric Cosgrove bands in n

= 11 animals [43], semi-rigid-complete Elgiloy steel Physio rings in n = 11 animals

[33], and rigid-complete titanium Geoform rings in n = 12 animals [15], see Figure

4.1. We implanted all devices in a releasable fashion [20], and then closed the left

atrium. Supplemental videos in [20] illustrate atrial access, marker locations, and

ring release.

4.2.2 Data Acquisition

After marker and device implantation, we weaned the animals off cardiopulmonary

bypass and transfered them to the catheterization laboratory. Here, under acute,

open chest condition, we took biplane videofluoroscopic images of the valves with

implanted devices at a sampling frequency of 60Hz. Simultaneously, we recorded

blood pressure in the left ventricle, in the aorta, and in left atrium through catheter

micromanometer pressure transducers. After recording the first series of images, we

released the devices, see Figure 4.3, and pulled them to the atrial roof. In a second
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Figure 4.2: Example of a piecewise cubic, three-dimensional spline, solid line, approx-
imating the 16 marker coordinates in space, top view (left) and lateral view (right).
We implant markers, black spheres, at the anterior and posterior trigones, at the mid
anterior portion, at the mid posterior portion and at each commissure. Additionally,
we place ten markers to subdivide the annulus into 16 segments of approximately
equal length. The figure also illustrates mitral annular area (MAA), septal-lateral
distance (SL), commissure-commissure distance (CC), and saddle height (SH).
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series of images, we collected the control data without the devices in place. Off-

line, we utilized a semi-automated image processing and digitization software [158],

to obtain four-dimensional coordinates χn(t) for all n= 1, ..., 16 markers, for three

consecutive heart beats, both with annuloplasty devices implanted and without. In

the subsequent analyses, we utilized mathematical splines to approximate the mitral

valve annulus [60]. Splines are smooth, piecewise-polynomial functions of a particular

order used to interpolate or approximate a given set of data points. From the 16

four-dimensional marker coordinates χn(t), we created 16 piecewise cubic Hermitian

splines,

c (s, t) =
∑3

i=0 bi,3(s) βi(t) (4.1)

parameterized in terms of the arc length s, for each discrete time point t throughout

the cardiac cycle [181]. Here,

b0,3 = − s3+ 3s2− 3s + 1 b1,3 = 3s3− 6s2+ 3s

b3,3 = s3 b2,3 = − 3s3+ 3s2
(4.2)

are the Bernstein polynomials of degree three and

β0 = x0(t) β1 = x0(t) +m0(t)/3

β3 = x1(t) β2 = x1(t) −m1(t)/3
(4.3)

are corresponding Bernstein coefficients [60, 177]. The Bernstein coefficients are pa-

rameterized in terms of the positions x0, x1 and slopes m0, m1 at the beginning and

end point of each spline segment. For each discrete time point t, we determined these

coefficients βi(t) by solving a least squares problem.

∑16
n=1||χn − cn(s, t)||+ λ

∫
s
||d2

sc(s, t)||2ds→ min (4.4)
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The first term minimizes the distance from the markers positions χn to the spline

curve cn(s, t). The second term minimizes the second derivative d2
sc(s, t) of the over-

all spline, enforcing smoothness through the penalty parameter λ. In addition, we

applied linear equality constraints to ensure C2-continuity. This allowed us to calcu-

late continuous derivatives up to degree two, required to evaluate mechanical metrics

such as strain and curvature along the entire annulus for every point in time [180].

4.2.3 Mathematical Model

4.2.4 Characterization Using Clinical Parameters

In the literature, various clinical parameters have been introduced to characterize

dynamic changes of the mitral valve annulus throughout the cardiac cycle. The most

popular ones are the septal-lateral annular distance that describes the length of the

short axis of the almost elliptical orifice area of the mitral valve, the commissure-

commissure distance that is equivalent to the long axis, the eccentricity, the mitral

annular area, the annular perimeter, and the saddlehorn height that measures non-

planarity of the annulus, see Figure 4.2.

With the mathematical model derived in the previous section, we calculated the

septal-lateral and commissure-commissure distances after projecting the spline repre-

sentation onto a best-fit plane to orthogonalize the planar and non-planar parameters.

Using this best-fit-plane projection, we calculated the eccentricity from a fitted ellipse

and determined the mitral annular area from its area. Using the line integral along

the arc-length parameter s, we calculated the three-dimensional annular perimeter.

Last, we calculated the saddle height as the distance of the commissural points to a

plane that passes through the mid anterior and mid posterior points and is equidis-

tant to both commissures. To quantify dynamic changes upon device implantation,
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Figure 4.3: Intraoperative photograph illustrating releasable device implantation.
Prior to implantation, the ring is prepared by stitching the middle parts of eight
double-armed sutures evenly spaced through the ring fabric. Drawstring sutures
through their loops, shown in blue, enable the in vivo release of the implanted device.
This technique allows us to use each individual treated animal as its own control [20].
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we determined the percentage change

Change = [ pS − pD ]/pD · 100% (4.5)

of the peak values p in systole (S) and diastole (D) for each parameter, with and

without device.

4.2.5 Characterization Using Mechanical Fields

The mathematical representation of the annulus derived in Section 4.2.3 allows us to

easily extract mechanically relevant fields such as deformation, strain, and curvature.

Strain is a measure of the relative displacement of continuum points along the annular

perimeter between time t and the reference time t0, here selected to coincide with

minimum left ventricular pressure (LVPmin) [180]. As a field quantity, strain allows

us to evaluate precisely, on a local level, where and to which extent the mitral valve

annulus undergoes contraction and dilation, both in its native state and upon device

implantation. We calculated the Green-Lagrange strain E(s, t) along the annulus,

E(s, t) = 1
2

[
dsc(s, t)

2/dsc(s, t0)2 − 1
]

(4.6)

where the term in the brackets represents the stretch squared minus one. The stretch

was calculated as the ratio between the lengths of the local tangent vectors dsc(s, t)

in the current configuration at t and in the reference configuration at t0. It is defined

as

dsc(s, t) =
∑3

i=0 dsbi,3(s) βi(t) (4.7)

in terms of the first derivatives of the Bernstein polynomials (4.2)

dsb0,3 = − 3s2+ 6s − 3 dsb1,3 = 9s2−12s+3

dsb3,3 = 3s2 dsb2,3 = − 9s2+ 6s
(4.8)
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and the coefficients βi(t) from the minimization problem (4.4). Curvature is a measure

of the deviation of a smooth curve from a line. It can be interpreted as the reciprocal

of the radius of a circle fit to each point of a curve in the plane spanned by the curve’s

tangent and its normal. We calculated the curvature κ(s, t) along the annulus,

κ(s, t) = ||dsc(s, t)× d2
sc(s, t)||

/
||dsc(s, t)||3 (4.9)

where the second derivative

d2
sc(s, t) =

∑3
i=0 d2

sbi,3(s) βi(t) (4.10)

is expressed in terms of the second derivatives of the Bernstein polynomials (4.2)

d2
sb0,3 = − 6s + 6 d2

sb1,3 = 18s − 12

d2
sb3,3 = 6s d2

sb2,3 = − 18s + 6
(4.11)

and the coefficients βi(t) from the minimization problem (4.4). We evaluated strain

and curvature fields, averaged over all animals of each group, at four discrete time

points, at End Diastole (ED), End IsoVolumic Contraction (EIVC), End Systole (ES),

and End IsoVolumicRelaxation (EIVR), see Figure 4.4.
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Figure 4.4: Left ventricular pressure displayed over the normalized cardiac cycle.
Mean ± one standard deviation is shown for n = 34 animals without device. The
graph shows the four characteristic time points at End Diastole (ED), End IsoVolumic
Contraction (EIVC), End Systole (ES), and End IsoVolumic Relaxation (EIVR).
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4.2.6 Statistics

We performed statistical analyses for the six clinical metrics and the hemodynamic

data, see Figure 4.5 and Table 4.1. All bar graphs depict mean ± one standard

deviation. To identify differences between device and control groups, we applied a two-

sided, dependent student t-test. We visually checked normality using histograms. We

analyzed the difference between control and device groups for all clinical parameters

using one-way ANOVA. Last, we performed the post-hoc analysis using the Tukey

test. For t-test and ANOVA, we defined the significance level to be 0.05.

4.3 Results

Analysis of the collected marker coordinates and hemodynamic data revealed normal

cardiac function in all animals with and without device, see Table 4.1. Figure 4.4

shows the time-aligned averaged left ventricular pressure over the normalized car-

diac cycle [180], displayed for all n = 34 animals without device. With the device

implanted, as expected, all annuli adapted the shape of the device, see Figure 4.1,

right, white annuli. With the device released, the mathematical annulus models dis-

played no apparent discontinuities. We compared the geometry for each annulus to

data without prior annuloplasty, which had been collected in our laboratory in the

past [211]. In this comparison, we observed no significant deviations from normal

physiological shape in response to annuloplasty, see Figure 4.1, right, black annuli.

Maximum deviations between the spline representation and the discrete marker po-

sitions were found to lie in the sub-millimeter range, and were therefore of the same

order of magnitude as the digitization error itself [50].
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Figure 4.5: Clinical parameters describing mitral valve annular dynamics without,
grey bars, and with device, white bars, for flexible-incomplete, semi-rigid-complete,
and rigid-complete devices. Bars show mean ± one standard deviation of changes
in peak values during diastole versus systole. SL septal-lateral distance (A), CC
commissure-commissure distance (B), ECC eccentricity (C), MAA mitral annular
area (D), AP annular perimeter (E), and SH saddlehorn height (F).
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4.3.1 Clinical Parameters of Annular Dynamics

Figure 4.5 summarizes the clinical characteristics of annular dynamics without, grey

bars, and with device, white bars, for the flexible-incomplete, semi-rigid-complete,

and rigid-complete devices. For all n = 34 control data sets without device, changes

were−14.4± 5.0% in septal-lateral distance, − 5.7± 2.1% in commissure-commissure

distance, +15.9 ± 6.4% in eccentricity, −17.9 ± 6.2% in mitral annular area, − 6.4

± 2.1% in annular perimeter, and +61.0 ± 38.4% in saddle height. In general, all

three devices showed the tendency to freeze annular dynamics and to reduce dy-

namic changes throughout the cardiac cycle. Specifically, for both semi-rigid and

rigid rings, student t-tests showed statistically significant differences for all clinical

parameters between groups without and with device, with p<0.0005 for septal-lateral

and commissure-commissure distances, eccentricity, mitral annular area, and annular

perimeter for both groups, p<0.05 for saddle height for semi-rigid rings and p<0.005

for saddle height for rigid rings. The flexible band showed statistically significant

changes in annular dynamics with p<0.0005 for septal-lateral distance, eccentricity,

mitral annular area, and annular perimeter and p<0.005 for commissure-commissure

distance, but not for saddle height.

As expected, one-way ANOVA revealed no statistically significant differences between

the three groups without device, grey bars, for any of the clinical parameters. How-

ever, we were able to show statistically significant differences in dynamic changes

between the three device groups with device, white bars, with p<0.0005 for eccen-

tricity and mitral annular area, p<0.005 for septal-lateral distance, and p<0.05 for

saddle height, while the differences for commissure-commissure distance and annular

perimeter remained statistically insignificant. Tukey post-hoc analysis showed that

changes in septal-lateral distance, eccentricity, mitral annular area, and saddle height

with device were larger in the flexible band group than in the semi-rigid and the rigid



4.3. RESULTS 75

ring groups. Figures 4.6 and 4.7 depict the mechanical characteristics of mitral annu-

lar dynamics without, rows 1,3,5, and with device, rows 2,4,6, for flexible-incomplete,

semi-rigid-complete, and rigid-complete devices. Figure 4.6 illustrates regional vari-

ations in annular strains at four characteristic time points throughout the cardiac

cycle. Red colors indicate annular dilation or tension, while blue colors indicates an-

nular contraction or compression, relative to the reference configuration at LVPmin.

The control groups without device, rows 1,3,5, displayed the characteristic annular

dynamics with approximately 8% contraction in the posterior annulus and approxi-

mately 4% dilation in the anterior annulus. All devices, rows 2,4,6 severely affected

mitral annular dynamics, and, in average, significantly reduced temporal and regional

strain variations.

For the flexible band, Figure 4.6 top, at all four time points, strains were non-negative

throughout the entire posterior annulus, while without device, the posterior annulus

displayed maximum contractile strains of −10.0%. However, in the anterior sec-

tion, strains remained virtually unaffected by the device, in fact, they even increased

slightly upon device implantation from +2.7% to +3.5%. For the semi-rigid ring,

Figure 4.6 middle, device implantation eliminated contractile strains in the posterior

annulus at all four time points. Furthermore, tensile strains in the anterior annu-

lus appeared generally smaller upon device implantation. For the rigid ring, Figure

4.6 bottom, at all four time points, the entire annulus showed a significant strain

reduction. Both tensile strains in the anterior annulus and contractile strains in the

posterior annulus were substantially reduced in the rigid ring group in comparison

to its control group without device. Figure 4.7 illustrates regional variations in an-

nular curvature at four characteristic time points. All devices reduced the temporal

variation in curvature throughout the cardiac cycle when compared to their control

groups. In the control groups, rows 1,3,5, the curvature increased from diastole to

systole, especially in the commissural regions. Upon device implantation, rows 2,4,6,

these changes were significantly reduced. For the flexible band group, Figure 4.6 top,
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points of maximum curvature were identical with and without device. For the semi-

rigid ring group, Figure 4.6 middle, local extrema were slightly shifted upon device

implantation. For the rigid ring group, Figure 4.6 bottom, the curvature was altered

considerably upon device implantation, alternating between several local extrema

along the perimeter.

4.4 Discussion

We characterized the dynamics of the mitral valve annulus in the beating ovine heart,

both with and without three commonly used annuloplasty devices. We had previ-

ously validated the underlying method using healthy baseline data derived from 55

sheep [181]. Here, we hypothesized that annuloplasty devices reduce annular dynam-

ics, irrespective of their design. Our results confirm our hypothesis, and, in addition,

demonstrate that incomplete flexible bands, as intended, [43], preserve annular dy-

namics more than did complete rings.

4.4.1 Discussion of Clinical Parameters

Figure 4.5 summarizes the characteristic dynamic behavior of the native mitral an-

nulus during the cardiac cycle, see grey bars. From diastole to systole, the native

mitral annulus displays its characteristic sphincteric motion, resulting in a signifi-

cant reduction in mitral annular area of −17.9± 6.2%. Furthermore, the asymmetric

change in septal-lateral and commissure-commissure distances, −14.4 ± 5.0% versus

−5.7±2.1%, forces the mitral valve annulus to take a more elliptical shape in systole,

resulting in an increase in eccentricity of +15.9 ± 6.4%. Finally, the annulus under-

goes a change in its three-dimensional configuration, resulting in a more pronounced

saddle shape in systole than in diastole, manifesting itself in a remarkable increase in
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Table 4.1: Hemodynamic data for three device groups without and with devices
implanted. * indicates statistically significant difference.
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saddle height of +61.0± 38.4%.

Figure 4.5 demonstrates that annuloplasty device implantation does affect native an-

nular dynamics, irrespective of device type, see white bars. Changes in septal-lateral

and commissure-commissure distances, eccentricity, mitral annular area, and annular

perimeter are significantly reduced, causing the annulus to lose a large portion of the

sphincteric motion upon device implantation. Changes in saddle height are signifi-

cantly reduced by semi-rigid and rigid rings, but not by flexible bands. Changes in

septal-lateral distance, eccentricity, mitral annular area, and saddle height remain sig-

nificantly larger in the flexible band group, than in semi-rigid and rigid ring groups,

however, this is not true for the commissure-commissure distance and the annular

perimeter. We conclude that the flexible band, indeed, preserves annular dynamics

to a larger degree than the semi-rigid and rigid rings.

4.4.2 Mechanical Fields of Annular Dynamics

4.4.3 Discussion of Mechanical Fields

While global clinical metrics are relatively straightforward to calculate and to inter-

pret, they are known to mask local mechanisms and phenomena. To support the

conclusions suggested by clinical metrics, to identify local effects and regional vari-

ations, and to provide further insight into mitral annular dynamics, the analysis of

mechanical field values is of critical importance. To fully appreciate the dynamic

motion of the mitral valve annulus, we refer to the supplemental videos in [181].

Figure 4.6 illustrates the heterogeneity of annular strains throughout the cardiac cy-

cle. The side-by-side comparison of control and device data, rows 1,3,5 versus rows

2,4,6, allows us to identify mechanisms that might be crucial to healthy mitral valve

function, but are impaired by device implantation. For example, we observe that for

all three devices, the reduced change in annular perimeter can be attributed to a loss

of posterior contraction, rows 2,4,6, which is characteristic for the healthy annulus
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Figure 4.6: Mechanical strain fields describing mitral annular dynamics without, rows
1,3,5, and with device, rows 2,4,6, for flexible-incomplete, semi-rigid-complete, and
rigid-complete devices. Illustrated are the average spline representations of the annuli
from an atrial view. The annuli are arranged such that the anterior portions are at
the top while the posterior portions are at the bottom. Annular strains are displayed
at four characteristic time points: End Diastole (ED), End IsoVolumic Contraction
(EIVC), End Systole (ES), and End IsoVolumic Relaxation (EIVR). Red indicates
annular dilation/tension, blue indicates annular contraction/compression, relative to
the reference configuration at LVPmin.
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during systole, rows 1,3,5. The side-by-side comparison of the different devices, rows

2,4,6, allows us to quantify repair mechanisms that might help to optimize future

device design. For example, it is evident that the incomplete band, row 2, preserves

the characteristic dynamics of the anterior segment, while the complete rings, rows

4,6, do not.

Figure 4.7 illustrates the spatial heterogeneity in annular curvature throughout the

cardiac cycle. The side-by-side comparison of control and device data demonstrates

that all three devices, rows 2,4,6, alter the native curvature, rows 1,3,5. Both the flex-

ible band and the semi-rigid ring, row 2,4, succeed in maintaining regions of maximum

and minimum curvature, rows 1,3, closely mimicking the native curvature profile. The

rigid ring, row 6, however, overwrites the natural curvature pattern, row 5, almost

throughout the entire perimeter. Curvature changes indicate alterations in bending

dynamics, which might disturb the natural force balance of the mitral valve complex

and induce locally elevated stresses. Altered stress profiles could potentially trigger

tissue remodeling, which, in turn, could further affect normal mitral valve function

[202].

4.4.4 Comparison to Previous Studies

A number of studies have been conducted in animals [76, 178, 190] and in humans

[49, 72, 160], with the common goal to quantify whether flexible and semi-rigid devices

can preserve annular dynamics. Interestingly, the results deviate considerably [211].

Some studies have hypothesized that annular dynamics are diminished, independent

of the implanted device. This hypothesis has been confirmed in the beating ovine

heart, in which flexible bands have shown no significant advantage over semi-rigid

rings in terms of preservation of annular dynamics [76]. Other experiments have

hypothesized that flexible bands and rings preserve annular dynamics at least to

some degree. In-vivo studies in animals [178, 190] and sonomicrometry studies in
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Figure 4.7: Mechanical curvature fields describing mitral annular dynamics without,
rows 1,3,5, and with device, rows 2,4,6, for flexible-incomplete, semi-rigid-complete,
and rigid-complete devices. Illustrated are the average spline representations of the
annuli from an atrial view. The annuli are arranged such that the anterior portions
are at the top while the posterior portions are at the bottom. Annular curvature
is displayed at four characteristic time points: End Diastole (ED), End IsoVolumic
Contraction (EIVC), End Systole (ES), and End IsoVolumic Relaxation (EIVR).
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patients [160, 49] have confirmed these assumptions. Discrepancies between these

findings have been attributed primarily to differences in device types, animal models,

etiologies, measurement techniques, and study duration [211].

Despite all this past effort there is no controlled animal experiment that allows a direct

side-by-side comparison between flexible bands, semi-rigid rings, and rigid rings. None

of the existing studies have applied a releasable ring technique [20], to use each treated

subject as its own control. Furthermore, existing studies base their conclusions solely

on clinical metrics [22], without performing mechanical analyses to support their

conclusions. We believe that the current study, by overcoming these limitations, will

contribute significantly to our understanding of mitral valve annuloplasty.

4.4.5 Clinical Significance

Dynamic annular changes, from a three-dimensional configuration with reduced sad-

dlehorn height during diastole to a configuration with increased saddlehorn height

during systole, might be critical to reduce leaflet stress [106, 166, 195] and to support

the sphincteric motion which reduces mitral annular area [112]. During diastole, the

sphincteric motion of the mitral valve annulus increases the orifice area and there-

with aids left ventricular filling [30]. During systole, a reduction in the orifice area

facilitates coaptation between the anterior and posterior leaflets.

First, abolishing any of these mechanisms may be detrimental to mitral valve function

and yield suboptimal repair results [33, 43, 202]. Second, fixing the anterior annulus

and preventing it from buckling into the mitral valve orifice during systole might

disturb native dynamic motion of the left ventricular outflow tract [135]. Third, an-

nuloplasty device rigidity could theoretically impair left ventricular function [19, 114].

This suggests that annuloplasty devices, which preserve the native dynamics of the

mitral valve complex might be beneficial. Here, we show that flexible bands main-

tain annular dynamics to a larger extent than do semi-rigid and rigid rings, and may
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therefore be advantageous. Overall, of course, annuloplasty device selection depends

on multiple factors, of which preservation of annular dynamics is only one. Con-

versely, for example, the Geoform very rigid, complete ring is a disease-specific ring

specifically designed to reduce the septal-lateral distance dimension of the mitral an-

nulus disproportionally more than the commissure-commissure distance dimension in

patients with congestive heart failure due to left ventricular dilatation and systolic

dysfunction, e.g., functional mitral regurgitation (FMR) and ischemic mitral regurgi-

tation (IMR) [15, 223].

4.4.6 Mechanical Relevance

Mechanical field quantities such as strain [24, 180, 193], stress [102, 120, 121], curva-

ture [54, 78, 180] and regionally varying stiffness [121], provide valuable insight into

the complex dynamics of the mitral valve apparatus. Spatial and temporal variations

of these fields might help to identify the mechanistic origin of repair failure, for ex-

ample elevated stresses on suture lines. Ultimately, mechanical fields may help to

improve current standards in valvular repair.

The mechanical design goals of the Cosgrove flexible band are to increase leaflet coap-

tation and to support the posterior annulus against dilation, while maintaining the

native three-dimensional contour of the annulus in patients with degenerative mitral

regurgitation, e.g., mitral valve prolapse [43]. Made of barium sulfate impregnated

silicone rubber with a polyester velour fabric covering, it is specifically designed to

preserve physiological function. Our study shows that the flexible band preserves the

native saddle shape with changes in saddle height similar to the native annulus. Of

all three devices, it comes closest to mimicking natural annulus sphincteric motion,

with largest changes in septal-lateral distance, eccentricity, mitral annular area, and

saddle height. Except for reduced posterior contraction, it preserves native strain and

curvature profiles throughout the entire cardiac cycle.
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The mechanical design goal of the semi-rigid Physio ring is to remodel the mitral

annulus while maintaining coaptation and valve integrity in systole and permitting

good hemodynamics in diastole [33]. Made of layers of Elgiloy steel bands separated

by polyester film strips, it is specifically designed to allow for progressive posterior

flexibility and for physiologic contractility during systole. Our clinical and mechanical

metrics failed, however, to confirm this design goal. Changes in clinically-used param-

eters are significantly reduced when compared to the control group, and significantly

smaller than in the flexible band group. Strain profiles demonstrate a significant loss

of posterior contraction. Strains are close to zero almost throughout the entire car-

diac cycle. Despite the Physio design criteria, it seems that annular motion is almost

entirely frozen.

The mechanical design goals of disease-specific rigid, complete rings such as Geo-

form include more radical annular reshaping and disproportionate down-sizing of the

septal-lateral distance annular dimension than partial rings, to reduce mitral regur-

gitation caused by enlargement and dysfunction of the left ventricle, while preserving

orifice area [223]. Made of a titanium alloy base covered by silicone rubber with a

polyester velour fabric covering, Geoform is designed to bring the annulus inward

and to raise the posterior mitral valve apparatus and posteromedial papillary mus-

cle in an attempt to counteract the outward and downward leaflet tethering seen

in patients with left ventricular dysfunction and congestive heart failure [15]. Our

study confirms that the Geoform rigid ring succeeds in significantly reducing annular

dynamics throughout the entire cardiac cycle. Its strain profiles are close to zero at

all four characteristic time points. Its curvature profiles mimic its non-physiological

geometry, specifically designed to reform the shape and function of the left ventricle

and reduce chronic disease progression.
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4.4.7 Limitations

General limitations of the experimental method and the mathematical model of the

mitral valve annulus are summarized in a previous publication [181]. For this partic-

ular study, it is important to keep in mind that our data have been collected acutely,

in healthy sheep. Under chronic conditions, scaring of suture and repair sites may

unfavorably affect annular dynamics. Accordingly, annular dynamics might not be

preserved to such a large degree as demonstrated here, under acute conditions. Under

diseased conditions, the dynamics of the mitral valve may be considerably altered be-

fore device implantation becomes necessary. Although our data suggest that, under

healthy conditions, the flexible band induces the smallest change in mitral annular

dynamics, these results may differ in diseased hearts.

4.5 Conclusion

This study was motivated by the hypothesis that annuloplasty device implantation,

irrespective of the device design, reduces mitral annular dynamics. In a compari-

son of three routinely used repair devices, flexible-incomplete, semi-rigid-complete,

and rigid-complete, we observed significant device-induced alterations in common

clinically-used parameters in all three groups. While these global clinical parameters

are relatively straightforward to calculate and to interpret, they fail to reveal local

phenomena and regional variations. We demonstrated that a complementary analy-

sis of mechanical field quantities can provide additional insight into the mechanistic

origin of device-induced alterations. In side-by-side comparisons of native and al-

tered strain and curvature profiles, we identified mechanisms that might be crucial to

healthy mitral valve function, but are unfavorably impaired by device implantation,

e.g., a significant loss of posterior contraction. In side-by-side comparisons of the

different devices, we quantified repair mechanisms that might help to optimize future
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device design, e.g., functionally graded support to preserve native anterior dilation.

Overall, our results confirm our initial hypothesis that annuloplasty device implan-

tation reduces mitral annular dynamics. In addition, our study demonstrates that

flexible bands, according to their design goals, preserve annular dynamics to a higher

degree than semi-rigid and rigid rings.
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Chapter 5

In Vivo Dynamic Strains of the

Ovine Anterior Mitral Valve

Leaflet

Abstract. Understanding the mechanics of the mitral valve is crucial in terms of

designing and evaluating medical devices and techniques for mitral valve repair. In

the current study we characterize the in vivo strains of the anterior mitral valve

leaflet. On cardiopulmonary bypass, we sew miniature markers onto the leaflets of

57 sheep. During the cardiac cycle, the coordinates of these markers are recorded

via biplane fluoroscopy. From the resulting four-dimensional data sets, we calculate

areal, maximum principal, circumferential, and radial leaflet strains and display their

profiles on the averaged leaflet geometry. Average peak areal strains are 13.8±6.3%,

maximum principal strains are 13.0±4.7%, circumferential strains are 5.0±2.7%, and

radial strains are 7.8±4.3%. Maximum principal strains are largest in the belly region,

where they are aligned with the radial direction during diastole switching into the

circumferential direction during systole. Circumferential strains are concentrated

at the distal portion of the belly region close to the free edge of the leaflet, while

87
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radial strains are highest in the center of the leaflet, stretching from the posterior

to the anterior commissure. In summary, leaflet strains display significant temporal,

regional, and directional variations with largest values inside the belly region and

toward the free edge. Characterizing strain distribution profiles might be of particular

clinical significance when optimizing mitral valve repair techniques in terms of forces

on suture lines and on medical devices.

5.1 Introduction

The mitral valve is a sophisticated three-dimensional structure, consisting of the an-

nulus, two leaflets, and the chordae tendinae that originate from the papillary muscles

and insert into the leaflets. In the healthy heart, the mitral valve ensures unidirec-

tional blood flow from the left atrium into the left ventricle. Throughout the cardiac

cycle, the mitral valve experiences complex mechanical loading. Particularly during

systole, the leaflets undergo large deformation [189, 194].

Malfunctioning mitral valves are associated with high mortality and morbidity. For-

tunately, several of the disease scenarios can be treated either medically, interven-

tionally, or surgically [17]. Throughout the past decades, surgical mitral valve repair

has become the procedure of choice [232]. Different strategies such as leaflet resec-

tion [32, 67], leaflet augmentation [3], edge-to-edge repair [147], neo-chordae, chordal

cutting, chordal shortening [32, 51], and papillary muscle repositioning [123] have

been proposed as repair techniques to restore mitral valve competence. In addition,

medical devices such as annuloplasty rings or mitral clips are implanted in support of

the repair or as the sole solution [31, 47]. While these interventions aim at restoring

valve function, it is likely that they alter normal loading conditions and associated

deformations [161]. It has been shown that alterations in mechanical loading may re-

sult in valvular remodeling, which, in turn, might affect normal valve function [174].

In addition, abnormal loading patterns on the valve may impair long-term repair
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durability [23, 195].

A common measure for the deformation of a body is strain. In a series of studies,

in vitro leaflet strains were reported over the entire cardiac cycle of bovine ante-

rior and posterior mitral valve leaflets, both under normal and disease conditions

[90, 108, 119, 166]. These studies demonstrate the sensitivity of leaflet strains to

alterations in mitral valve geometry and loading. Only recently, piezoelectric trans-

ducers were used to quantify ovine anterior mitral valve leaflet strains in vivo [193]. In

addition, computational studies can also help to understand the complex mechanics

of heart valves in silico [53, 171, 173, 227, 228]. In vitro and in vivo studies provide

valuable insight into mitral valve function. However, existing studies only report local

strain values from the center of the leaflet. Understanding of the mechanical state of

the leaflet outside the center may be crucial for the evaluation of repair techniques in

terms of repair durability [71]. In this study, we provide a more complete picture of

anterior mitral leaflet strains. This knowledge will help to characterize mitral valve

mechanics more accurately and provide guidance to improve long-term durability of

surgical treatments and medical devices.

In the past two decades, we have established different ovine models to study various as-

pects of mitral valve mechanics under pathological and normal conditions [21, 22, 89].

In living sheep, we track surgically implanted tantulum markers throughout several

consecutive cardiac cycles via video fluoroscopy. In the current study this technique is

combined with a continuum mechanical approach to reconstruct strain profiles across

the entire anterior mitral leaflet throughout the complete cardiac cycle. To address

both the engineering community and clinical community, we report areal strains and

maximum principal strains which might be more intuitive to engineers [119], and cir-

cumferential and radial strains which are more intuitive to cardiac surgeons [22, 193].

Since the choice of the appropriate reference configuration has been discussed contro-

versially in the literature [90, 121, 193], we also explore the sensitivity of the strain

calculation with respect to different reference states.
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5.2 Methods and Materials

5.2.1 Animal Experiments

All animals received humane care in compliance with the Principles of Laboratory

Animals Care formulated by the National Academy of Sciences and published by the

National Institutes of Health (DHEW [NIH] Publication 85 to 23, revised 1985). This

study was approved by the Stanford Medical Center Laboratory Research Animals

Review Committee and conducted according to Stanford University policy.

Prior to data acquisition we pre-medicate 57 adult, male Dorsett-hybrid sheep intra-

muscularly with ketamine and anesthetize them with sodium thiopental. We intubate

and ventilate the sheep with inhalational isoflurane. Following a left thoractomy,

under cardiopulmonary bypass and cardioplegic arrest, we implant 23 miniature ra-

diopaque tantulum markers onto the anterior mitral leaflet and the surrounding an-

nulus, see Figure 5.1. After all markers are placed, we close the left atrium before

weaning the animals off cardiopulmonary bypass. For biplane videofluoroscopic imag-

ing of the markers in the beating heart, we transfer the animals to the experimental

catheterization laboratory. In the right lateral decubitus position, we acquire the

marker coordinates from biplane videofluoroscopy under open chest conditions at a

sampling frequency of 60Hz. Using catheter micromanometer pressure transducers,

we simultaneously record atrial, ventricular, and aortic pressures. To obtain four-

dimensional marker coordinates, we merge the biplane images off-line via a semi-

automated image processing and digitization software developed in our laboratory

[158].

5.2.2 Temporal Interpolation

The sampling frequency of our biplane videofluoroscopy system is fixed at 60Hz for

all animals. Since the animals have different heart rates, the number of data time



5.2. METHODS AND MATERIALS 91
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Figure 5.1: Animal in decubitus position during videofluoroscopic imaging, left. Cam-
eras C1 and C2 record two-dimensional X-ray images of the beating heart. Merging
these two data sets, we obtain the three-dimensional coordinates of 23 markers from
which we reconstruct the leaflet surface, right. We implanted seven markers close to
the mitral leaflet free edge, grey, nine on the central belly region of the leaflet, black,
and seven on the anterior section of the mitral annulus, white. The markers have
an average weight of 3.2mg with an outer diameter of 1.1mm and inner diameter of
0.6mm.
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points acquired over a cardiac cycle varies with each animal. To create average leaflet

geometries and strain profiles, we map all 57 data sets into four time intervals between

end-diastole, end-isovolumic contraction, end-systole, end-isovolumic relaxation, and

end-diastole of the next beat. Based on the different average interval lengths, these

four intervals are further subdivided into five, thirteen, seven, and fifteen segments,

respectively, see Figure 5.2. Within each of these four intervals, we perform a linear

temporal interpolation between the experimentally acquired raw data points to create

temporally aligned data sets of hemodynamic and kinematic data at the five, thirteen,

seven, and fifteen segment points, thus representing the cardiac cycle through ntime =

40 discrete time points.

5.2.3 Spatial Interpolation

From the time-aligned data sets, at each of the ntime = 40 discrete time points, we

create a triangular facet mesh, see Figure 5.1. We characterize the leaflet as a thin

membrane and quantify its strain state exclusively in terms of its membrane or in

plane strains [13]. For each three-noded membrane element, nnod = 3, we interpolate

the reference configuration X(θ1, θ2) and the current configuration x(θ1, θ2) in terms

of the reference and current nodal positions XI and xI .

X (θ1, θ2) =
∑nnod

I=1 NI(θ
1, θ2)XI

x (θ1, θ2) =
∑nnod

I=1 NI(θ
1, θ2) xI

(5.1)

Herein, NI are the linear shape functions parameterized in terms of the local curvi-

linear coordinates θα, with α = 1, 2. From their partial derivatives with respect to

the curvilinear coordinates ∂NI/∂θ
α we calculate the set of covariant base vectors in
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Figure 5.2: Average left ventricular pressure with representative time points. Squares
indicate the three analyzed reference states for the strain calculations referenced in
Figure 5.3. Reference states R1, R2, and R3 correspond to minimum left ventric-
ular pressure, black square, end-diastole, grey square, and leaflet separation, white
square, respectively. The black diamond indicates maximum left ventricular pressure
referenced in Figure 5.6. Black circles indicate the time points referenced in Figure
5.7.
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the reference configuration Gα and in the current configuration gα.

Gα(θ1, θ2) =
∑nnod

I=1

∂NI

∂θα
XI

gα(θ1, θ2) =
∑nnod

I=1

∂NI

∂θα
xI

(5.2)

The scalar product between the individual covariant base vectors introduces the co-

variant surface metrics of the reference configuration Gαβ and of the current config-

uration gαβ.

Gαβ = Gα ·Gβ gαβ = gα · gβ (5.3)

Using the contravariant spatial surface metric gαβ = [ gαβ ]−1, i.e., the inverse of the

covariant spatial surface metric gαβ, we map the covariant base vectors gβ onto their

contravariant counterparts gα.

gα = gαβgβ gαβ = gα · gβ = [ gαβ ]−1 (5.4)

We then introduce the Euler-Almansi membrane strains e as the differences between

the contravariant current and reference surface metrics gαβ and Gαβ in terms of the

contravariant spatial base vectors gα.

e = eαβ g
α ⊗ gβ eαβ = 1

2
[ gαβ −Gαβ ] (5.5)

By solving the corresponding eigenvalue problem, we calculate the principal strains

λe,

[ eαβ − λegαβ ]nβ = 0α (5.6)

where nβ are the contravariant principal strain directions. From the corresponding

characteristic equation

λe 2 − Ieλ+ IIe = 0 λe1,2 = 1
2
[ Ie ±

√
I2
e − 4 IIe ] (5.7)
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we obtain the maximum and minimum principal strains λemax = max{λe1,2} and λemin =

min{λe1,2} using the following expressions for the invariants Ie and IIe.

Ie = trg(e) = eαβ g
αβ IIe = detg(e) = det(eαβ)/det(gαβ) (5.8)

To determine the circumferential and radial strain components ecc and err, we map

the Euler-Almansi strain e onto the circumferential and radial directions nc and nr

in the current configuration.

ecc = nc · e · nc err = nr · e · nr (5.9)

The radial direction nr is defined as the vector pointing from the mid-trigonal marker

to the geometric center of the leaflet; the circumferential directions nc is defined

orthogonal to it, passing through the leaflet center, see Figure 5.1 . Finally, for each

time point we calculate the Euler-Almansian areal strains

eareal =
da− dA

da
(5.10)

as the relative changes in triangular area, where dA and da are the areas of each tri-

angular element in the reference and current configurations. From the Euler-Almansi

areal strain eareal, we can calculate the area stretch

νarea =
da

dA
=

1

[1− eareal]
(5.11)

which, in classical continuum mechanics, is known as the norm of the projection

of the unit normal to the corresponding triangular facet element in the reference

configuration, projected with the cofactor of the deformation gradient. If we assume
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that the leaflet is incompressible, changes in thickness direction

νthick =
dA

da
= 1− eareal (5.12)

would follow directly from the incompressibility constraint νthick = 1/νarea.

5.2.4 Local Strains in the Belly Region

For a quantitative comparison with previously reported data [193], we extract peak

strain values averaged over the belly region from the raw data sets and report areal

strains eareal according to equation (5.10), maximum principal strains λemax accord-

ing to equation (5.7), and circumferential and radial strains ecc and err according to

equation (5.9), see Figure 5.3 left. Using a second order central difference scheme,

we calculate strain rates as the first temporal derivatives of the strains. To calculate

the left and right boundary values, we apply a one-sided second order downwind and

upwind scheme, respectively, see Figure 5.3 right. Since different reference configu-

rations have been proposed in the literature, we report these strains and strain rates

for three commonly used reference configurations, R1 at minimum left ventricular

pressure [193], R2 at end-diastole, and R3 at leaflet separation [121], see Figure 5.2.

To illustrate temporal strain variations throughout the cardiac cycle, we extract aver-

age areal, maximum principal, circumferential, and radial strains using the reference

configuration R1, see Figure 5.4.

5.2.5 Global Strains in the Entire Leaflet

For visualization purposes, we employ a custom-designed approximating subdivision

algorithm to create a smooth leaflet surface [78]. The subdivision is based on the

original mesh created from the 23 experimentally acquired marker coordinates, see

Figure 5.1. Marker coordinates are temporally averaged throughout the cardiac cycle
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Figure 5.3: Average peak strains and average peak strain rates in the belly region.
Means ± standard deviations of areal, maximum principal, circumferential, and radial
strains and their corresponding strain rates displayed for three different reference
states. Reference states R1, R2, and R3 correspond to minimum left ventricular
pressure, black, end-diastole, grey, and leaflet separation, white, respectively. Strains
and strain rates display similar means and standard deviations, irrespective of the
reference state R1, R2, or R3.
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as described in Section 5.2.2. To iteratively create finer surface meshes, we compute

the coordinates of the (k+1)-th refinement level as the weighted averages of the

nodal coordinates of the k-th refinement level. The newly generated nodes xk + 1
I are

computed as follows.

xk + 1
I = [ 3xk

0 + xk
I−1 + 3xk

I + xk
I+1 ]/8 (5.13)

The old nodes xk
0 are assigned new coordinates xk + 1

0 according to

xk + 1
0 = [ 1− vw ]xk

0 + w
∑v

I=1x
k
I (5.14)

where w is a weighting function and v denotes the valence of the node under con-

sideration, i.e., the number of edges connected to it. We employed this subdivision

algorithm in three refinement steps to create a smooth representation of the three-

dimensional leaflet surface which consists of 1017 nodes and 1920 elements, see Figure

5.5. Using this smoothened average leaflet representation we extract areal strains

earea, maximum principal strains λemax, circumferential strains ecc, and radial strains

err at maximum left ventricular pressure, averaged over 57 animals using the spatial

interpolation of Section 5.2.3, see Figure 5.6. To illustrate the temporal strain vari-

ation throughout the cardiac cycle, we display the maximum principal strains λemax,

averaged over 57 animals using the temporal and spatial interpolations of Sections

5.2.2 and 5.2.3, see Figure 5.7. Last, to demonstrate changes in maximum principal

strain directions throughout the cardiac cycle, we illustrate the maximum principal

strain directions nβ associated with the maximum principal strains λemax according to

equation (5.6) at end diastole and end systole, see Figure 5.8.
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Figure 5.4: Average strains in the belly region over the normalized cardiac cycle.
Time aligned areal, maximum principal, circumferential, and radial strains in the
belly region are averaged over 57 animals. Average areal and maximum principal
strains with peak values of 12.3% and 12.7% are significantly larger than average
circumferential and radial strains with peak values of 3.8% and of 7.0%.
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5.3 Results

For 57 animals, we collect four-dimensional marker coordinates and hemodynamic

data. We interpolate these data in time and space to calculate Euler-Almansi strain

tensors. We extract areal and maximum principal strains relevant to the engineering

community, and circumferential and radial strains relevant to the clinical community.

All animals display physiological hemodynamics with a maximum left ventricular

pressure of 97.2 ± 7.8mmHg, see Figure 5.2, and a cardiac cycle length of 681.5 ±

103.4ms. All mitral valves exhibit normal leaflet motion with no apparent valvular

dysfunction assessed by epicardial echocardiography.

5.3.1 Local Strains in the Belly Region

Figure 5.2 illustrates three reference configurations commonly used in the literature,

R1 at minimum left ventricular pressure, R2 at end-diastole, and R3 at leaflet sepa-

ration. Figure 5.3 displays the comparison of these reference configurations in terms

of average peak strains and average peak strain rates of areal, maximum principal,

circumferential, and radial strains in the belly region. Mean values and standard

deviations of the different strain types and strain rates vary only insignificantly for

the different reference configurations. We conclude that strain and strain rate are

almost insensitive to the choice of the reference configuration, R1, R2, or R3. Since

minimum left ventricular pressure is unproblematic to determine experimentally and

has been successfully used in the past [193], we personally recommend state R1 as the

most reproducible reference configuration. All following results are therefore based

on the reference configuration R1.

Figure 5.4 shows the average belly strains over the normalized cardiac cycle. As

expected, areal, maximum principal, circumferential, and radial strains are positive

during most of the cycle. However, all strain plots display slightly negative values
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shortly after isovolumic relaxation. While circumferential strains show a distinct pos-

itive peak toward end diastole, radial strains display a noteworthy negative deflection.

With continuing systole, the strains rise to their peak values before starting a slow

decrease during the second half of systole. During diastole strains drop rapidly to

a local minimum toward the end of the cardiac cycle. The quantitative comparison

between areal, maximum principal, circumferential, and radial strains shown in Fig-

ure 5.4 agrees with the average peak values displayed in Figure 5.3. As indicated

through the solid black bars in Figure 5.3 and through the maximum values in Figure

5.4, belly average peak areal strains are 12.7 +/- 8.7%, belly average peak maximum

principal strains are 12.3 ± 4.5%, belly average peak circumferential strains are 3.8

+/- 3.6%, and belly average peak radial strains are 7.0 +/- 4.2%. All peak strains

occur at the same time, at t=0.42 of the normalized cardiac cycle, slightly after the

phase of isovolumetric contraction.

5.3.2 Global Strains in the Entire Leaflet

Figure 5.5 summarizes the average maximum principal strains upon successive mesh

refinement to demonstrate the convergence of our custom designed subdivision sur-

face algorithm. Figure 5.5, left, displays the original mesh with 23 nodes and 30

elements which is successively refined to create a smooth representation of the three-

dimensional leaflet surface. Sufficient smoothness is obtained within three steps, with

a final mesh consisting of 1017 nodes and 1920 elements illustrated in Figure 5.5,

right.

Figure 5.6 illustrates the average areal, maximum principal, circumferential, and ra-

dial strains at maximum left ventricular pressure. Areal, maximum principal, and

circumferential strain profiles display largest tensile strains of more than 10% in an

area ranging from the belly towards the free edge. The radial strain profile displays

largest tensile strains in the belly region spanning from the anterior to the posterior
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Figure 5.5: Average maximum principal strains upon successive mesh refinement.
The original mesh shown on the left consists of 23 nodes and 30 triangular facet
elements such that each node corresponds to the original marker position. The mesh
is iteratively refined to 1017 nodes and 1920 elements in three consecutive subdivision
steps. Upon mesh refinement, the resulting leaflet surface shows increased smoothness
and resembles mitral valve leaflet geometry more closely. The convergence study of
the surface subdivision algorithm shows that further refinement beyond the third
subdivision does not reveal noticeable changes.
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commissure, while radial strains near the free edge are slightly compressive. Global

average peak areal strains are 13.8 ± 6.3% and their strain rates are 432.1 ± 174.3%/s,

global average peak maximum principal strains are 13.0 ± 4.7% and their strain rates

are 247.9 ± 112.2%/s, global average peak circumferential strain are 5.0 ± 2.7% and

their strain rates are 111.5 ± 58.6%/s, and global average peak radial strain are 7.8

± 4.3% and their strain rates are 332.2 ± 149.8%/s.

Figure 5.7 displays the averaged maximum principal strains over the entire cardiac

cycle; videos of all four strain components throughout the cardiac cycle can be found

in the supplemental materials. Starting at t1, the leaflet is in the diastolic position,

almost fully opened. With progressing time, the leaflet undergoes a configurational

change accompanied by localized tensile strains in the center of the free edge. The

increasing transvalvular pressure during systole pushes the leaflet into its systolic po-

sition, giving rise to increasing tensile strains close to the leaflet edge and toward the

belly region. During systole, peak strains do not change significantly, however, the

size of the tensile area increases from early systole to mid systole at t7. From mid

systole to mid diastole, tensile strains gradually decrease back to zero.

Figure 5.8 shows the average maximum principal strain directions at end diastole and

at end systole. At end diastole, maximum principal strains at the annulus and close

to the free edge are oriented circumferentially, while maximum principal strains in

the belly region are oriented radially. At end systole, however, maximum principal

strains at the annulus and close to the free edge are oriented more radially, while

maximum principal strains in the belly region are oriented more circumferentially.
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Figure 5.6: Average areal strains, maximum principal, circumferential, and radial
strains at maximum left ventricular pressure. Geometric data of 57 animals are
temporally interpolated and then averaged. Strains are calculated from the averaged
data set on the approximated leaflet surface after three levels of subdivision.
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5.4 Discussion

Preceding the discussion, we would like to point out that since our markers are im-

planted on the atrial leaflet surface, their digitized centers do not lie exactly within

the leaflet’s mid-surface. Our strain calculation might therefore introduce errors,

particularly in regions of high curvature [78, 132].

5.4.1 Relation to Previous Studies

When comparing the belly strains of the current study (CS) to the results reported

in previous in vivo studies [193] (S), we find a good agreement concerning average

peak areal strain (CS: 13.8%, S: 15-20%), average peak circumferential strain (CS:

5.0%, S: 2.5-3.3%), and average peak radial strain (CS: 7.8%, S: 15%-20%). In ad-

dition, reported average peak strain rates agree well with our circumferential strain

rate (CS: 111.5%/s, S: 100-130%/s) and radial strain rate (CS: 332.2%/s, S: 300-

400%/s). Our average strains over the entire cardiac cycle closely resemble reported

single animal raw data, qualitatively and quantitatively [193]. Small deviations might

be attributed to the different marker locations in the two studies. Previously reported

in vitro data show qualitatively similar average peak values and strain vs. time curves

[90, 108, 166]. However, all reported strains are slightly larger than ours. This might

be caused by the general difference between porcine and ovine valves, and by the inca-

pability of in vitro models to accurately reproduce the mechanical and hemodynamic

environment of the mitral valve. In agreement with previous reports [121, 122, 125],

we find that in the belly region, the leaflet displays higher mechanical strength in

circumferential direction than in radial direction, giving rise to significantly different

circumferential and radial strain profiles. These findings underline the pronounced

anisotropic character of the mitral leaflet, manifesting itself in the heterogeneity of the

maximum principal strain directions, which can be attributed to the highly organized

microstructure [14, 126].
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Figure 5.7: Average maximum principal strains over the entire cardiac cycle. Geo-
metric data of 57 animals are temporally interpolated and then averaged. Strains are
calculated from the averaged data set on the approximated leaflet surface after three
levels of subdivision. The first plot at t1 corresponds to the leaflet in the reference
state and is therefore strain free. Time points t1 to t15 correspond to the time points
indicated as black circles in Figure 5.2.
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5.4.2 Advantage over Previous Studies

Local strains in porcine and ovine mitral valve leaflets have been reported in the

past measured in vitro using a left heart simulator [90, 108, 166]. Although, these

in vitro studies have enhanced our knowledge concerning mitral valve disease and

repair, they are per se incapable of reproducing all aspects of the complex mechanical

and hemodynamic environment of the mitral valve. The first study to characterize

the mechanical state of the mitral valve in vivo used sonocrystals to quantify anterior

mitral leaflet strains in the beating ovine heart [193]. The knowledge gained from this

experiment has since been valuable to both basic understanding of valve mechanics

and medical device design. In addition to these studies, our methodology provides

a high spatial resolution based on a larger marker array distributed over the entire

anterior mitral leaflet. The large number of animals included in our analysis provides

a higher confidence than previous studies.

5.4.3 Global Strains in the Entire Leaflet

We quantify average areal, maximum principal, circumferential, and radial strains

for 57 animals. These average strain maps on an average anterior mitral leaflet

geometry allow us to characterize leaflet kinematics throughout the entire cardiac

cycle. Regional strain variations are illustrated by means of different strain patterns

at maximum left ventricular pressure. While high circumferential strain dominates

the mechanics close to the free edge of the leaflet, radial strains are highest in the

center of the belly reflecting the circumferential collagen organization and the reduced

thickness of the valve tissue [14, 126]. The proposed methodology allows us to elicit

the mechanics of leaflet tissue, not only in the belly region, but throughout the entire

leaflet surface, and to provide information about the qualitative and quantitative

strain state, for instance, close to the free edge of the leaflet and in the septal region.

In a complementary study, using a similar methodology, we are currently exploring the
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dynamics of the mitral annulus in terms of annular geometry, strains, and curvature

[22, 181] in analogy to a recent study in the literature [54].

5.4.4 Clinical Significance

Information about the mechanical state of the entire mitral leaflet might be important

when evaluating current medical devices and techniques for mitral valve repair. In

most cases, long-term repair failures are the result of disruption at leaflet, chordal, or

annular suture lines. Therefore, the information presented in this work would allow

the optimization of potential intervention sites in order to reduce strain on medical

devices or suture lines. A profound scientific understanding of leaflet strain kinematics

is essential to systematically increase repair durability.

5.5 Conclusion

In summary, the present study demonstrates significant temporal, regional, and direc-

tional variations of mitral leaflet strains. From an engineering point of view, average

peak maximum principal strains of ∼13% in combination with the maximum princi-

pal strain directions in end systole and end diastole might be most interesting. From

a clinical point of view, the average peak circumferential and radial strains of ∼5%

and ∼8% in the belly region might be most relevant. To our knowledge, this is the

first study to characterize strain profiles across the entire anterior mitral leaflet in

the beating heart. We believe that the reported strain values and strain profiles will

provide crucial information to quantify existing repair techniques and devices, and

to support engineers and clinicians in the endeavor of improving current treatment

strategies.
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End Diastole End Systole

Figure 5.8: Average maximum principal strain directions at end diastole and end sys-
tole. Strains are calculated from the averaged data set on the approximated leaflet
surface after three levels of subdivision. At end diastole, maximum principal strains at
the annulus and close to the free edge are oriented circumferentially, while maximum
principal strains in the belly region are oriented radially. At end systole, maximum
principal strains at the annulus and close to the free edge are oriented more radially,
while maximum principal strains in the belly region are oriented more circumferen-
tially.
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Chapter 6

Evidence of Adaptive Mitral

Leaflet Growth

Abstract. Ischemic mitral regurgitation is mitral insufficiency caused by myocar-

dial infarction. Recent studies suggest that mitral leaflets have the potential to grow

and reduce the degree of regurgitation. Leaflet growth has been associated with

papillary muscle displacement, but role of annular dilation in leaflet growth is un-

clear. We tested the hypothesis that chronic leaflet stretch, induced by papillary

muscle tethering and annular dilation, triggers chronic leaflet growth. To decipher

the mechanisms that drive the growth process, we further quantified regional and

directional variations of growth. Five adult sheep underwent coronary snare and

marker placement on the left ventricle, papillary muscles, mitral annulus, and mi-

tral leaflet. After eight days, we tightened the snares to create inferior myocardial

infarction. We recorded marker coordinates at baseline, acutely (immediately post

infarction), and chronically (five weeks post infarction). From these coordinates, we

calculated acute and chronic changes in ventricular, papillary muscle, and annular

geometry along with acute and chronic leaflet strains. Chronic left ventricular di-

lation of 17.15% (p<0.001) induced chronic posterior papillary muscle displacement

111
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of 13.49mm (p=0.07). Chronic mitral annular area, commissural and septal-lateral

distances increased by 32.50% (p=0.010), 14.11% (p=0.007), and 10.84% (p=0.010).

Chronic area, circumferential, and radial growth were 15.57%, 5.91%, and 3.58%, with

non-significant regional variations (p=0.868). Our study demonstrates that mechani-

cal stretch, induced by annular dilation and papillary muscle tethering, triggers mitral

leaflet growth. Understanding the mechanisms of leaflet adaptation may open new av-

enues to pharmacologically or surgically manipulate mechanotransduction pathways

to augment mitral leaflet area and reduce the degree of regurgitation.

6.1 Introduction

Mitral regurgitation, the inability of the mitral valve to close properly, is associated

with increased morbidity and mortality [231]. Functional mitral regurgitation, as seen

in patients with ischemic or idiopathic dilated cardiomyopathy, is a result of annular

and subvalvular alterations secondary to left ventricular remodeling [117, 165]. A

recent study has shown that mitral leaflets of patients with ischemic or idiopathic

dilated cardiomyopathy are significantly larger than leaflets of normal patients [37].

The same study demonstrated that patients with enlarged leaflets display a smaller

degree of regurgitation than patients with normal leaflets. These findings motivate

the hypothesis that adaptive mitral leaflet growth might be a compensatory mecha-

nism for left ventricular remodeling.

In a controlled ovine model of tachycardia-induced dilated cardiomyopathy, mitral

leaflets elongated chronically in the radial direction [214]. In an ovine model with

inferior myocardial infarction, the entire leaflet area increased in response to left

ventricular remodeling [38]. In an ovine model of isolated apical papillary muscle

displacement, not only leaflet area but also leaflet thickness increased chronically in

response to elevated mechanical stresses induced by papillary muscle tethering [48].
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The same study reported significant changes in cell phenotype, secondary to the re-

activation of embryonic gene profiles. Taking advantage of mechanotransduction is

a powerful approach to endogenously engineer new tissue [103, 234]. This concept

has been applied successfully to induce controlled in situ growth of thin biological

membranes in plastic and reconstructive surgery [62]. The potential to manipulate

leaflet area by stretch would open exciting new avenues for a pharmacologically or

surgically targeted reduction of the degree of mitral regurgitation.

While recent technologies enable the precise characterization of leaflet area in vivo

using three-dimensional echocardiography [48], these methods are not suited to quan-

tify chronic regional and directional leaflet growth on a local level. Since leaflet valves

display strong regional and directional variations [173, 200], this regional and direc-

tional information could provide valuable insight into the mechanistic origin of leaflet

growth. Here, rather than using global information from standard imaging technolo-

gies, we follow discrete anatomic landmarks over an extended period of time [25, 132].

This allows us to precisely quantify regional and directional growth across the entire

anterior mitral leaflet [78]. Using a chronic infarct ovine model, we test the hypoth-

esis that chronic leaflet stretch, induced by papillary muscle tethering and annular

dilation, triggers a chronic increase in leaflet area. We further hypothesize that this

leaflet area growth is a result of both circumferential and radial leaflet elongation.

6.2 Methods and Materials

All animals received humane care in compliance with the Principles of Laboratory

Animals Care formulated by the National Academy of Sciences and published by the

National Institute of Health. This study was approved by the Stanford Medical Lab-

oratory Research Animals Review Committee and conducted according to Stanford

University policy.
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Figure 6.1: Intraoperative photograph of the mitral annulus with the anterior mi-
tral leaflet. Biplane videofluoroscopic imaging allows a precise spatial and temporal
reconstruction of mitral valve dynamics both acutely and chronically.
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6.2.1 Surgical Preparation

We premedicated five Dorsett hybrid sheep (71 ± 5kg) with ketamine (25mg/kg

intramuscularly), anesthetized them intravenously with sodium thiopental (6.8mg/kg

IV), and maintained anesthesia with inhalational isoflurane (1% to 2.5%). Through a

left thoracotomy, we established access to the heart. We placed eight markers onto the

epicardial surface of the left ventricle along four equally spaced longitudinal meridians

and added a ninth marker at the apex. To induce controlled myocardial infarction,

we placed polypropylene 2-0 sutures around the second and third obtuse marginal

branches of the left circumflex coronary artery and snared them loosely [144]. On

cardiopulmonary bypass with the heart arrested, we sewed additional markers onto

the tips of both papillary muscles, two markers each, to the anterior, lateral, and

posterior portions of the endocardium in the equatorial plane. Last, we sewed a

total of 17 markers to the mitral valve, eight to the annulus, five to the anterior

leaflet, and four to the posterior leaflet, see Figures 6.1 and 6.2. To measure the

left ventricular pressure, we used a micromanometer pressure transducer (PA4.5-

X6, Konigsberg Instruments Inc., Pasadena, CA). Once the animals were weaned

off cardiopulmonary bypass, we externalized the tourniquets for the coronary artery

snares through the fifth intercostal space and buried them in a subcutaneous pocket.

6.2.2 Experimental Protocol

After 8 ± 2 days, we took the animals to the cardiac catheterization laboratory,

where we sedated them intravenously with ketamine (1 to 4 mg/kg/h) and diazepam

(5mg), and maintained sedation with inhalational isoflurane (1% to 2.5%). With the

animal in the right decubitus position, we acquired baseline marker coordinates via

biplane videofluoroscopy at a sampling frequency of 60 Hz (Philips Medical Systems,
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Figure 2: Mitral annulus with anterior mitral leaflet. A) Marker locations and
triangular mesh for regional strain analysis. B) Leaflet regions: Free Edge (FE),
Central Belly (CB), Anterior Annulus (AA), Posterior Commissure (PC), and
Anterior Commissure (AC).
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Figure 6.2: Mitral annulus with anterior mitral leaflet. A) Marker locations and
triangular mesh for regional strain analysis. B) Leaflet regions: Free Edge (FE), Cen-
tral Belly (CB), Anterior Annulus (AA), Posterior Commissure (PC), and Anterior
Commissure (AC).
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Pleasanton, CA). Simultaneously, we recorded aortic pressure, left ventricular pres-

sure, and ECG signals. Following medication with lidocaine (100 mg IV), bretylium

(75 mg IV), and magnesium (3 g IV), we tightened the coronary snares and verified

complete vessel occlusion angiographically. Immediately post-infarction, we acquired

acute condition marker coordinates via biplane videofluoroscopy along with the left

ventricular pressure. After 5 ± 1 weeks, the animals returned to the cardiac catheteri-

zation laboratory to record chronic condition marker coordinates via biplane videoflu-

oroscopy along with hemodynamic measurements. After the animals were sacrificed,

we verified proper marker attachment. Off-line, we extracted four-dimensional marker

coordinates from the biplane videofluoroscopic images [158, 212].

6.2.3 Data Analysis

For the analysis, we distinguished three conditions: baseline, prior to myocardial in-

farction; acute, immediately post-infarction; and chronic, 5 ± 1 weeks post-infarction.

Hemodynamics

From the recorded left ventricular pressure curves, we determined characteristic time

points of the cardiac cycle. We defined End Diastole (ED) as the time point immedi-

ately prior to left ventricular pressure upstroke and End Systole (ES) as the time point

of peak negative rate of left ventricular pressure drop. We calculated Left Ventricular

End Diastolic Volume (LVEDV) and Left Ventricular End Systolic Volume (LVESV)

by approximating the left ventricle as a prolate ellipsoid using the left ventricular and

annular markers.
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Cardiac Remodeling

To elucidate potential mechanisms that trigger mitral leaflet growth, we quantified

acute and chronic changes in cardiac geometry in response to myocardial infarc-

tion. We calculated annular, ventricular, and papillary muscle changes, both between

baseline and acute conditions (acute) and between baseline and chronic conditions

(chronic). To characterize annular changes, we followed a method previously de-

scribed [181, 183], and calculated percentage changes in Septal-Lateral distance (SL,

distance between markers 1 and 5), Commissure-Commissure distance (CC, distance

between markers 3 and 7), Mitral Annular Area (MAA, area enclosed by the marker

polygon 1-8), Saddle Height (SH, average distance between marker 1 and markers 3

and 7 projected onto the normal of the best fit plane through all annular markers),

Anterior Perimeter (AP, sum of the distances between markers 8-2), and Posterior

Perimeter (PP, sum of the distances between markers 2-8), see Figure 6.2A. To charac-

terize ventricular changes, we calculated changes in left ventricular volume, enclosing

both the left ventricular cavity and the myocardium. To characterize papillary mus-

cle changes, we calculated apical, lateral, and posterior components of the vectors

pointing from the saddlehorn marker 1, to the posterior and anterior papillary mus-

cles. We defined the apical direction along the long axis of the left ventricle, i.e., the

direction pointing from the geometric center of the annular markers 1-8 to the apex

marker. We defined the posterior and lateral directions using markers 3 and 7 and

using markers 1 and 5, respectively, see Figure 6.2A.

Mitral Leaflet Growth

To characterize mitral leaflet growth, we quantified acute and chronic mitral leaflet

strains in response to myocardial infarction. We calculated area, circumferential, and

radial strains, both between baseline and acute conditions (acute strains) and be-

tween baseline and chronic conditions (chronic strains). Since sensitivity studies have
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demonstrated that strain profiles are relatively insensitive to the choice of reference

configuration [180], we selected minimal Left Ventricular Pressure (LVPmin) as time

point of comparison to minimize effects of possible additional elastic strains, see Fig-

ure 6.3. From five markers on the leaflet and three markers on the septal region of the

annulus, we created a mesh consisting of eight nodes and eight triangular elements,

see Figure 6.2. We characterized the leaflet as a thin membrane [170], and quanti-

fied its strain state exclusively in terms of its membrane strains [25, 180]. For each

three-noded membrane element, nnod = 3, we interpolated the reference configuration

under baseline conditions X(θ1, θ2) and the current configuration under acute and

chronic conditions x(θ1, θ2) in terms of the reference and current marker coordinates

XI and xI [218].

X (θ1, θ2) =
∑nnod

I=1 NI(θ
1, θ2)XI

x (θ1, θ2) =
∑nnod

I=1 NI(θ
1, θ2) xI

(6.1)

Here, NI are the linear shape functions parameterized in terms of the local curvilinear

coordinates θα, with α = 1, 2. From their partial derivatives with respect to the

curvilinear coordinates ∂NI/∂θ
α, we calculated the sets of covariant base vectors in

the reference configuration Gα and in the current configuration gα.

Gα(θ1, θ2) =
∑nnod

I=1

∂NI

∂θα
XI

gα(θ1, θ2) =
∑nnod

I=1

∂NI

∂θα
xI

(6.2)

From the scalar product between the individual covariant base vectors, we calculated

the covariant surface metrics of the reference configuration Gαβ and of the current

configuration gαβ.

Gαβ = Gα ·Gβ gαβ = gα · gβ (6.3)

Using the contravariant spatial surface metric gαβ = [ gαβ ]−1, i.e., the inverse of the

covariant spatial surface metric gαβ, we mapped the covariant base vectors gβ onto
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their contravariant counterparts gα.

gα = gαβgβ gαβ = gα · gβ = [ gαβ ]−1 (6.4)

We then calculated the Euler-Almansi membrane strains e as the differences between

the contravariant current and reference surface metrics gαβ and Gαβ in terms of the

contravariant spatial base vectors gα.

e = eαβ g
α ⊗ gβ eαβ = 1

2
[ gαβ −Gαβ ] (6.5)

To determine the circumferential strains ecirc and stretches λcirc, we mapped the Euler-

Almansi strain e onto the circumferential directions ncirc generated as the unit vector

between markers 2 and 8 in the current configuration, see Figure 6.2A.

ecirc = ncirc · e · ncirc λcirc = [ 1− 2 ecirc ]−1/2 (6.6)

To determine the radial strains erad and stretches λrad, we mapped the Euler-Almansi

strain e onto the radial direction nrad generated as the unit vector between markers

1 and 9 in the current configuration, see Figure 6.2A.

erad = nrad · e · nrad λrad = [ 1− 2 erad ]−1/2 (6.7)

Finally, we calculated the Euler-Almansi area strains earea and stretches λarea as the

relative changes in triangular area, where dA and da are the areas of each triangular

element in the reference and current configurations.

earea =
da− dA

da
λarea =

da

dA
=

1

[1− earea]
(6.8)
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We averaged all strains and stretches for three consecutive cardiac cycles, see Figure

6.3. In the following, we interpret the resulting circumferential strains ecirc, radial

strains erad, and area strains earea as measures for acute and chronic growth [79, 182].

In Figure 6.4, we report means and standard deviations of acute and chronic area,

circumferential, and radial strains, grouped into five regions, Free Edge (FE), Central

Belly (CB), Anterior Annulus (AA), Posterior Commissure (PC), and Anterior Com-

missure (AC), see Figure 6.2B. In Figure 6.5, we report chronic area, circumferential,

and radial strains for all five animals on a smoothed and refined leaflet geometry using

the method of subdivision surfaces [78]. Systematic sensitivity studies have demon-

strated that subdivision surface techniques can be used for smoothing and refinement

of leaflet geometries without affecting the underlying strain profiles [180].

6.2.4 Statistical Analysis

We report all data as mean ± 1 standard deviation. In Table 6.1, we compared hemo-

dynamic data for baseline, acute, and chronic conditions using repeated-measure-

Anova. In the case were the sphericity assumption was violated according to Mauchlys

test, we applied the Greenhouse-Geisser correction. In Table 6.2 and in Figure 6.4,

we tested changes in annular and ventricular geometry and strain components in all

five regions, respectively, for being larger than zero, both acutely and chronically,

using one-sided student t-tests. In Table 6.2, we compared papillary muscle dis-

placements to zero using two-sided student t-tests. To test whether these metrics

were larger chronically than acutely, we applied one-sided paired student t-tests. In

Figure 6.4, we compared strains between different regions using One-Way Anova or

Welch test, where the equal variance assumption was violated according to Levenes

test. We performed multi-comparison using Bonferroni Post-hoc test unless equal

variance assumption was violated for One-Way Anova, in which case we performed

Games-Howell Post-hoc test. We defined the level of statistical significance as 0.05.
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Figure 3: Left ventricular pressure curves under baseline, acute, and chronic
conditions. Acute strains are calculated for three consecutive cardiac cycles
at minimum Left Ventricular Pressure (LVPmin) between baseline and acute
conditions. Chronic strains are calculated for three consecutive cardiac cycles
at LVPmin between baseline and chronic conditions.

4

Figure 6.3: Left ventricular pressure curves under baseline, acute, and chronic condi-
tions. Acute strains are calculated for three consecutive cardiac cycles at minimum
Left Ventricular Pressure (LVPmin) between baseline and acute conditions. Chronic
strains are calculated for three consecutive cardiac cycles at LVPmin between baseline
and chronic conditions.
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6.3 Results

We successfully acquired hemodynamic data and four-dimensional marker coordinates

for all five sheep under baseline conditions, acutely immediately post-infarction, and

chronically 5 ± 1 weeks post-infarction.

6.3.1 Hemodynamics

Table 6.1 summarizes baseline, acute, and chronic hemodynamics. We found statis-

tically significant differences between conditions for heart rate (p=0.027) and dP/dt

(p=0.012) using repeated-measure-Anova. Heart rate under chronic conditions was

significantly smaller than under normal conditions (p=0.026). Multi-comparison did

not show differences between the means of the groups for dP/dt.

6.3.2 Cardiac Remodeling

Table 6.2 summarizes acute and chronic changes in cardiac geometry. Under acute

conditions, changes in annular geometry were negligible. Only SH showed a signif-

icant decrease (-39.61% ± 16.02, p=0.003), whereas acute alterations in all other

metrics remained statistically non-significant. Under chronic conditions, we observed

noteworthy annular remodeling. At end-diastole, changes in SL (10.84% ± 6.48,

p=0.010), CC (14.11% ± 7.48, p=0.007), MAA (32.50% ± 19.66, p=0.010), AP

(15.32% ± 5.15, p=0.003), and PP (14.22% ± 7.04, p=0.007) were significantly larger

than zero. At end-systole, changes in CC (9.52% ± 5.53, p=0.009), MAA (18.34%

± 12.17, p=0.014), AP (6.93% ± 5.85, p=0.008), and PP (9.93% ± 7.06, p=0.011)

were all significantly larger than zero. Chronic changes were significantly larger than

acute changes at end-diastole for SL (p=0.006), CC (p<0.001), MAA (p=0.002), AP

(p=0.007), PP (p=0.001) and at end-systole for CC (p=0.002), MAA (p=0.020), AP
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Table 6.1: Hemodynamics. Heart Rate (HR), dP/dt, maximum Left Ventricular Pres-
sure (LVPmax), Left Ventricular End-Diastolic Pressure (LVEDP), Left Ventricular
End-Systolic Pressure (LVESP), End-Diastolic Volume (EDV), and End-Systolic Vol-
ume (ESV). Reported are mean ± 1 standard deviation. Repeated-measure Anova
was used to compare baseline, acute, and chronic hemodynamics.

baseline acute chronic
mean ± 1 sd mean ± 1 sd mean ± 1 sd p

HR [1/min] 106.5 ± 9.0 126.0 ± 24.6 81.0 ± 6.3 0.027
dP/dt [mmHg/s] 1188.2 ± 369.1 1879.6 ± 848.2 862.3 ± 313.0 0.012
LVPmax [mmHg] 99.6 ± 10.9 97.0 ± 11.7 90.1 ± 11.5 0.528
LVEDP [mmHg] 19.6 ± 6.5 23.4 ± 10.6 17.2 ± 10.0 0.118
LVESP [mmHg] 86.7 ± 14.7 75.2 ± 5.6 78.4 ± 8.9 0.272
EDV [cc] 217.3 ± 122.2 220.6 ± 119.0 262.4 ± 97.7 0.340
ESV [cc] 155.5 ± 102.8 155.9 ± 118.8 179.0 ± 82.4 0.395
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(p=0.008), and PP (p=0.014). Under acute conditions, there was no significant in-

crease in ventricular volume. Under chronic conditions, ventricular volume increased

significantly at end-diastole (17.15% ± 4.56, p<0.001) and at end-systole (15.48%

± 5.81, p=0.002). Ventricular changes were significantly larger under chronic con-

ditions than under acute conditions, both at end-diastole (p=0.002) and end-systole

(p=0.001).

Both papillary muscles were displaced under acute conditions at end-systole. Un-

der acute conditions, the posterior papillary muscle displaced in lateral direction

(2.82mm ± 1.71, p=0.021) and the anterior papillary muscle displaced in apical di-

rection (0.82mm ± 0.41, p=0.011), in lateral direction (1.07mm ± 0.68, p=0.024),

and in anterior direction (1.48mm ± 0.91, p=0.022). Under chronic conditions, the

posterior papillary muscle displaced in lateral direction at end-systole (4.21mm ±

3.76, p=0.067) and in posterior direction at both, end-diastole (13.49mm ± 12.31,

p=0.070) and end-systole (11.89mm ± 11.30, p=0.078), however we could not show

statistical significance . Under chronic conditions, the anterior papillary muscle dis-

placed in apical direction at end-diastole (-3.29 ± 1.37, p=0.006). Chronic posterior

papillary muscle displacements were significantly larger than acute posterior papillary

muscle displacements in posterior direction, both at end-diastole (p=0.012) and end-

systole (p=0.016). Chronic anterior papillary muscle displacements were significantly

larger than acute displacements only in apical direction at end-diastole (p=0.013).

6.3.3 Mitral Leaflet Growth

Figure 6.4 summarizes the area, circumferential, and radial strains in all five regions,

free edge, central belly, anterior annulus, posterior commissure, and anterior commis-

sure. Under acute conditions, area strains were not significantly larger than zero in

any region. Under chronic conditions, area strains were significantly larger than zero

in the central belly (20.92% ± 13.91, p<0.001), anterial annulus (13.25% ± 12.23,
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Table 6.2: Acute and chronic changes in cardiac geometry. Percent increases in
annular dimensions and ventricular dimensions, and in Anterior Papillary Muscle
(APM) displacements and Posterior Papillary Muscle (PPM) displacements, acutely
and chronically in comparison to baseline conditions. Reported are mean ± 1 stan-
dard deviation (SD). Student t-tests were performed to test whether acute and chronic
changes are larger than zero and whether chronic changes are larger than acute
changes.

annular changes
acute chronic

mean ± 1 sd p > 0 mean ± 1 sd p > 0 p > acute

mitral annular ED − 5.05 ± 12.12 0.800 +32.50 ± 19.66 0.010 0.002
area [%] ES + 2.65 ± 12.30 0.328 +18.34 ± 12.17 0.014 0.020

commissural ED − 4.36 ± 5.43 0.963 +14.11 ± 7.48 0.007 <0.001
distance [%] ES + 2.02 ± 5.46 0.227 + 9.52 ± 5.53 0.009 0.002

septal-lateral ED − 3.72 ± 5.63 0.893 +10.84 ± 6.48 0.010 0.006
distance [%] ES + 0.76 ± 4.54 0.364 + 5.57 ± 7.88 0.095 0.098

saddle ED −39.53 ± 127.78 0.736 −12.79 ± 33.58 0.221 0.182
height [%] ES −39.61 ± 16.02 0.003 −32.38 ± 38.48 0.067 0.691

anterior ED − 4.63 ± 5.56 0.315 +15.32 ± 5.15 0.003 0.007
perim. [%] ES + 2.11 ± 6.01 0.534 + 6.93 ± 5.85 0.008 0.008

posterior ED − 0.91 ± 6.50 0.882 +14.22 ± 7.04 0.007 0.001
perim. [%] ES + 0.19 ± 0.29 0.382 + 9.93 ± 7.06 0.011 0.014

papillary muscle
acute chronic

mean ± 1 sd p > 0 mean ± 1 sd p > 0 p > acute

ventricular ED − 0.67 ± 3.83 0.641 +17.15 ± 4.56 <0.001 0.002
dilation [%] ES − 1.92 ± 2.29 0.933 +15.48 ± 5.81 0.002 0.001

ventricular changes
acute chronic

mean ± 1 sd p > 0 mean ± 1 sd p > 0 p > acute

apical PPM ED − 0.27 ± 0.70 0.443 − 1.45 ± 4.65 0.523 0.570
displ. [mm] ES − 1.20 ± 1.42 0.132 − 0.88 ± 4.93 0.710 0.886

lateral PPM ED + 0.48 ± 0.96 0.325 + 0.08 ± 4.34 0.969 0.855
displ. [mm] ES + 2.82 ± 1.71 0.021 + 4.21 ± 3.76 0.067 0.459

posterior PPM ED + 4.36 ± 8.36 0.308 +13.49 ± 12.31 0.070 0.012
displ. [mm] ES + 2.06 ± 6.14 0.494 +11.89 ± 11.30 0.078 0.016

apical APM ED + 0.00 ± 0.75 0.979 − 3.29 ± 1.37 0.006 0.013
displ. [mm] ES + 0.82 ± 0.41 0.011 − 0.76 ± 1.37 0.284 0.070

lateral APM ED + 0.03 ± 0.93 0.945 + 0.70 ± 1.10 0.227 0.461
displ. [mm] ES + 1.07 ± 0.68 0.024 + 2.14 ± 2.49 0.126 0.370

posterior APM ED + 0.11 ± 1.35 0.862 − 0.49 ± 2.13 0.623 0.566
displ. [mm] ES − 1.48 ± 0.91 0.022 − 1.76 ± 3.22 0.288 0.814
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p=0.004), and anterior commissure (13.50% ± 10.15, p=0.031) regions. We found

no significance in the free edge (14.35% ± 25.69, p=0.056) and posterior commissure

(15.11% ± 20.00, p=0.087) regions. Chronic area strain of all five regions on average

was 15.57%. For all five regions, area strains were significantly larger chronically

than acutely (free edge: p=0.038, central belly: p<0.001, anterior annulus: p=0.001,

posterior commissure: p=0.043, anterior commissure: p=0.020). One-way Anova re-

vealed no difference between the five regions (p=0.868).

Under acute conditions, circumferential strains were not larger than zero in any re-

gion. Under chronic conditions, circumferential strains were larger than zero in the

central belly (7.15% ± 4.36, p<0.001), anterior annulus (8.21% ± 5.83, p<0.001), and

anterior commissure (4.52% ± 2.18, p=0.005) regions. We found no significance in the

free edge (3.06% ± 8.23, p=0.135) and posterior commissure (5.83% ± 5.90, p=0.061)

regions. Chronic circumferential strain of all regions on average was 5.91%. For all

five regions, circumferential strains were significantly larger chronically than acutely

(free edge: p=0.046, central belly: p<0.001, anterior annulus: p<0.001, posterior

commissure: p=0.040, anterior commissure: p<0.001). One-way Anova revealed no

difference between the five regions (p=0.382).

6.4 Discussion

Under acute conditions, radial strains were not significantly larger than zero in any

region. Under chronic conditions, radial strains were larger than zero only in the cen-

tral belly region (10.89% ± 10.51, p=0.005). We found no significance in the free edge

(-4.66% ± 12.80, p=0.860), anterior annulus (3.73% ± 9.02, p=0.112), posterior com-

missure (3.31% ± 9.10, p=0.225), and anterior commissure (5.27% ± 10.74, p=0.167)

regions. Chronic radial strain of all regions on average was 3.58%. In the central belly

(p=0.003), anterior annulus (p=0.012), and posterior commissure (p=0.040) regions,
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animal 1 animal 2 animal 3 animal 4 animal 5

−30 0 +30 [%]

0.77 0 1.43 [−]
area growth

earea

λarea

−10 0 +10 [%]

0.91 0 1.12 [−]
circumferential growth

ecirc

λcirc

−10 0 +10 [%]

0.91 0 1.12 [−]
radial growth

erad

λrad

Figure 5: Mitral annulus with anterior mitral leaflet. Normal annulus with leaflet at baseline conditions, first row. Chronic area strains earea and stretches λarea,
second row. Chronic circumferential strains ecirc and stretches λcirc, third row. Chronic radial strains erad and stretches λrad, fourth row. Strains and stretches are
calculated between baseline and chronic conditions at minimum left ventricular pressure. Blue regions chronically decreased their area, and their circumferential
and radial dimensions. Red regions chronically increased their area, and their circumferential and radial dimensions.

6

Figure 6.4: Acute and chronic area, circumferential, and radial strains in different
leaflet regions: Free Edge (FE), Central Belly (CB), Anterior Annulus (AA), Posterior
Commissure (PC), and Anterior Commissure (AC). T-tests compare regional strains
versus zero and acute and chronic strains. Anova compares strains between different
regions.
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radial strains were significantly larger chronically than acutely. One-Way Anova re-

vealed significant difference between groups (p=0.047). Bonferroni post-hoc showed

a significant difference between the free edge and central belly regions (p=0.025).

Figure 6.5 shows the kinematic reconstruction of the anterior mitral leaflet for all

five animals under both baseline and chronic conditions. To enhance orientation, we

have overlaid a smooth representation of the mitral valve annulus, fit through the

annular marker points [181, 183]. The color code corresponds to the chronic leaflet

strain between baseline and chronic conditions at minimum left ventricular pressure,

which we interpret as a growth [80, 182]. Figure 6.5, first row, displays the five ante-

rior mitral leaflets under baseline conditions. Figure 6.5, second row, illustrates the

inter-subject variation in chronic area strains, with animals 2 and 5 showing largest

area growth, while animal 1 showed almost no growth. Chronic area strains displayed

significant regional variations and were heterogeneous across the leaflets. Figure 6.5,

third row, displays the chronic circumferential strains. Circumferential growth seems

to be largest in the posterior region of the leaflet. However, these changes were sta-

tistically non-significant, as confirmed in Figure 6.4. Figure 6.5, fourth row, shows

the chronic radial strains, which behave qualitatively similarly to the chronic area

strains. Again, animals 2 and 5 showed largest radial growth, while animal 1 showed

almost no growth.

6.4.1 Summary

We have presented a regional and directional quantification of mitral leaflet growth

under acute and chronic ischemic conditions. Using a four-dimensional imaging tech-

nology that has been widely used in our laboratory, we were able to show significant

remodeling of the ovine heart following an ischemic event. We have demonstrated that

the anterior mitral leaflet increases its area chronically compared to both baseline and

acute post-infarct conditions. Leaflet area growth was homogeneous on average, with
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Figure 4: Acute and chronic area, circumferential, and radial strains in different
leaflet regions: Free Edge (FE), Central Belly (CB), Anterior Annulus (AA),
Posterior Commissure (PC), and Anterior Commissure (AC). T-tests compare
regional strains versus zero and acute and chronic strains. Anova compares
strains between different regions.

5

Figure 6.5: Mitral annulus with anterior mitral leaflet. Normal annulus with leaflet
at baseline conditions, first row. Chronic area strains earea and stretches λarea, sec-
ond row. Chronic circumferential strains ecirc and stretches λcirc, third row. Chronic
radial strains erad and stretches λrad, fourth row. Strains and stretches are calculated
between baseline and chronic conditions at minimum left ventricular pressure. Blue
regions chronically decreased their area, and their circumferential and radial dimen-
sions. Red regions chronically increased their area, and their circumferential and
radial dimensions.
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only minor regional variations. Leaflet growth was anisotropic, with slightly larger

growth in the circumferential than in the radial direction.

6.4.2 Growth Stimuli

To induce controlled leaflet growth, it is critical to understand the driving biochem-

ical and mechanical stimuli that trigger a compensatory area increase [69]. There is

general agreement that leaflet stretch beyond a physiological limit may act as a me-

chanical stimulus for growth [37, 38, 48]. One way to stretch the mitral valve leaflet

is a controlled apical displacement of the papillary muscles, which has been shown to

induce leaflet growth, even in the absence of ischemic events [48]. However, because

the mitral annuli remodeled as well in this study, it remained unclear to which extent

leaflet growth could be attributed to papillary muscle tethering alone. Other studies

have demonstrated that the leaflet area-to-annular area ratio remains constant, even

under significant infarct-induced annular dilation [96]. In contrast to all previous

echocardiography-based studies, our marker-based study allows us to precisely follow

discrete anatomic landmarks in time and space [217, 218]. Four-dimensional marker

coordinates provide access to acute and chronic, regional and directional strain pro-

files across the entire mitral leaflet [25, 180]. Qualitatively, our chronic strain contour

plots in Figure 6.5 suggest regional variations of leaflet growth. Quantitatively, how-

ever, we were not able to show statistically significant differences in chronic area,

circumferential, and radial strains between the different leaflet regions in Table 6.2.

The lack of statistically significant regional and directional variation in leaflet growth

might be attributed to the small number of study subjects, n=5. Alternatively, lack of

regional variation might suggest mechanotransduction pathways triggered by global

stimuli such as stretch, which could initiate a global rather than a local membrane

growth [62, 234].
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6.4.3 Comparison with Previous Studies

A decade ago, an ex vivo study of mitral leaflets of patients with dilated cardiomy-

opathy revealed larger leaflet areas than those of patients without a known history

of cardiac disease [96]. In this cadaveric study, the authors found a total increase of

leaflet area of approximately 24% in hearts with ischemic dilated cardiomyopathy and

an increase of approximately 50% in hearts with idiopathic dilated cardiomyopathy in

comparison to hearts without known pathologic conditions. These findings motivated

the hypothesis that leaflet growth is a compensatory mechanism in response to mitral

valve insufficiency.

Subsequently, several groups began to study mitral leaflet remodeling in humans in

vivo using echocardiography [37, 85]. In the first study, anterior and posterior mi-

tral leaflets were 28% and 41% longer in patients with congestive heart failure when

compared to normal patients [85]. In the second study, leaflet area was 33% to 38%

larger leaflets of patients with left ventricular abnormalities when compared to nor-

mal patients [37].

Our group was the first to provide evidence of remodeling in a pre-post study under

controlled conditions, in which sheep with tachycardia-induced dilated cardiomyopa-

thy displayed leaflet lengthening of 23% in the anterior leaflet and 24% in the posterior

leaflet [214]. Our findings were confirmed by two follow up studies, which reported

an increase in leaflet area similar to previous findings, with 38% area increase in is-

chemic dilated cardiomyopathy and 17% area increase in response to leaflet stretching

following isolated papillary muscle displacement [38, 48].

In comparison to these previous studies, the area growth of 16% observed in our study

is slightly smaller. This may be attributed to the short duration of our study. With 5

± 1 weeks, our growth period is much shorter than the other reported studies, which

were several months long [38, 48]. Our observation that growth takes place in both

circumferential and radial directions, agrees with reported observations [69].
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6.4.4 Limitations

First, this study used a chronic ovine model with interior infarction, which is inher-

ently different from human infarct patients [37]. Second, prior to infarction, all sheep

had undergone opening of the pericardium and the heart, cardiopulmonary bypass,

and surgical manipulation for marker placement. This implies that the surgical pro-

cedure itself cannot be excluded as a cause for the remodeling phenomena observed in

the present study. Third, the duration of the study was relatively short in compari-

son to the original eight-week long Llaneras model of ischemic mitral regurgitation in

sheep [144] and in comparison to chronic cardiac disease in humans [37]. This implies

that in our five-week long animal study, the remodeling process of the annular and

subvalvular apparatus might have still been in progress. Fourth, leaflet geometries

were reconstructed from a discrete marker set. This implies that potential leaflet

wrinkles and folds between two markers are invisible to the analysis. Characterizing

growth through in plane markers alone also limits our study to membrane growth and

does not allow us to quantify thickness changes, which typically accompany leaflet

area changes [48]. Last, we would like to point out that it would have been valuable

to collect data on the degree of regurgitation and correlate it with the degree of leaflet

growth. Unfortunately, these data were not collected and these issues remain to be

addressed in future studies.

6.5 Conclusion

In this study we have, for the first time, quantified regional and directional growth

in the anterior mitral leaflet in the beating heart under acute and chronic ischemic

conditions. On the annular level, chronic ischemia induced a significant chronic in-

crease in mitral annular area, commissure-commissure distance, and septal-lateral

distance. On the leaflet level, these events induced area growth, associated with
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chronic circumferential and radial leaflet elongations. Our observations suggest that

mitral leaflets have the capacity to actively adapt to ventricular remodeling, and that

mitral regurgitation may reflect a lack of this active adaptation. Further research will

be necessary to elucidate the mechanotransduction pathways of mitral leaflet growth

and to potentially correlate the leaflet’s inability to grow to a genetic origin.
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Chapter 7

Mechanics of the Mitral Valve: A

Critical Review, an In Vivo

Parameter Identification, and the

Effect of Prestrain.

Abstract. Alterations in mitral valve mechanics are classical indicators of valvular

heart disease, such as mitral valve prolapse, mitral regurgitation, and mitral steno-

sis. Computational modeling is a powerful technique to quantify these alterations,

to explore mitral valve physiology and pathology, and to classify the impact of novel

treatment strategies. The selection of the appropriate constitutive model and the

choice of its material parameters are paramount to the success of these models. How-

ever, the in vivo parameters values for these models are unknown. Here we identify

the in vivo material parameters for three common hyperelastic models for mitral

valve tissue, an isotropic one and two anisotropic ones, using an inverse finite element

approach. We demonstrate that the two anisotropic models provide an excellent fit

to the in vivo data, with local displacement errors in the sub-millimeter range. In

135
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a complementary sensitivity analysis, we show that the identified parameter values

are highly sensitive to prestrain, with some parameters varying up to four orders of

magnitude. For the coupled anisotropic model, the stiffness varied from 119,021kPa

at 0% prestrain via 36kPa at 30% prestrain to 9kPa at 60% prestrain. These results

may, at least in part, explain the discrepancy between previously reported ex vivo and

in vivo measurements of mitral leaflet stiffness. We believe that our study provides

valuable guidelines for modeling mitral valve mechanics, selecting appropriate con-

stitutive models, and choosing physiologically meaningful parameter values. Future

studies will be necessary to experimentally and computationally investigate prestrain,

to verify its existence, to quantify its magnitude, and to clarify its role in mitral valve

mechanics.

7.1 Introduction

Its prominent role in the heart has made the mitral valve one of the most studied el-

ements of the cardiovascular system. Within the past two decades, the finite element

method has gained an increasing popularity in supporting these investigations. Finite

element modeling has not only been successful when studying mitral valve physiology

[56, 195] and pathology [129, 131], but also when evaluating novel surgical techniques

[188, 222] and medical devices [148, 223].

One of the most crucial aspects of modeling mitral valve mechanics is the selection

of appropriate constitutive models, along with the identification of their parameter

values. Formulating a constitutive model for mitral valve tissue bears a number of

challenges, some of which are unique to biological soft tissues. Exposed to large pres-

sure gradients, the mitral leaflet undergoes large deformations and is subject to finite

strains [180, 194]. Optimized to sustain physiological loads, the valvular microstruc-

ture displays significant directional, regional, and transmembrane variations [125].

Supported by a collagenous extracellular matrix, the constitutive response is highly
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nonlinear, associated with the characteristic stress locking of collagen [87, 88, 142].

Equipped with active substructures, the mitral leaflet might be capable to actively

contract [120, 122]. Responding to mechanical stimuli, the living mitral valve tissue

continuously turns over, adapts, grows, and remodels [39, 38, 184]. Exposed to a

living environment, the constitutive response might be hugely sensitive to prestrain

[7, 220]. In summary, we are looking at an anisotropic, hyperelastic, strain-stiffening,

actively contracting, adaptively growing, prestrained living material.

Since the first constitutive models for valvular tissue have been proposed two decades

ago [127, 188], various modifications and refinements have been suggested to accu-

rately characterize the mitral valve leaflet. While clinical studies commonly still

assume the mitral leaflet to behave linearly elastic [169, 230], the trend clearly goes

toward modeling it as an anisotropic hyperelastic material. One of the first and most

prominent models introduced exclusively for mitral leaflet tissue is an invariant based

hyperelastic model, which was calibrated in terms of a series of systematic ex vivo

biaxial experiments [150]. Recent advancements have enhanced its robustness and nu-

merical efficiency within a finite element setting [170] and incorporated active leaflet

contraction [199]. Several other groups have recently proposed alternative hypere-

lastic models for mitral leaflet tissue [55, 226]. Yet, to date, all hyperelastic models

have only been calibrated using ex vivo experiments, and little is known about their

parameter values in an in vivo setting.

Recently, in a series of systematic studies, our group has adopted inverse finite element

modeling in conjunction with biplane videofluorscopic imaging to identify the material

parameters of an anisotropic linear elastic model for mitral leaflet tissue [120, 122].

The calibrated parameter sets suggest that the anterior mitral leaflet behaves several

orders of magnitude stiffer in vivo than in vitro. These findings are significant in

that predictive models, based on inaccurate material parameters, would significantly

underestimate leaflet stress. Here, we adopt an inverse finite element approach to

identify the in vivo material parameters for three prominent hyperelastic constitutive
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models. After a preliminary sensitivity analysis with a simple isotropic model, we

explore the performance of two more advanced anisotropic models for leaflet tissue

[94, 150], and investigate the effect of prestrain on their material parameter values.

7.2 Methods and Materials

7.2.1 Geometric Modeling

Data Acquisition

On cardiopulmonary bypass, we implanted 23 radiopaque tantalum markers onto the

arterial surface of the anterior mitral leaflets and onto the mitral annuli of 57 male

Dorsett sheep [25, 132]. Sixteen markers were located in the anterior leaflet center

and seven markers were located on the free edge and on the surrounding annulus

[181], see Figure 7.1. In addition, we implanted one marker on each papillary muscle

tip. After weaning the animals off cardiopulmonary bypass, we took biplane videoflu-

oroscopic images of the markers in the beating heart at a 60Hz sampling frequency.

Simultaneously, we recorded atrial, ventricular, and aortic pressures via catheter mi-

cromanometer pressure transducers. Using a semi-automatic digitization software, we

obtained four-dimensional marker coordinates from biplane videofluoroscopy images

throughout three complete cardiac cycles of all 57 sheep.

Temporal Interpolation

Since the sampling frequency was fixed while the heart rates varied from animal to

animal, the number of data points per cardiac cycle was different for each animal. To

create an average set of kinematic and hemodynamic data, we mapped all 57 data sets

into four time intervals between end-diastole, end-isovolumic contraction, end-systole,

end-isovolumic relaxation, and end-diastole of the next beat [180]. Within each in-

terval, we performed a linear temporal interpolation of the marker coordinates and
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chordae tendineae! tantalum marker!

mitral annulus!

anterior mitral leaflet!

Figure 7.1: Intraoperative photograph of mitral annulus and anterior mitral leaflet
with implanted marker array to reconstruct the leaflet deformation field in vivo.
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the hemodynamic data. Based on the different average lengths of the intervals, each

interval was then resampled at six, fourteen, seven, and seventeen points, respectively.

After resampling at these 40 points throughout the cardiac cycle and averaging over

all animals, we obtained a temporally aligned average data set of four-dimensional

marker coordinates and hemodynamic data [181, 183], see Figure 7.2.

Spatial Interpolation

Based on the 23 averaged leaflet marker coordinates, see Figure 7.3A, we created a

finite element discretization with 30 linear triangular shell elements for each time point

of the simulation interval, see Figure 7.2. Using a custom-designed approximation

subdivision algorithm [78], we then successively refined the mesh density to 120, 480,

1920, and 7680 elements, again for each time point, see Figure 7.3B-E. To determine

the optimal mesh size [180], we performed a convergence study under physiologic

pressures at end-systole where we compared the deflection of the central marker for

different mesh densities. Based on this study, we selected the mesh with 1920 elements

and 1017 nodes for all following analyses, see Figure 7.5.

Leaflet Microstructure

Mitral leaflet tissue is known to contain of a highly organized collagen network, span-

ning circumferentially across the entire mitral leaflet [35]. To confirm the collagen

orientation in the sheep of our study, we performed a histological analysis of one repre-

sentative ovine leaflet. We stained the explanted leaflet with Masson’s Trichrome and

then determined the collagen orientation microscopically, see Figure 7.4. Based on

these observations and on reported fiber orientations in porcine mitral valves [35, 171],

we assigned regionally varying fiber directions to the mitral leaflet model. For each el-

ement, we chose the fiber orientation to be oriented orthogonal to the vector pointing

from the saddle horn to the element centroid, see Figure 7.5.
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Figure 7.2: Left ventricular pressure curve averaged over all 57 animals. Shown are
the time intervals between end-diastole (ED), end-isovolumic contraction (EIVC),
end-systole (ES), end-isovolumic relaxation (EIVR), and end-diastole (ED) of the
next beat. Filled circles indicate the eight discrete time steps within the simulation
interval. The arrow indicates the direction of the simulation.
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Original Mesh 1st Subdivision 2nd Subdivision 3rd Subdivision 4th Subdivision
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Figure 7.3: A) Original triangular discretization with 30 triangular shell elements
based on in vivo belly marker coordinates (black spheres), annular marker coordinates
(grey spheres), and free edge marker coordinates (white spheres). Circumferential
direction (nc) and radial direction (nr) are indicated by arrows. B-E) Four levels
of refinement created using a custom-designed subdivision algorithm with 120, 480,
1920, and 7680 triangular shell elements.
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Free Edge

Annulus

Figure 7.4: Collagen fiber orientation across a representative ovine anterior mitral
leaflet after staining with Masson’s trichrome. Collagen fibers are stained blue. Fiber
orientations are extracted semi-manually from microscopic images.
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7.2.2 Constitutive Modeling

We model mitral valve tissue as an incompressible, transversely isotropic, hyperelastic

material. To set the stage, we first summarize the set of constitutive equations for

this general class of materials. Then we derive three particular subclasses of models

associated with three prominent constitutive models for mitral valve tissue [66, 150].

We characterize leaflet deformation in terms of the deformation gradient F = ∇ϕ,

the spatial gradient of the deformation map ϕ, which maps material points from the

reference to the current configuration. To account for the incompressible nature of

soft biological tissues, we adopt the multiplicative decomposition of the deformation

gradient into volumetric and isochoric parts,

F = F vol · F̄ with F vol = J1/3I and F̄ = J−1/3F , (7.1)

implying that det(F̄ ) = 1 and thus J = det(F ) = det(F vol) ≥ 0. To quantify

leaflet deformation, we introduce the right Cauchy-Green deformation tensor C and

its isochoric part C̄,

C = F t · F = J2/3C̄ with C̄ = F̄ t · F̄ . (7.2)

To account for tissue microstructure, we assume that the leaflet is reinforced by a sin-

gle family of collagen fibers introducing a transversely isotropic constitutive response.

The associated unit vector n0 in the reference configuration defines the structural ten-

sor

N = n0 ⊗ n0 with ||n0|| = 1 . (7.3)

From the possible set of three principal invariants and two pseudo-invariants charac-

terizing a generic transversely isotropic constitutive behavior, we select the Jacobian
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J to account for the incompressible response, the first isochoric invariant Ī1 to ac-

count for the isotropic response, and the fourth isochoric invariant Ī4 to account for

the anisotropic response,

J = det(F ) ∂CJ = 1
2
J C−1

Ī1 = C̄ : I with ∂C̄ Ī1 = I

Ī4 = C̄ : N ∂C̄I4 = N .

(7.4)

We then adopt an incompressible, transversely isotropic, hyperelastic free energy

function

ψ = ψvol(J) + ψ̄(Ī1, Ī4) , (7.5)

which consists of a volumetric part ψvol and an isochoric part ψ̄. Throughout this

manuscript, we analyze three different formulations for the isochoric part ψ̄ while

keeping the volumetric part identical. The additive decomposition of the free energy

manifests itself in the Piola-Kirchhoff stress,

S = 2
∂ψ

∂C
= Svol + Siso , (7.6)

where the volumetric and isochoric parts take the following explicit representations,

Svol = 2
∂ψ

∂C

vol

=J p C−1

Siso = 2
∂ψ̄

∂C
=J−2/3 P : S̄ .

(7.7)

The volumetric part depends primarily on the pressure p = ∂ψvol / ∂J , which we have

to prescribe constitutively in the context of incompressibility. The isochoric part

depends on the second order tensor S̄, with

S̄ = 2
∂ψ̄

∂C̄
= 2 ψ̄1 I + 2 ψ̄4N , (7.8)
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where we have introduced the common abbreviation ψ̄i = ∂ψ̄/∂Īi for the scalar deriva-

tives of the isochoric free energy function ψ̄, which we will specify in detail in the

sequel. The fourth order tensor P = I − 1
3
C−1 ⊗C denotes the isochoric projection

tensor in terms of the fourth order identity tensor I = 1
2
[ I ⊗ I + I ⊗ I ], with the

understanding that {•⊗◦}ijkl = {•}ik{◦}jl and {•⊗◦}ijkl = {•}il{◦}jk. To efficiently

solve the nonlinear boundary value problem, we linearize the Piola-Kirchhoff stress

S with respect to the right Cauchy-Green deformation tensor C to obtain the fourth

order tangent moduli

C = 4
∂2ψ

∂C ⊗ ∂C
= 2

∂S

∂C
= Cvol + Ciso , (7.9)

which we can again decompose into volumetric and isochoric parts,

Cvol = 2
∂S

∂C

vol

= J p̃C−1⊗C−1 − 2 J p IC−1

Ciso = 2
∂S

∂C

iso

= J−4/3 P : C̄ : Pt

+ 2
3

[ J−2/3 S̄ : C P̄− [ S̄ ⊗C−1]sym] .

(7.10)

The volumetric part is parameterized in terms of the pressure p, where we have

introduced the abbreviation p̃ = p + J ∂p / ∂J . The isochoric part depends on the

fourth order tensor C̄, with

C̄ = 2
∂S̄

∂C̄
= 4 [ ψ̄11I ⊗ I + 2 ψ̄14[I ⊗N ]sym + ψ̄44N ⊗N ] , (7.11)

with the common abbreviation ψ̄ij = ∂2ψ̄ / ∂Īi∂Īj for the second derivatives. Here,

P̄ = IC−1 − 1
3
C−1 ⊗ C−1 and IC−1 = 1

2
[C−1⊗C−1 + C−1⊗C−1] are two additional

fourth order tensors related to the isochoric projection. From the Piola-Kirchhoff

stress S and the Lagrangian tangent moduli C, we can calculate the Cauchy stress σ

and the Eulerian tangent moduli c through the corresponding push forward operations
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σ = 1
J
F · S · F t and c = 1

J
[F⊗F ] : C : [F t⊗F t].

Isotropic Model

The first model, the Neo-Hookean model, is the most simplistic constitutive model

for nonlinear hyperelastic materials. Isotropic in nature, it neglects the characteristic

anisotropic microstructure of mitral leaflet tissue. The isochoric part of its free en-

ergy ψ̄ of Equation (9.12) is parameterized exclusively in terms of the first isochoric

invariant Ī1 scaled by the single material parameter c0,

ψ̄ = c0 [ Ī1 − 3 ] . (7.12)

In the limit of infinitesimal strains, the parameter c0 corresponds to one half of the

shear modulus µ. The isochoric part of the Piola-Kirchhoff stress S̄ of Equation (8.9)

reduces a purely isotropic formulation according to the coefficients

ψ̄1 = c0 and ψ̄4 = 0 . (7.13)

The isochoric Neo-Hookean tangent moduli C̄ of Equation (8.12) vanish identically

since

ψ̄11 = 0 and ψ̄14 = 0 and ψ̄44 = 0 . (7.14)

Coupled Anisotropic Model

The second model, the May-Newman model, is an anisotropic constitutive model in-

troduced exclusively for mitral valve tissue, initially to characterize the homogeneous

response during biaxial testing [150], and later to characterize the heterogeneous

response of the entire mitral valve complex [170]. Outside the mitral valve commu-

nity, it remains largely unknown, partly because its convexity properties have not
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�nite element mesh �ber orientation

Figure 7.5: Finite element discretization of the anterior mitral leaflet discretized
with 1920 triangular shell elements and 1017 nodes, embedded in the mitral valve
complex. And collagen fiber orientation in the computational model of the anterior
mitral leaflet created from small angle light scattering data and histological studies
in our laboratory.
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been analyzed thoroughly to date. The May-Newman model introduces an inherent

constitutive coupling between the isotropic and anisotropic material response. Trans-

versely isotropic in nature, it is characterized through a single representative fiber

family. Its isochoric free energy ψ̄ of Equation (9.12) is parameterized in terms of the

first and fourth isochoric invariants Ī1 and Ī4,

ψ̄ = c0 [ exp(c1[ Ī1 − 3 ]2 + c2[ Ī4 − 1 ]2)− 1 ] . (7.15)

The coefficients for the isochoric part of the Piola-Kirchhoff stress S̄ of Equation (8.9)

ψ̄1 = 2 c0c1[Ī1 − 3] exp(c1[Ī1 − 3]2 + c2[Ī4 − 1]2)

ψ̄4 = 2 c0c2[Ī4 − 1] exp(c1[Ī1 − 3]2 + c2[Ī4 − 1]2)
(7.16)

and for the isochoric part of the tangent moduli C̄ of Equation (8.12)

ψ̄11 = 2 c0c1[1 + 2c1[Ī1 − 3]2]

exp(c1[Ī1 − 3]2 + c2[Ī4 − 1]2)

ψ̄14 = 4 c0c1c2[Ī1 − 3][Ī3 − 1]

exp(c1[Ī1 − 3]2 + c2[Ī4 − 1]2)

ψ̄44 = 2 c0c2[1 + 2c2[Ī3 − 1]2]

exp(c1[Ī1 − 3]2 + c2[Ī4 − 1]2)

(7.17)

are exponential functions weighted by the three material parameters c0, c1, and c2.

The model assumes that its fibers can only bear load under tension, Ī4 ≥ 1, not

contributing to stress and stiffness under compressive loading, Ī4 < 1. Unlike most

transversely isotropic models for non-living tissue, the May-Newman model is charac-

terized through a constitutive coupling between the first and fourth invariants. This

implies that its mixed second derivatives do not vanish identically, ψ̄14 6= 0.
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Decoupled Anisotropic Model

The third model, the Holzapfel model, is an anisotropic constitutive model originally

designed for arterial tissue [66]. While its convexity aspects have been thoroughly

investigated, it has never been adopted to model the heterogeneous response of the

mitral valve complex. The initial Holzapfel model is inherently modular with two

decoupled terms, one for the isotropic and one for the anisotropic material response.

Transversely isotropic in nature, it incorporates a single representative fiber fam-

ily. Similar to the coupled model, its isochoric free energy ψ̄ of Equation (9.12) is

parameterized in terms of the first and fourth isochoric invariants Ī1 and Ī4,

ψ̄ = c0 [ Ī1 − 3 ]

+
c1

2c2

[ exp(c2 [κĪ1 + [ 1− 3κ ] Ī4 − 1]2)− 1 ] .
(7.18)

The coefficients for the isochoric part of the Piola-Kirchhoff stress S̄ of Equation (8.9)

ψ̄1 = c0 + c1κ [κĪ1 + [ 1− 3κ ]Ī4 − 1 ]

exp(c2 [κĪ1 + [ 1− 3κ ]Ī4 − 1 ]2)

ψ̄4 = c1[1− 3κ] [κĪ1 + [ 1− 3κ ]Ī4 − 1 ]

exp(c2 [κĪ1 + [ 1− 3κ ]Ī4 − 1 ]2)

(7.19)

and for the isochoric part of the tangent moduli C̄ of Equation (8.12)

ψ̄11 = c1 κ
2 [ 1 + 2 c2[κĪ1 + [1− 3κ]Ī4 − 1]]

exp(c2 [κĪ1 + [ 1− 3κ ]Ī4 − 1 ]2)

ψ̄14 = c1 κ[1− 3κ] [ 1 + 2 c2[κĪ1 + [1− 3κ]Ī4 − 1]]

exp(c2 [κĪ1 + [ 1− 3κ ]Ī4 − 1 ]2)

ψ̄44 = c1 [1− 3κ]2 [ 1 + 2 c2[κĪ1 + [1− 3κ]Ī4 − 1]]

exp(c2 [κĪ1 + [ 1− 3κ ]Ī4 − 1 ]2)

(7.20)
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are again exponential functions weighted by the three material parameters c0, c1, and

c2. For c1 = 0 and c2 = 0, we recover the original Neo-Hookean model. Similar to

the May-Newman model, the fiber contributions act in tension only, Ī4 ≥ 1, and are

inactive under compressive loading, Ī4 < 0. In contrast to the original decoupled

version of the Holzapfel model [94], this revised version accounts for a constitutive

coupling of the first and fourth invariants through the additional parameter κ to

incorporate microstructural fiber dispersion [66]. The lower limit of κ = 0 represents

the initial decoupled model with no fiber dispersion, no constitutive coupling between

the first and fourth invariants, and vanishing mixed second derivatives, ψ̄14 = 0 [94].

The upper limit of κ = 1
3

represents the random fiber dispersion of an isotropic

material with vanishing anisotropic terms, ψ̄4 = 0, ψ̄14 = 0, and ψ̄44 = 0.

7.2.3 Finite Element Modeling

Finite Element Software

We performed all simulations with the commercially available, implicit finite element

solver Abaqus Standard Version 6.9 using the general-purpose, finite strain shell ele-

ment S3R [1], which adopts discrete Kirchhoff thin shell kinematics [170].

Reference Configuration and Simulation Interval

Similarly to our previous inverse finite element study [120], we chose the image just

before leaflet separation as the reference configuration and as the start point of our

simulation, see Figure 7.2. In eight time steps, we performed finite element simu-

lations from this reference point, in reverse direction, to end-systole. We selected

this particular simulation interval throughout isovolumic relaxation, because the the

mitral valve is closed, and hemodynamic effects are negligible. In addition, during

isovolumic relaxation, the effects of possibly interfering contracting cells are mini-

mized.



152 CHAPTER 7. MITRAL VALVE LEAFLET MATERIAL PARAMETERS

Boundary Conditions

Throughout the inverse finite element analysis, we applied inhomogeneous Dirichlet

boundary conditions to all nodes on the boundary during the entire simulation in-

terval, see Figure 7.6. We prescribed the positions for these boundary nodes using

the nodal coordinates of the experimental subdivision meshes at the respective time

points. In other words, throughout the entire simulation, we prescribed the nodal

positions of the annular and free edges using the experimentally acquired boundary

marker coordinates, while we calculated the positions of all internal nodes for varying

sets of material parameters [120].

External Loading

The primary load on the mitral leaflet within the simulation interval is the transvalvu-

lar pressure, i.e., the pressure difference between the left ventricle and the left atrium.

We determined the average pressure difference for all animals from hemodynamic

measurements for each time-aligned data point, see Figure 7.2, and applied it to the

ventricular surface of the discretized mitral valve geometry, see Figure 7.6.

Chordae Tendineae

The chordae tendineae attach to the free edge, the leaflet center, and the region

close to the annulus, see Figure 1.1. Since we prescribe the nodal positions of the

free edge and of the annulus as Dirichlet boundary conditions, see Section 7.2.3, the

effects of the chordae tendineae at the free edge and at the annulus are inherently

built into the model. However, we have to account for the chordae tendineae in the

belly region. Here, we modeled the chordae tendineae as tension only rods inserting

into the leaflet center [171]. We modeled the chordae material as incompressible

Neo-Hookean according to Equation (7.12) and assumed a total cross-sectional area

of 1mm2 for each branch.
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p

Figure 7.6: Finite element model of the mitral leaflet. The leaflet boundary with
assigned inhomogeneous Dirichlet boundary conditions is indicated by white spheres;
the original marker locations are indicated by black spheres. We assigned the
transvalvular pressure p, derived from micromanomater pressure readings in the left
ventricle and the left atrium, to the ventricular surface of the mitral leaflet as indi-
cated by the black arrows.
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Prestrain

To explore the effect of prestrain on the parameter identification of both anisotropic

hyperelastic models, we prestrained the leaflet with an isotropic in-plane Green-

Lagrange area strain

Epre = 1
2

[F pre t · F pre − I] = EpreI ,

prescribing prestrain levels Epre of 0%, 30%, and 60% following prestrain protocols

developed in our group [59, 186]. We calculated the corresponding prestretch λpre =

[2Epre +1]1/2 of 1.00, 1.27, and 1.48 such that F pre = λpreI. Subsequently, we shrunk

the leaflet geometry by scaling the nodal coordinates of the reference configuration

with the reciprocal stretch values 1/λpre of 1.00, 0.79, and 0.67. In a preconditioning

step, we displaced each node of the shrunk leaflet geometry to its original position

creating an isotropic Green-Lagrange area prestrain of 0%, 30%, and 60% across the

entire anterior leaflet. After verifying the prescribed prestrain levels, we applied the

external pressure loading according to Section 7.2.3.

7.2.4 Parameter Identification

Sensitivity Analysis

To study and demonstrate the effect of varying input parameters on the parameter

identification, we performed a series of sensitivity analyses. For the sake of simplicity,

we used the isotropic Neo-Hookean model for these studies. Its conceptual simplicity

significantly decreased both simulation time and optimization effort. We selected

a set of relevant input parameters and varied the Neo-Hookean parameter c0 from

0.1MPa to 100MPa in steps of 0.1MPa. Starting from the reference configuration, for

each value of c0, we performed a finite element analysis for all eight time steps. As a

representative error measure, we calculated the average nodal displacement error e as
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the distance between all m = 1, .., nm experimentally measured inner leaflet markers

ϕexp
t,m and all computationally simulated inner leaflet markers ϕsim

t,m, and summed it

over all t = 0, .., nt time steps

e =
1

nt

1

nm

nt∑
t=0

nm∑
m=1

||ϕexp
t,m −ϕsim

t,m || .

In our case, the number of inner leaflet markers was nm = 9 and the number of times

steps was nt = 8. For each input parameter we identified the value for the Neo-

Hooke parameter c0 that minimized this average nodal displacement error e. First,

to quantify the sensitivity of the model with respect to leaflet thickness, we varied

the thickness of the linear triangular shell elements between 0.5mm and 4.0mm in

intervals of 0.5mm and determined its impact on the optimal parameter c0.

Second, since the exact locations of the chordal insertion sites are unknown, we chose

three alternative chordae locations and investigated the model’s sensitivity to changes

in insertion site. In particular, we inserted chordae close to the annulus toward the

anterior and posterior commissures, see Figure 7.7A, close to the annulus toward the

midline of the anterior leaflet, see Figure 7.7B, and closer to the free edge, see Figure

7.7C, and connected them to the papillary muscle tips. In addition, to determine

the sensitivity of the model to the number of chordae, we compared the simulation

with seven chordae to the simulation with one chord, see Figures 7.7C and 7.7D. For

the sake of comparison, we kept the the total cross-sectional area of each branch of

chordae constant at 1mm2.

Third, to quantify the sensitivity of the model with respect to chordae stiffness, we

varied the Neo-Hookean stiffness c0 of the chordae between 5MPa and 40MPa in in-

tervals of 5MPa.

Fourth, we systematically varied the transverse shear stiffness, a structural parameter

inherent to the finite element formulation for the selected shell element. Since this
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parameter is a structural parameter with no clear physical interpretation, we investi-

gated different shear stiffness values of 10MPa, 100MPa, and 1000MPa and quantified

the corresponding optimal Neo-Hookean parameter c0.

Parameter Identification

To identify the material parameters of the different constitutive models, we performed

an inverse finite element analysis, similar to the procedure described in Section 7.2.4.

However, now, we apply a genetic algorithm using MATLAB, to systematically mini-

mize the average nodal displacement error e by varying all material parameters simul-

taneously. Starting with an initial parameter set, we performed a first generation of

finite element simulations. After the simulation for each parameter set, we compared

the experimentally measured marker positions ϕexp
t,m of the m = 1, .., nm inner nodes

for each t = 0, .., nt time step with the computationally simulated marker positions

ϕsim
t,m to calculate the average nodal displacement error e. Again, the number of inner

markers was nm = 9 and the number of time steps was nt = 8. Whenever the sim-

ulation did not converge, we assigned an error value that was larger than previously

encountered values for converged solutions. Based on the average nodal displacement

error e, the genetic algorithm generated a new input parameter set through 20% mu-

tation and 80% cross-over. The genetic algorithm iteratively minimized the error until

it reached a user-defined convergence criterion of of 10−6. For visualization purposes,

we calculated the nodal displacement error at the last simulation time step t = 8, and

analyzed its distribution across the leaflet using color contour plots. After finding a

converged parameter set, we repeated the optimization algorithm for varying popula-

tion sizes and initial parameters to ensure that the converged solution represented a

global minimum. Figure 7.8 illustrates the genetic algorithm in a representative flow

chart.

For the parameter identification, we chose the finite element discretization with 1920



7.2. METHODS AND MATERIALS 157

A B

C D

Figure 7.7: Sensitivity study for varying chordae insertion sites. A) Chordae insert
close to the annulus and the anterior and posterior commissures. B) Chordae insert
close to the annulus and close the midline of the anterior leaflet. C) Chordae insert
closer to the free edge. D) A single cord inserts closer to the free edge. All chordae
are connected to the corresponding papillary muscle tips.
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elements and 1017 nodes, see Figure 7.5, a leaflet thickness of 1mm, a chordae inser-

tion location closer to the free edge of the anterior leaflet, see Figure 7.7C, a chordae

stiffness of 20MPa, and a transverse shear stiffness of 100MPa. In addition, to in-

vestigate the impact of prestrain on the material parameters, we performed the three

optimization runs with 0%, 30%, and 60% prestrain.

7.3 Results

7.3.1 Sensitivity Analysis for Isotropic Model

Figure 7.9 summarizes the results of the sensitivity study of the isotropic Neo-Hookean

model with respect to mesh refinement, element thickness, and chordae stiffness.

Figure 7.9A illustrates the results of the mesh refinement study. Mesh refinement

displays satisfying convergence at the third subdivision level with 1920 elements. Ac-

cordingly, we selected the discretization with 1920 elements and 1017 nodes for all

subsequent simulations. Figures 7.9B illustrates the sensitivity with respect to leaflet

thickness. For varying leaflet thicknesses, the optimal stiffness parameter decreased

super-linearly from 76.8MPa at a thickness of 0.5mm to 6.3MPa at a thickness of

4mm. Figures 7.9C shows the sensitivity with respect to chordal stiffness. For vary-

ing chordae stiffnesses, the optimal stiffness parameter decreased almost linearly from

82.8MPa at a chordae stiffness of 5MPa to 48.5MPa at a chordae stiffness of 40MPa.

For varying number of chordae at the same overall stiffness, the optimal stiffness

parameter remained virtually unaffected, varying only marginally from 63.7MPa for

seven chordae to 65.4MPa for one chord. Figure 7.7 displays the different chordal

locations considered in this study. For varying chordal locations, the optimal stiff-

ness parameter varied only marginally between 77.5MPa for location A, 85.0MPa for

location B, and 63.7MPa for location C. For varying transverse shear stiffnesses, the

optimal stiffness parameter displayed strong variations. A transverse shear stiffness
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Write FE Input File

FE Solver
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Read Nodal Displacements

Sheep Experiment
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Figure 7.8: Flow chart of inverse finite element analysis for systematic parameter
identification. For each parameter set, we run a simulation and evaluate the average
nodal displacement error e as objective function. Until the algorithm has converged,
we iteratively refine the parameter set using a genetic algorithm and rerun the anal-
ysis.
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of 10MPa yielded an optimal stiffness parameter c0 of 23.2MPa, 100MPa yielded

63.7MPa, and 1000MPa yielded 173.7MPa. Overall, the sensitivity analysis revealed

that the stiffness parameter c0 for the Neo-Hookean model was sensitive to element

thickness, chordae location, chordae stiffness, and transverse shear stiffness. Fig-

ure 7.10 (top) shows a representative displacement error distribution of the isotropic

Neo-Hookean model. Qualitatively, all error plots for the Neo-Hookean model showed

similar contour patterns. Throughout the entire leaflet, maximum nodal displacement

errors were in the sub-millimeter range. In the belly region, nodal error values were

negative, implying that the experimental leaflet, based on the original marker coor-

dinates, moved farther into the atrium than the simulated leaflet. In the annular

region, nodal error values were positive, implying that the experimental leaflet, based

on the original marker coordinates, moved less far into the atrium than the simulated

leaflet. On the annular and free edge boundaries, where nodal positions were pre-

scribed in terms of Dirichlet boundary conditions, nodal errors were zero. Figure 7.10

(middle) displays the regional variation of the leaflet thickness when optimized for

the isotropic model. The regional variation of the displacement error in Figure 7.10

(top) motivated a follow-up parameter identification, in which we assigned each of the

1920 finite elements its individual leaflet thickness. We identified these 1920 thick-

ness parameters using an inverse finite element analysis according to the flow chart of

Figure 7.8 with the overall goal to minimize the total displacement error. Figure 7.10

(middle) displays the resulting thickness distribution with a maximum leaflet thick-

ness of 3.0mm close to the annulus and a minimum leaflet thickness of 0.1mm around

the leaflet belly and close to the free edge. Figure 7.10 (bottom) displays the regional

variation of the bending stiffness when optimized for the isotropic model. Although

we performed a fully nonlinear parameter identification, here, we display the intuitive

linearized bending stiffness EI, where E is the equivalent to Young’s modulus in the

linear regime and I is the moment of inertia, which scales with the thickness to the

power of three. The bending stiffness is a structural parameter, which inherently
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combines information about leaflet stiffness and thickness. Accordingly, its distri-

bution agreed qualitatively with the thickness distribution in Figure 7.10 (middle),

but displays larger overall variations. We observed a maximum bending stiffness of

50Nmm2 close to the annulus and a minimum bending stiffness of 0.05Nmm2 around

the leaflet belly and close to the free edge.

7.3.2 Parameter Identification for Anisotropic Models

Figure 7.11 shows that for both anisotropic models, coupled and decoupled, the opti-

mization procedure yielded qualitatively similar displacement error contours as for the

isotropic model. Errors were again in the sub-millimeter range, with a qualitatively

similar pattern independent of the level of prestrain. Again, while in the belly region

nodal errors were predominantly negative, nodal error in the annular region were

predominantly positive. Table 7.1 summarizes the average nodal displacement error

for the coupled and the decoupled anisotropic models for all three levels of prestrain.

Quantitatively, increasing degree of prestrain increased the error. Independent of the

degree of prestrain, average nodal displacement errors were consistently smaller for the

decoupled model than for the coupled model. These trends are in agreement with the

nodal error distributions displayed in Figure 7.11. Table 7.2 summarizes the results

from the parameter identification for the coupled and decoupled anisotropic models

for all three prestrain levels. Unfortunately, the stiffness parameters c0, c1, and c2

take different interpretations in both models, some even with different units, and we

cannot directly compare their values. The decoupled anisotropic model parameter c0,

however, corresponds directly to the isotropic parameter c0, and lies within the range

of the values reported in Figure 7.9. To visualize the constitutive behavior of the cal-

ibrated coupled and decoupled models, we performed virtual homogeneous uniaxial

tensile tests in the circumferential and radial directions mimicking the ex vivo re-

sponse in terms of the identified material parameter values summarized in Table 7.2.
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Figure 7.9: Sensitivity analyses for isotropic model. A) Sensitivity of central belly de-
flection with varying mesh densities. B) Sensitivity of the optimal stiffness parameter
c0 with varying leaflet thicknesses.
C) Sensitivity of the optimal stiffness parameter c0 with varying chordae stiffnesses.
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Figure 7.13 illustrates the sensitivity of the constitutive response with respect to the

prestrain level. To fit the same behavior of the mitral leaflet in vivo, the parameter

identification at 0% prestrain yields a much stiffer ex vivo response, indicated through

the dotted lines, than the parameter identification at 30% prestrain, dashed lines, and

at 60% prestrain, dash-dotted lines. Overall, by increasing the in vivo prestrain level,

we obtain parameter sets, which predict a much softer ex vivo response, resulting in

lower Cauchy stresses at the same stretch level.

Figures 7.13A and 7.13B show the nominal or Cauchy stress plotted over uniaxial

stretch using the calibrated coupled anisotropic model at the three different prestrain

levels. In both radial and circumferential directions the model clearly displays the

characteristic nonlinear, strain-stiffening response of collagenous soft tissues. Fig-

ures 7.13C and 7.13D illustrate the stress-stretch behavior, now using the calibrated

decoupled anisotropic model at the three different prestrain levels. In the circumfer-

ential direction, the decoupled model predicts a similar strain-stiffening response as

the coupled model. In the radial direction, however, the decoupled model behaves

almost linearly and fails to reproduce the characteristic stress locking.

Figure 7.13 compares the predicted uniaxial stress-stretch behavior for both models

to the uniaxial stress-stretch behavior of the May-Newman model fit to ex vivo bi-

axial test data indicated by the solid lines [150]. The experiment displays a strong

nonlinear stress-stretch behavior in both circumferential and radial directions. In

circumferential direction, both anisotropic models fit the ex vivo data based stress-

stretch response best for 30% prestrain, Figures 7.13A and 7.13C. In radial direction,

the coupled model fits the data best for 30% prestrain, Figure 7.13B, while the de-

coupled model, due to its lack of nonlinearity, shows a poor fit, independent of the

prestrain level, Figure 7.13D. Figure 7.12 compares the maximum principal Green-

Lagrange strains between end-isometric relaxation and end-systole. The left and right

columns display the strains for the coupled and decoupled models, respectively, both
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evaluated at three levels of prestrain. Qualitatively, strain contours vary little be-

tween the two anisotropic models at any of the prestrain levels. Strains are largest

toward the free edge and in the belly of the anterior leaflet and smallest toward the

annular regions. Quantitatively, within each level of prestrain, strain plots were con-

ceptually similar between the two anisotropic models. Figure 7.12 demonstrates the

multiplicative effect of prestrain on leaflet strain. While maximum principal strains

for 0% prestrain reached peak values of approximately 10% percent, maximum prin-

cipal strains for 30% and 60% prestrain reached peak values of approximately 70%

and 100%, respectively.

7.4 Discussion

In this study we have, for the first time, identified the material parameter values of

three prominent nonlinear hyperelastic constitutive models for mitral leaflet tissue

from in vivo data. In particular, we have calibrated the coupled May Newman model

originally introduced for mitral valve tissue under homogeneous biaxial loading [150],

and later for the heterogeneous response of the entire mitral valve complex [170]. In

addition, we have calibrated the decoupled Holzapfel model that has become widely

known for anisotropic soft tissues such as arteries [94], here enhanced to incorpo-

rate fiber dispersion [66]. To put our study into perspective, we have performed

systematic sensitivity analyses of important structural parameters using an isotropic

Neo-Hookean model. Most remarkably, the constitutive response was found to be

highly sensitive to the level of prestrain.

7.4.1 Sensitivity Analysis

Before discussing the results of the parameter identification, it is important, at this

point, to reflect on the results of the sensitivity study. We observed that the finite
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Figure 7.10: Top) Regional variation of displacement error for isotropic model with
homogeneous leaflet thickness. Positive errors, illustrated in red, indicate that the
experimental leaflet moved less far into the atrium than the simulated leaflet. Neg-
ative errors, illustrated in blue, indicate that the experimental leaflet moved farther
into the atrium than the simulated leaflet. Middle) Optimized leaflet thickness for
isotropic model. Regions close to the annulus, illustrated in red, display a maximum
leaflet thickness of 3.0mm. Regions around the leaflet belly and close to the free edge,
illustrated in blue, display a minimum leaflet thickness of 0.1mm. Bottom) Optimized
bending stiffness for isotropic model. Regions close to the annulus, illustrated in red,
display a maximum bending stiffness of 50Nmm2. Regions around the leaflet belly
and close to the free edge, illustrated in blue, display a minimum bending stiffness of
0.05Nmm2.
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Figure 7.11: Regional displacement error for coupled and decoupled anisotropic mod-
els for three levels of prestrain. Positive errors, illustrated in red, indicate that the
experimental leaflet moved less far into the atrium than the simulated leaflet. Neg-
ative errors, illustrated in blue, indicate that the experimental leaflet moved farther
into the atrium than the simulated leaflet.
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element simulation was highly sensitive to model parameters such as leaflet thick-

ness, chordae stiffness, and transverse shear stiffness. Sensitivity to leaflet thickness

originates from the thickness dependence of both tensile stiffness and bending stiff-

ness. While the tensile stiffness increases linearly with leaflet thickness, the bending

stiffness increases with the leaflet thickness to the power of three. The latter may

explain the nonlinear relationship between the optimal stiffness parameter and the

leaflet thickness as documented in Figure 7.9B.

Here, we have assumed a homogeneous thickness distribution across the entire mitral

leaflet. The error patterns in Figures 7.10 (top) and 7.11 are, at least in part, caused

by this homogeneous thickness assumption [171]. To minimize this error, we per-

formed a parameter identification, in which we assigned each element its individual

thickness, and identified these thicknesses using an inverse finite element analysis.

The calculated thickness and bending stiffness distributions in Figures 7.10 (middle)

and 7.10 (bottom) are in excellent agreement with recent anatomic studies, which

reported that the leaflet is the thickest close to the annulus and the thinnest close to

the free edge, decreasing gradually from central belly to free edge [102]. A uniform

thickness overestimates the leaflet stiffness in the belly region and close to the free

edge, while it underestimates the stiffness close to the annulus [122]. In turn, over-

estimating leaflet thickness results in smaller leaflet deflections into the atrium than

measured experimentally, while underestimating leaflet thickness close to the annulus

results in larger deflections of the leaflet into the atrium. The former generates a

negative error, displayed in blue, while the latter generates a positive error, displayed

in red, see Figures 7.10 (top) and 7.11.

The sensitivity of the optimal stiffness parameter with respect to chordae stiffness

may follow from increased chordae forces counteracting the transvalvular pressure

that displaces the mitral leaflet into the atrium. As this reaction force increases,

the stiffness of the leaflet itself decreases to minimize the displacement error between

experiment and simulation as documented in Figure 7.9C.
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Lastly, we observed that with increasing values of transverse shear stiffness, leaflet

buckling occurred at higher stiffness parameters. As leaflet buckling significantly in-

creased the displacement error, the transverse shear stiffness presented an upper limit

for the optimal stiffness parameter. This explains the observed sensitivity of the op-

timal stiffness parameter to changes in transverse shear stiffness as documented in

Figure 7.9D.

In contrast to leaflet thickness, chordae stiffness, and transverse shear stiffness, nei-

ther chordae insertion location nor number of chords affected the optimal stiffness

parameter to a significant extent.

In conclusion, when interpreting the results of this study, it is important to be aware

of the sensitivity of the computational model with respect to various input parame-

ters and, ideally, to quantify their impact on the final end result. While most input

parameters have a clear physical interpretation, e.g., leaflet thickness or chordae stiff-

ness, other parameters have never been reported, e.g., transverse shear stiffness. As

finite element modeling of the mitral valve is gaining increased importance, from both

a scientific and a clinical perspective, it might be worthwhile to determine values such

as the transverse shear stiffness experimentally for future work.

7.4.2 Constitutive Modeling

We have investigated two commonly used anisotropic, hyperelastic constitutive mod-

els for mitral valve tissue, the coupled May-Newman model [150] and the decoupled

Holzapfel model [94]. Both constitutive formulations are derived from a free energy

function, which features an exponential term to capture the nonlinear tensile stiff-

ening of soft collagenous tissues. Both free energy functions capture the isotropic

behavior of the ground substance through the first deviatoric invariant Ī1, i.e., the

trace of the deviatoric deformation, and the anisotropic behavior of the collagenous

microstructure through the fourth deviatoric invariant Ī4, i.e., the square of the fiber
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Table 7.1: Average nodal displacement error for coupled and decoupled anisotropic
models for three levels of prestrain.

Coupled Decoupled
Anisotropic Model Anisotropic Model

prestrain average nodal error e average nodal error e
[%] [mm] [mm]
0 0.5606 0.5052
30 0.5753 0.5286
60 0.5878 0.5701
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Table 7.2: Material parameter values for coupled and decoupled anisotropic models
for three levels of prestrain. Highlighted parameter set and ∗ symbol indicate the
model with the best overall fit, the coupled anisotropic model with 30% prestrain.

Coupled Anisotropic Model
prestrain c0 c1 c2

[%] [kPa] [–] [–]
0 119,020.7 152.4 185.5

30∗ 35.9 2.3 9.8
60 9.4 0.6 3.4

Decoupled Anisotropic Model
prestrain c0 c1 c2 κ

[%] [kPa] [kPa] [–] [–]
0 18,364.4 2,499,419.2 97.4 0.00
30 2,184.0 116.7 17.5 0.05
60 17,200.3 754.7 5.8 0.11
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stretch. The ground substance behaves exponentially in the coupled model and lin-

early in the original decoupled model. While isotropic and anisotropic terms are

coupled multiplicatively in the coupled May-Newman model [150], they are coupled

additively in the original decoupled Holzapfel model [94]. To address this deficiency,

the modified Holzapfel model introduces an additional microstructural parameter κ,

which takes into account fiber dispersion around a preferred direction [66]. A κ value

of zero results in no dispersion, while a value of one third describes random dispersion

characteristic for an isotropic material.

These distinct features in the free energy function strongly determine their appro-

priateness for modeling mitral valve tissue. Independent of the prestrain level, the

average nodal displacement error was smaller for the decoupled model than for the

coupled model. Hence, we might claim that the calibrated decoupled model displays

a higher potential to capture the true in vivo behavior of mitral leaflet tissue. How-

ever, it is important to keep in mind that the dispersion-enhanced decoupled model,

as implemented in this study, features an additional parameter κ, which allows us to

greatly vary the character of the model from entirely isotropic to anisotropic. The

coupled model features only the three stiffness parameters c0, c1, and c2. The better

performance of the decoupled model over the coupled model might therefore simply

be a result of its larger number of parameters.

To characterize model performance, in addition to average nodal and regional dis-

placement errors, we compared the mechanical behavior of both models to the original

May-Newman model with parameters fit from biaxial ex vivo data [150]. The com-

parison clearly demonstrated the difference between the coupled model with an ex-

ponential isotropic ground substance and the decoupled model with a linear isotropic

ground substance. While both models capture the exponential constitutive response

in the circumferential fiber direction, the decoupled model fails to capture the expo-

nential response in the radial cross-fiber direction.
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Figure 7.12: Maximum principal Green-Lagrange strains for coupled model and de-
coupled model for three levels of prestrain. Strains are evaluated between end-
isometric relaxation and end-systole. With linearly increasing prestrain levels, the
leaflet strain increases super-linearly due to the multiplicative effect of prestrain on
leaflet strain.



7.4. DISCUSSION 173

In conclusion, both models show great promise to minimize the error between exper-

iment and simulation. While the decoupled model minimizes the displacement error

relative to the in vivo experiment to a larger extent, the coupled model captures the

qualitative mechanical behavior observed in ex vivo experiments more appropriately.

7.4.3 Parameter Identification

In previous studies, our group has identified mitral leaflet parameters for an anisotropic

linear elastic constitutive model [120, 122]. In the current study, we have extended

this work to two commonly used anisotropic nonlinear hyperelastic constitutive mod-

els. This step is particularly crucial as models of the mitral valve are becoming more

commonly used, not only for basic science studies but also to understand human

disease and to predict medical device performance. Since mitral valve tissue, under

disease conditions and upon device implantation, may undergo large deformations

[180, 194], it is important to select the constitutive model appropriately. Hypere-

lastic constitutive models have become the models of choice for soft biological tissue

in general, and mitral valve tissue in particular. Here, for the first time, we have

identified material parameters for two such models, a coupled model and a decoupled

model, based on in vivo data. Recent studies have reported a large discrepancy be-

tween the mitral leaflet stiffness measured in vivo and ex vivo [120]. This stiffness

difference has motivated the hypothesis of active leaflet contraction [102], which was

supported experimentally by a 40% to 58% stiffness increase in isovolumetric con-

traction compared to isovolumetric relaxation [122]. Systematic tissue histology in

human tissue samples has confirmed the existence of active contractile smooth muscle

cells in the mitral valve leaflets [157, 199]. Active contraction alone, however, does

not seem capable of explaining a stiffness discrepancy of several orders of magnitude.

Future studies with hyperelastic constitutive models will be necessary to compare

the parameter values calibrated ex vivo to the parameters values calibrated in vivo as
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illustrated here. Beyond that, it is important to remember that the models calibrated

here are based on sheep rather than on human data. It is therefore vital to be careful

when extrapolating models based on our material parameter values to the human

mitral valve.

7.4.4 Effect of Prestrain

An exciting recent study revealed that the anterior mitral leaflet is subject to con-

siderable prestrain throughout the entire cardiac cycle [7]. To explore the effect of

prestrain on the set of optimal material parameter values, we identified sets of ma-

terial parameters for three different levels of prestrain, 0%, 30% and 60%. We found

that material parameters were highly sensitive to the level of prestrain, with some

parameter values varying up to four orders of magnitude. We believe that this effect is

due to a prestrain-dependent shift of the linear regime, beyond which the stress-strain

response experiences the characteristic stress locking. When starting from a prestrain

level of 0% and superimposing the physiological strain amplitudes throughout the car-

diac cycle of about 10% [180], we are operating in the linear regime of the stress-strain

curve throughout the entire cardiac cycle [121]. As we increase the prestrain level,

this operating point moves along the nonlinear stress-strain curve, beyond the linear

regime, into the exponential stiffening region of the curve. At 0% prestrain, the opti-

mization algorithm forces the linear region of the nonlinear stress-strain curve to be

stiff enough, so that the anterior mitral leaflet sustains the transvalular pressure to

minimize the error between the experiment and simulation. As we increase the pre-

strain level, the optimization algorithm enforces the same stiffness to the exponential

stiffening region beyond the linear regime, creating an overall softer response than

before. We can therefore interpret the physiological in vivo stiffness of the mitral

leaflet as a function of both, the material parameters and the prestrain-defined point

of operation.
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Figure 7.13: Stress-stretch responses for coupled and decoupled anisotropic models
in a virtual uniaxial tensile test at three different levels of prestrain. For comparison,
the solid line illustrates the coupled model fit to experimental ex vivo data [150]. A)
Coupled model in circumferential direction. B) Coupled model in radial direction. C)
Decoupled model in circumferential direction. D) Decoupled model in radial direction.
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Studies based on ex vivo experiments have reported cardiac cycle stretches of up to

1.7 [90, 192], while in vivo experiments suggest stretch values that are considerably

lower [180]. In addition, previous studies in our group have reported the in vivo

anterior mitral leaflet stiffness to be orders of magnitude higher than found ex vivo

[120, 122]. Interestingly, at a prestrain level of 30%, the uniaxial stress-stretch curves

of the coupled model and the decoupled model were able to match both, in vivo and

ex vivo data. This motivates the hypothesis that prestrain of the order of 30% may, at

least in part, explain the observed discrepancy between in vivo and ex vivo mechanics

of the anterior mitral leaflet and the entire mitral valve complex.

Unfortunately, an exact quantification of prestrain levels in the mitral valve is cur-

rently only available for the mitral leaflet center [7]. For the lack of better data, we

therefore assumed the prestrain to be volumetric and homogeneous across the entire

leaflet. This simplification may explain the increasing displacement error, which we

observed with increasing levels of prestrain. Future studies remain to be performed to

confirm the first reported prestrain studies [7], and to accurately quantify prestrain

across the entire anterior and posterior mitral leaflets.

As our study demonstrates, the incorporation of prestrain is crucial since prestrain

does not simply affect leaflet strains in an additive manner; rather, it affects leaflet

strains in a multiplicative sense. This multiplicative effect is illustrated in Figure

7.12. While at 0% prestrain, the leaflet strains remain between 0% and 10%, at 30%

and 60% prestrain, the leaflet strains exceed 40% and 70% strain by far. By ignoring

prestrain, we hugely underestimate physiological strains and, consequently, stresses

in biological tissues in general, and in mitral valve tissue in particular.

7.4.5 Limitations

This manuscript presents, for the first time, a nonlinear material parameter identi-

fication for mitral valve leaflet tissue based on in vivo data. Despite promising first
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results, this approach presents a number of limitations, which we have to keep in mind

when interpreting our findings. First, the creation of smooth leaflet surfaces from dis-

crete marker points induces an approximation error. We have previously shown that

this error lies within the range of the experimental measurement error and we have dis-

cussed potential limitations when first introducing this approximation technique [78].

Ever since then, we have successfully employed this technology, while continuously

monitoring the range of the approximation error [25, 26, 132, 180, 181, 183, 184].

Second, histological studies have shown that in reality, the mitral leaflet varies in

thickness, tapering from approximately 1.2mm at the annulus to 0.2mm at the free

edge [102]. Rather than smoothly varying the leaflet thickness, we have chosen a

uniform leaflet thickness thickness of 1.0mm here, to make our findings easily repro-

ducible for others interested in simulating the mitral valve complex. As Figure 7.10

suggests, a revised model should include regionally varying leaflet thicknesses with a

maximum leaflet thickness of 3.0mm close to the annulus and a minimum leaflet thick-

ness of 0.1mm around the leaflet belly and close to the free edge [102, 120]. This would

help to further reduce the displacement error in Figure 7.10. Third, along the same

lines, in reality, leaflet tissue possesses a highly inhomogeneous, layered microstruc-

ture [157], with material parameters varying across the leaflet [122] and throughout

the cardiac cycle [102, 199]. As Figure 7.9B shows, the leaflet stiffness is inversely

correlated to its thickness, and these two parameters should not be studied in isola-

tion. In Figure 7.10, we have optimized the leaflet stiffness and leaflet thickness for

the isotropic model using a single structural parameter, the leaflet bending stiffness.

We have shown that the optimal leaflet bending stiffness displays large regional vari-

ations. In our anisotropic parameter identification, however, we have assumed both

stiffness and thickness to be homogeneous. In the near future, we plan to perform

more sophisticated studies to investigate their regional and transmembrane variations

using layered shell elements [172]. Fourth, we have not explicitly determined chordae

stiffnesses and chordae locations. However, we have motivated our parameters from
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the linear sensitivity analysis in Section 7.2.4. Based on these results, we selected a

chordae insertion site close to the free edge, see Figure 7.7C, and a chordae stiffness of

20MPa. Both are in good agreement with the corresponding literature [120]. Fifth,

for simplicity, we have applied a prestrain of in-plane isotropic nature. However,

experimental studies suggest that leaflet prestrain is actually anisotropic [7]. While

this simplification has allowed us to identify general trends, anisotropic studies will

be necessary to truly confirm and quantify the existence of prestrain in vivo. Last,

and most importantly, an inverse finite element analysis is inherently limited by the

available data set itself. Here, the mechanical loading state during isovolumic relax-

ation is primarily equibiaxial. Therefore, it is highly likely that the different modes

of the structure are not stimulated equally, which may leave the identification process

underdetermined. This might be a first ad hoc explanation, why the coupled model,

characterized through three distinct material parameters, yields a more intuitive pa-

rameter identification than the uncoupled model characterized through four distinct

parameters. Further studies will be necessary to investigate why the identified param-

eter values for the coupled anisotropic model converge nicely, while the parameters

for the decoupled anisotropic model do not, see Table 7.2.

7.5 Conclusion

In this study we have, for the first time, identified the material parameter values

for two commonly used anisotropic hyperelastic constitutive models for the mitral

valve from in vivo data. Both models provide an excellent fit to the in vivo data,

with local displacement errors in the sub-millimeter range. The decoupled Holzapfel

model, originally designed for arterial tissue, provided a slightly better in vivo fit,

indicated through a smaller average nodal displacement error. The coupled May-

Newman model, originally designed for mitral valve tissue, provided a significantly
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better ex vivo fit, accurately capturing both circumferential and radial strain stiffen-

ing. For both models, the parameter identification was highly sensitive to the level

of prestrain, with some parameter values varying up to four orders of magnitude.

For example, for the coupled anisotropic model, the stiffness varied from 119,021kPa

at 0% prestrain to 36kPa at 30% prestrain to 9kPa at 60% prestrain. Our findings

motivate the hypothesis that prestrain, at least in part, may explain the observed

discrepancy between ex vivo and in vivo measured mitral leaflet stiffnesses. Taking

all our observations together, we recommend using the coupled anisotropic model

with prestrains of 30%, a stiffness of c0 = 35.9kPa, and weighting factors of c1 = 2.3

and c2 = 9.8, which modeled the in vivo behavior accurately and approximated the

ex vivo characteristics most closely. In conclusion, we believe that our study provides

valuable guidelines for modeling mitral valve mechanics, selecting appropriate consti-

tutive models, and choosing physiologically meaningful parameter values. For future

investigations, we highly recommend to incorporate the effect of prestrain, both ex-

perimentally and computationally, to verify the existence of prestrain, to quantify its

magnitude, and to clarify its role in mitral valve mechanics.
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Chapter 8

On the Effect of Prestrain and

Residual Stress in Thin Biological

Membranes

Abstract. Understanding the difference between ex vivo and in vivo measurements

is critical to interpret the load carrying mechanisms of living biological systems. For

the past four decades, the ex vivo stiffness of thin biological membranes has been char-

acterized using uniaxial and biaxial tests with remarkably consistent stiffness param-

eters, even across different species. Recently, the in vivo stiffness was characterized

using combined imaging techniques and inverse finite element analyses. Surprisingly,

ex vivo and in vivo stiffness values differed by up to three orders of magnitude. Here,

for the first time, we explain this tremendous discrepancy using the concept of pre-

strain. We illustrate the mathematical modeling of prestrain in nonlinear continuum

mechanics through the multiplicative decomposition of the total elastic deformation

into prestrain-induced and load-induced parts. Using in vivo measured membrane

kinematics and associated pressure recordings, we perform an inverse finite element

analysis for different prestrain levels and show that the resulting membrane stiffness

180
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may indeed differ by four orders of magnitude depending on the prestrain level. Our

study motivates the hypothesis that prestrain is important to position thin biological

membranes in vivo into their optimal operating range, right at the transition point of

the stiffening regime. Understanding the effect of prestrain has direct clinical impli-

cations in regenerative medicine, medical device design, and and tissue engineering

of replacement constructs for thin biological membranes.

8.1 Introduction

Since Y.C. Fung’s classical opening angle experiment in arteries more than two

decades ago [64, 65], we all know, at least theoretically, that biological tissues display

residual stresses, stresses that are relieved when biological substructures are isolated

from their native environment. In fact, engineers have utilized the concept of resid-

ual stresses in prestressed concrete to structurally strengthen high-rise buildings and

long-span bridges since the early 1950s [215]. Because of their elegant shape and

aesthetic appearance, prestrained thin membrane structures have become an archi-

tecturally innovative design element in large outdoor roofs and pavilions [179]. While

residual stresses in engineering structures may result from well-defined fabrication

processes such as tensile elements, plastic deformation, or heat treatment, residual

stresses in biological structures typically originate from development, growth, or re-

modeling, phenomena which, themselves, are only poorly understood [5, 184]. It is

therefore not surprising that we often forget about the existence of residual stresses

when analyzing living systems. Since we only know so little about them, why can we

not simply ignore the effects of residual stresses in biological systems? Prestrained

thin architectural membranes find their natural equivalent in the mitral valve leaflet,

a thin biological membrane supported by a stiff reinforcing ring, the mitral annulus,

and by tension cables, the chordae tendineae, see Figure 9.1. The mitral leaflet has

become an object of intense study throughout the past four decades [194], tested first
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uniaxially [42, 68, 125] then biaxially [85, 149], harvested from animals [125, 149] and

from humans [42, 68, 85], characterized initially ex vivo [85, 125, 149] and now in vivo

[120, 102]. While it would be overly optimistic to expect ex vivo and in vivo studies

to yield identical mechanical characteristics, it is surprising that the reported stiffness

values differ by up to three orders of magnitude [120]. When comparing the reported

ex vivo and in vivo data more closely, we observe three major inconsistencies, one in

kinematics, one in equilibrium, and one in the constitutive response.

The kinematic controversy manifests itself in significantly larger strains measured ex

vivo than in vivo. Ex vivo, in a left heart simulator designed to reproduce the leaflet’s

natural environment, explanted mitral leaflets displayed stretches in the order of 1.2

to 1.3 when subjected to physiological conditions [90, 108]. In vivo, in controlled ani-

mal experiments in sheep, both sonomicrometry [193] and video fluoroscopy [25, 180]

revealed stretches in the order of 1.05 to 1.1, less than half of the ex vivo values.

If membrane stretches were less than 1.1 in vivo, the true load carrying capacity of

collagen associated with the uncrimping of collagen fibrils in stretch regimes beyond

1.2 [85] would not be activated at all under physiological conditions.

The equilibrium controversy manifests itself in larger stresses estimated in vivo than

measured ex vivo. Ex vivo, measured failure stresses of healthy human mitral leaflets

were in the order of 900kPa [85]. In vivo, computationally predicted stresses were as

large as 3,000kPa in a forward finite element analysis based on in vivo data [121]. If

membrane stresses were in the order of megapascales in vivo, more than three times

larger than the failure stress, leaflets would be in serious danger of rupturing under

physiological conditions.

The constitutive controversy manifests itself in significantly larger stiffness values

identified in vivo than measured ex vivo. Ex vivo, measured pre- and post-transition

moduli, the tangent stiffnesses before and after the onset of stress locking in col-

lagenous tissues, were consistently reported in the orders of 10kPa and 1MPa in all

previous studies [42, 68, 125, 149, 85]. In vivo, the mitral leaflet stiffness identified
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from in vivo data using linear inverse finite element analyses was in the order of 10 to

100MPa [120, 122]. Nonlinear constitutive models displayed a similar mismatch with

significantly larger material parameter values when fitted to in vivo data [185] than

when compared to ex vivo data [170]. In a finite element simulation with the ex vivo

fitted parameters, the computational analysis overestimated structural deformations

by a factor two [170] indicating that the assumed stiffness was too low. If the mem-

brane stiffness was up to three orders of magnitude larger in vivo than ex vivo, what

are the mechanisms responsible for this tremendous stiffness increase in vivo?

Here we demonstrate that the concept of residual stress, or rather the concept of

prestrain, is capable of explaining all three inconsistencies, in strain, in stress, and

in stiffness, between ex vivo and in vivo data. A recent study revealed that mitral

leaflets in vivo are indeed exposed to significant residual strains which can be released

upon leaflet explantation [7]. Leaflets contracted by 17% in area when excising the

heart from the body and by a total of 43% when further excising the leaflet from the

heart. The ease of measuring kinematic changes suggests to characterize the differ-

ence between in vivo and ex vivo phenomena in terms of strains rather than stresses,

and use a kinematic approach towards modeling residual stresses [91]. In particular,

we propose to adopt the concept of fictitious configurations [92, 109], in which we de-

compose the total elastic deformation gradient multiplicatively into prestrain-induced

and load-induced parts, see Figure 9.2. In this approach, we parameterize the stored

energy as a function of the total elastic strain [6]. The degree of prestrain defines the

remaining stored energy upon removal of all in vivo loads and naturally introduces

the notion of residual stress [28, 153]. In cylindrical structures, residual stresses have

been visualized using the classical opening angle experiment both in arteries [64, 65]

and in the heart [162]. First mathematical models for residual stresses in cylindrical

structures are now on their way [29, 41, 205], and algorithmic protocols have been

developed to efficiently incorporate prestrain in finite element simulations [11, 59].

In thin films, prestrain has been thoroughly characterized analytically, numerically,
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and experimentally using nano- and micro-indentation [12, 233]. In thin biological

membranes, prestrain has been recognized to play a critical role in tissue engineered

artificial heart valves [154]. Prestrain has recently been characterized experimentally

ex vivo [7] and has been identified as an important mechanism in mitral valve me-

chanics [185]. However, to date, the effects of prestrain and residual stress in thin

biological membranes have never been quantified systematically in vivo. This is the

goal of the present manuscript.

The remainder of this manuscript is organized as follows. In Section 8.2.1, we sum-

marize the general kinematics of prestrain and specify this concept to model prestrain

in thin membranes. In Section 8.2.2, we illustrate the general constitutive equations

for prestrained systems and specify the free energy functions for prestrained isotropic

circular thin films and prestrained transversely isotropic mitral leaflets. In Section

8.2.3, we discuss the computational modeling of prestrain and specify the benchmark

problem of circular thin films and the clinical problem of mitral leaflets. In Section

8.3, we summarize the results of both problems with a particular focus on their sen-

sitivity with respect to the prestrain level. In Section 8.4, we discuss our results and

compare them to existing studies in the literature, before we conclude by reiterating

the role of prestrain and residual stress in thin biological membranes in Section 8.5.

8.2 Methods and Materials

8.2.1 Kinematics of Prestrain

To characterize the kinematics of prestrain, we adopt the formulation of finite strain

kinematics based on the deformation map ϕ, which maps material points from the

in vivo unloaded configuration B0 to the in vivo loaded configuration Bt. Its spatial
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anterior mitral leaflet!

papillary muscle!

chordae tendineae!

mitral annulus!

Figure 8.1: The anterior mitral leaflet is a typical example of a prestrained thin
biological membrane, structurally supported by a stiff reinforcing ring, the mitral an-
nulus, and by tension cables, the chordae tendineae. Under physiological conditions,
the closed leaflet is subjected to blood pressure from underneath, as the left ventricle
contracts.
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gradient, the deformation gradient

F = ∇ϕ : TB0 → TBt (8.1)

maps elements from tangent space of the in vivo unloaded configuration TB0 to the

tangent space of the in vivo loaded configuration TBt. Throughout this manuscript,

we assume that the in vivo unloaded configuration B0 is neither stress- nor strain-

free. We interpret prestrain as the strain required to bring the membrane from the ex

vivo unloaded configuration Be to the in vivo unloaded configuration B0 and denote

the associated tangent map with F p : TBe → TB0. While it is difficult to measure

F p directly, we can experimentally measure the inverse prestrain F p−1 : TB0 →

TBe as the kinematic change upon tissue explantation [7]. After characterizing the

deformation gradient F and the prestrain F p, we can determine the second order

elastic tensor

F e = F · F p : TBe → TBt , (8.2)

which we multiplicatively decompose into volumetric and isochoric parts,

F e = F e
vol · F̄ e with F e

vol = (Je) 1/3I and F̄ e = (Je)−1/3F e . (8.3)

This decomposition implies that J̄e = det(F̄ e) = 1 and thus Je
vol = Je = det(F e) ≥ 0.

We can then determine the elastic right Cauchy-Green deformation tensor Ce and its

relation to the total right Cauchy-Green deformation tensor C and to its isochoric

part C̄e,

Ce = F e t·F e = F p t·C·F e = (Je)2/3C̄e with C = F t·F and C̄e = F̄ e t·F̄ e .

(8.4)

We account for the characteristic tissue microstructure with a single family of collagen

fibers modeled through the structural tensor N = n0 ⊗n0, where n0 with ||n0|| = 1
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denotes the unit vector in the ex vivo unloaded configuration Be. Accordingly, we

introduce the following three elastic invariants

Je = det(F e) and Īe
1 = C̄e : I and Īe

4 = C̄e : N , (8.5)

where the Jacobian Je = det(F e) characterizes the incompressible response, the first

isochoric invariant Īe
1 = C̄e : I characterizes the isotropic response, and the fourth

isochoric invariant Īe
4 = C̄e : N characterizes anisotropic response.

Kinematics of prestrained thin membranes

The simplest approach to model prestrain in thin membranes, which we adopt here,

is to assume that the membrane prestrain is transversely isotropic with respect to the

membrane normal m0,

F p = λp [ I −m0 ⊗m0 ] + [m0 ⊗m0 ] / λp 2 .

This allows us to parameterize prestrain in terms of a single scalar-valued variable,

the in-plane prestretch λp. The first term, λp [ I −m0 ⊗m0 ], is associated with

the in-plane prestretch λp and with an area change λp 2, while the second term,

[m0 ⊗m0 ]/λp 2, is associated with the thickness contraction 1/λp 2. This implies

that our prestrain is incompressible, i.e., Jp = det (F p) = 1. Because of its simple

rank-one update structure, we can explicitly invert the membrane prestrain,

F p−1 = [ I −m0 ⊗m0 ] / λp + λp 2m0 ⊗m0 ,

using the Sherman Morison formula. We can visualize and measure the inverse pre-

stretch 1/λp as the membrane contraction upon tissue explantation, see Figure 9.2.
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in vivo
unloaded

in vivo
loaded

ex vivo
unloaded

F = ∇ϕ

Fp

Fp−1

Fe

B0 Bt

Be

Figure 2: Kinematics of finite deformation with prestrain. The elastic tensor Fe = F · Fp is multiplicatively decomposed into a prestrain-induced
part Fp and a load-induced part F = ∇ϕ, where the latter is the gradient of the in vivo deformation map ϕ from the unloaded in vivo configuration
B0 to the loaded in vivo configuration Bt. While it is difficult to explicitly quantify the prestrain Fp, we can easily measure the inverse prestrain
Fp−1 as the membrane shrinkage upon tissue explantation.

In cylindrical structures, residual stresses have been visualized using the classical opening angle experiment both in
arteries [15, 16] and in the heart [37]. First mathematical models for residual stresses in cylindrical structures are
now on their way [10, 12, 51], and algorithmic protocols have been developed to efficiently incorporate prestrain
in finite element simulations [5, 14]. In thin biological membranes, prestrain has been recognized to play a critical
role in tissue engineered artificial heart valves [36]. Prestrain has recently been characterized experimentally [4] and
has been identified as an important mechanism in mitral valve mechanics [45]. However, the effects of prestrain and
residual stress in thin biological membranes have never been quantified systematically to date. This is the goal of the
present manuscript.
The remainder of this manuscript is organized as follows. In Section ??, we summarize the general kinematics and
the constitutive equations for prestrained biological tissues. In Section ??, we specify the prestrain and the free energy
function for the particular model problem of thin biological membranes. In Section 4, we illustrate the creation of the
finite element model based on in vivo acquired kinematics and pressure measurements, summarize its computational
solution, and discuss the algorithm for the parameter identification. In Section 5, we summarize the results of the
parameter identification and simulate a biaxial tension test using these parameter values for different prestrain levels.
In Section 6, we discuss our results and compare them to existing studies in the literature, before we conclude by
reiterating the role of prestrain and residual stress in thin biological membranes in Section 7.

2. KINEMATICS OF PRESTRAIN

We adopt a formulation of finite strain kinematics characterized through the deformation map ϕ, which maps material
points from the unloaded in vivo configuration B0 to the loaded in vivo configuration Bt. Its spatial gradient, the
deformation gradient

F = ∇ϕ : TB0 → TBt (1)

maps elements from tangent space of the unloaded in vivo configuration TB0 to the tangent space of the loaded in
vivo configuration TBt. We assume that the unloaded in vivo configuration B0 is neither stress- nor strain-free. We
interpret prestrain as the strain required to bring the membrane from the unloaded ex vivo configuration Be to the in
unloaded vivo configuration B0 and denote the associated tangent map with Fp : TBe → TB0. While it is difficult to
measure Fp directly, we can experimentally measure the inverse prestrain Fp−1 : TB0 → TBe as the kinematic change
upon tissue explantation [4]. After characterizing the deformation gradient F and the prestrain Fp, we can determine
the second order elastic tensor

Fe = F · Fp : TBe → TBt , (2)

3

Figure 8.2: Kinematics of finite deformation with prestrain. The elastic tensor F e =
F · F p is multiplicatively decomposed into a prestrain-induced part F p and a load-
induced part F = ∇ϕ, where the latter is the gradient of the in vivo deformation
map ϕ from the in vivo unloaded configuration B0 to the in vivo loaded configuration
Bt. While it is difficult to explicitly quantify the prestrain F p, we can easily measure
the inverse prestrain F p−1 as the membrane shrinkage upon tissue explantation.
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8.2.2 Constitutive equations of prestrained systems

To model the constitutive response of prestrained systems, we adopt an incompress-

ible, transversely isotropic, hyperelastic free energy function, characterized through a

volumetric part U and an isochoric part ψ̄, both parameterized exclusively in terms

of the elastic invariants Je, Īe
1, and Īe

4,

ψ = U(Je) + ψ̄(Īe
1, Ī

e
4) . (8.6)

The additive decomposition of the free energy manifests itself in an additive decom-

position of the Piola-Kirchhoff stress,

S = 2
∂ψ

∂C
= F p · Se · F p t with Se = 2

∂ψ

∂Ce
= Se

vol + Se
iso , (8.7)

where the volumetric and isochoric parts take the following explicit representations,

Se
vol = 2

∂U

∂Ce
=Jep̂ (Ce)−1

Se
iso = 2

∂ψ̄

∂Ce
=(Je)−2/3 Pe : S̄e .

(8.8)

The volumetric stress Se
vol depends primarily on the deriviative p̂ := ∂U / ∂Je. The

isochoric stress Se
iso depends on the second order tensor S̄e,

S̄e = 2
∂ψ̄

∂C̄e
= 2 ψ̄e

1 I + 2 ψ̄e
4N , (8.9)

whose weighting factors ψ̄e
i = ∂ψ̄e/∂Īe

i we will determine later when we specify

the particular form of the isochoric free energy function ψ̄. In equation (8.8.2),

Pe = I − 1
3
(Ce)−1 ⊗ Ce denotes the isochoric projection tensor in terms of the

fourth order identity tensor I = 1
2
[ I ⊗ I + I ⊗ I ], with the understanding that
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{•⊗◦}ijkl = {•}ik{◦}jl and {•⊗◦}ijkl = {•}il{◦}jk. To efficiently solve the non-

linear boundary value problem, we linearize the Piola-Kirchhoff stress S with respect

to the right Cauchy-Green deformation tensor C to obtain the fourth order tangent

moduli

C = 4
∂2ψ

∂C ⊗ ∂C
= [F p⊗F p] : Ce : [F p t⊗F p t] with Ce = 2

∂Se

∂Ce
= Ce

vol + Ce
iso ,

(8.10)

which we can again decompose into volumetric and isochoric parts,

Ce
vol = 2

∂Se
vol

∂Ce
= Je [ p̂+ Je κ̂ ] (Ce)−1⊗ (Ce)−1 − 2 Jep̂ ICe−1

Ce
iso = 2

∂Se
iso

∂Ce
= (Je)−4/3Pe : C̄e : Pe t + 2

3
[ (Je)−2/3S̄e : Ce P̄e − [ S̄e ⊗ (Ce)−1]sym] .

(8.11)

The volumetric part depends primarily on the second derivative κ̂ := ∂2U / ∂Je2. The

isochoric part depends on the fourth order tensor

C̄e = 2
∂S̄e

∂C̄e
= 4 [ ψ̄e

11I ⊗ I + 2 ψ̄e
14[I ⊗N ]sym + ψ̄e

44N ⊗N ] , (8.12)

whose weighting factors ψ̄e
ij = ∂ψ̄e/∂Īe

i ∂Ī
e
j we will specify later. In equation (8.11.2),

P̄e = ICe−1 − 1
3
(Ce)−1 ⊗ (Ce)−1 and ICe−1 = 1

2
[ (Ce)−1⊗ (Ce)−1 + (Ce)−1⊗ (Ce)−1] are

two additional fourth order tensors related to the isochoric projection. The proposed

approach is generally applicable to incompressible, transversely isotropic materials. In

sections 8.2.2 and 8.2.2, we specify the isochoric free energy function ψ̄e for isotropic

and transversely isotropic materials and determine its derivatives ψ̄e
i and ψ̄e

ij to specify

the isochoric stress S̄e and the isochoric tangent moduli C̄e.
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Prestrained circular thin films

To specify the isochoric free energy ψ̄e of equation (9.12) for the benchmark problem

of thin circular films, we select a simple isotropic Neo-Hookean material model param-

eterized exclusively in terms of the first invariant Īe
1 weighted by the shear modulus

c0,

ψ̄e = c0 [ Īe
1 − 3 ] . (8.13)

From the first derivative of this isochoric free energy function with respect to the first

and fourth invariants,

ψ̄e
1 = c0 and ψ̄e

4 = 0 , (8.14)

we conclude that, for this particular model, the isochoric stress S̄
e

of equation (8.9)

depends only on the shear modulus c0. Accordingly, the second derivatives of the

isochoric free energy function with respect to the first and fourth invariants are all

zero,

ψ̄e
11 = 0 and ψ̄e

14 = 0 and ψ̄e
44 = 0 , (8.15)

and the isochoric tangent moduli C̄e of equation (8.12) vanish identically.

Prestrained mitral leaflets

To specify the isochoric free energy ψ̄e of equation (9.12) for the clinical problem of

mitral leaflets, we select a well-calibrated constitutive model for mitral valve tissue

[150, 170]. Transversely isotropic in nature, the mitral leaflet is characterized through

a single representative fiber family. Its isochoric free energy is based on an exponential

function in terms of the first and fourth invariants Īe
1 and Īe

4 weighted by three material

parameters c0, c1, and c2,

ψ̄e = c0 [ exp(c1[ Īe
1 − 3 ]2 + c2[ Īe

4 − 1 ]2)− 1 ] . (8.16)
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The free energy function is polyconvex in the case of incompressibility provided the

fibers are only subjected to tension, i.e., Īe
4 ≥ 1 [170]. To determine the isochoric

stress S̄
e

in equation (8.9), we evaluate the first derivatives of the isochoric free energy

function with respect to the first and fourth invariants ψ̄e
i = ∂ψ̄e/∂Īe

i ,

ψ̄e
1 = 2 c0c1[Īe

1 − 3] exp(c1[Īe
1 − 3]2 + c2[Īe

4 − 1]2)

ψ̄e
4 = 2 c0c2[Īe

4 − 1] exp(c1[Īe
1 − 3]2 + c2[Īe

4 − 1]2) .
(8.17)

To determine the isochoric tangent moduli C̄e in equation (8.12), we evaluate the

second derivatives of the isochoric free energy function with respect to the first and

fourth invariants ψ̄e
ij = ∂2ψ̄e / ∂Īe

i∂Ī
e
j,

ψ̄e
11 = 2 c0 c1 [1 + 2c1[Īe

1 − 3]2] exp(c1[Īe
1 − 3]2 + c2[Īe

4 − 1]2)

ψ̄e
14 = 4 c0 c1 c2 [Īe

1 − 3][Ī3 − 1] exp(c1[Īe
1 − 3]2 + c2[Īe

4 − 1]2)

ψ̄e
44 = 2 c0 c2 [1 + 2c2[Īe

3 − 1]2] exp(c1[Īe
1 − 3]2 + c2[Īe

4 − 1]2) .

(8.18)

Unlike most transversely isotropic models for non-living materials, this particular

constitutive model introduces an inherent constitutive coupling between the isotropic

and anisotropic response through the first and fourth invariants Īe
1 and Īe

4. This

coupling manifests itself in non-vanishing mixed second derivatives, ψ̄e
14 6= 0.

8.2.3 Computational modeling of prestrain

To simulate prestrain using a standard, commercially available finite element solver,

we adopt a three-step prestrain protocol as illustrated in Figure 9.2: First, we virtually

create the ex vivo configuration Be. Starting with a known in vivo unloaded configu-

ration B0, for a given Green-Lagrange prestrain Ep = [λp2−1]/2, we shrink the geom-

etry with the inverse membrane prestrain F p−1 = [ I−m0⊗m0 ] / λp +λp 2m0⊗m0

with λp = [2Ep + 1]1/2. Second, we recreate the in vivo unloaded configuration B0.
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Starting with the virtually created ex vivo configuration Be, we apply the membrane

prestrain F p = λp[ I −m0 ⊗m0 ] + m0 ⊗m0 / λ
p 2 and verify the prescribed pre-

strain level. Third, we create in vivo loaded configuration Bt. Starting with the

in vivo unloaded configuration B0, now prestrained, we apply the in vivo Dirichlet

and Neumann boundary conditions along with the in vivo loading to solve for the

deformation ϕ and the deformation gradient F = ∇ϕ. We calculate the resulting

stresses and tangent moduli using the elastic tensor F e = F · F p as the composition

of the mappings F p and F from steps two and three. In what follows, we adopt this

three-step protocol to explore the effect of prestrain in the benchmark problem of

circular thin films and in the clinical problem of mitral leaflets. For both cases, we

study different prestrain levels by systematically varying the in-plane Green-Lagrange

prestrain Ep = 1
2

[λp 2 − 1 ] in increments of 10%.

Prestrained circular thin films

To illustrate the effect of prestrain on thin membranes, we simulate two easily re-

producible, simple, generic benchmark problems. For the simulation, we use the

commercially available, implicit finite element solver ABAQUS/ Standard Version 6.9

[1]. For easy reproducibility, we adopt a simple incompressible Neo-Hookean material

model according to Section 8.2.2 with a shear modulus of c0 = 1MPa. We model the

membrane as a flat circular film with a radius of 1 mm and a thickness-to-radius ratio

of 0.01. Using symmetry conditions, we discretize a quarter of the system with 2,350

SR4 bi-linear quadrilateral finite strain shell elements with discrete Kirchhoff thin

shell kinematics. To virtually generate prestrain in the film, we adopt the three-step

prestrain protocol for prestrain levels of Ep = [ 0%, 10%, 20%, 30% ]: First, starting

with a circular disc of radius 1 mm, we virtually create the unloaded configuration

Be by shrinking the disc with the inverse membrane prestrain F p−1. Second, from

this configuration Be, we start the simulation and apply the membrane prestrain F p
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to recreate the configuration B0. Third, we clamp the membrane at its outer edges

and apply the in vivo-equivalent loading to solve for the deformation ϕ and the de-

formation gradient F = ∇ϕ, which characterize the configuration Bt. For the first

benchmark problem motivated by the mechanics of the mitral valve [185], we simulate

the inflation of the thin film with a homogeneous pressure. For the second benchmark

problem motivated by prestrain studies in the literature [12, 233], we simulate the

indentation of the thin film with a frictionless spherical indenter of an indenter-to-film

radius of 0.1. We gradually increase both the inflation pressure and the indentation

force until the center deflection of the thin film reaches a deflection-to-radius ratio of

0.4.

Prestrained mitral leaflets

To explore the effect of prestrain on mitral valve mechanics, we implement the con-

stitutive model described in Section 8.2.2 as a user subroutine into the commercially

available, implicit finite element solver ABAQUS/Standard Version 6.9 [1]. In partic-

ular, we utilize the framework UANISOHYPER INV for user-defined anisotropic hyper-

elastic material models parameterized in an invariant formulation. We create the

finite element discretization of the anterior mitral leaflet as a smooth surface [78]

approximating the averaged coordinates of 23 radiopaque tantalum markers, which

have been implanted onto the the anterior mitral leaflets of 57 male Dorsett sheep

[26, 132], see Figure 9.3, left. We discretize the biological membrane with 1,920 S3R

linear triangular finite strain shell elements with discrete Kirchhoff thin shell kine-

matics [170], see Figure 9.3, middle. Specifically, we use an incompressible finite

element formulation, which is realized in ABAQUS/Standard as a mixed formulation

based on the deformation map ϕ and an independent Lagrange multiplier p̂. For S3R

elements, the Lagrange multiplier p̂, which enforces the incompressibility constraint

Je − 1 = 0 in a weak sense, is constant on the element level and C−1- continuous
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[1]. After a series of sensitivity studies, we select a constant leaflet thickness of 1mm

and a transverse shear stiffness of 100MPa [185]. From the experimentally measured

marker coordinates acquired at 60 frames per second, we select eight consecutive time

frames starting with the image just before leaflet separation, which we define as the in

vivo unloaded reference configuration B0. We then go backwards in time towards the

image at end systole, which we define as the in vivo loaded configuration Bt [120]. In

this particular simulation interval, the mitral valve is closed, hemodynamic effects are

negligible, and the possible effects of contracting smooth muscle cells are minimized

[185]. To account for the characteristic transversely isotropic microstructure of the

mitral leaflet, we create discrete collagen fiber orientation maps from tissue histol-

ogy [185] and confirm the results with collagen orientations reported in the literature

[35, 171], see Figure 9.3, right. We support the leaflet belly through chordae tendi-

nae, which we model as incompressible Neo-Hookean tension-only rods inserting into

the leaflet center [171]. We assume a chordae stiffness of 20MPa and a total cross-

sectional area of 1mm2 for each branch. Throughout all eight time steps, we apply

inhomogeneous Dirichlet boundary conditions to all boundary nodes using the exper-

imentally measured boundary marker coordinates. At the same time, we pressurize

the membrane from underneath with the experimentally measured transvalvular pres-

sure, the pressure difference between the left ventricle and the left atrium acquired

using catheter micromanometer pressure transducers [120].

To virtually generate prestrain in the mitral leaflet, we adopt the three-step pre-

strain protocol for prestrain levels of Ep = [ 0%, 10%, 20%, ..., 100% ]: First, for each

prestrain level, we virtually create the corresponding ex vivo leaflet geometry Be

by shrinking the experimentally acquired in vivo leaflet coordinates with the inverse

membrane prestrain F p−1. Second, from the ex vivo leaflet geometry, we start the sim-

ulation and apply the membrane prestrain F p to recreate the in vivo unloaded leaflet

geometry B0. Third, we apply the in vivo acquired inhomogeneous Dirichlet boundary
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conditions and the in vivo acquired transmembrane pressure to solve for the deforma-

tion ϕ and the deformation gradient F = ∇ϕ, which characterize the in vivo loaded

leaflet geometry Bt. To identify the material parameters for the different prestrain

levels, we perform an inverse finite element analysis. We apply a genetic algorithm

using MATLAB to minimize the average nodal displacement error e by systematically

varying the material parameters c0, c1, and c2. We start with an initial parameter set

and perform a first generation of finite element simulations. After the simulation, for

each parameter set, we calculate the error e =
∑nt

t=0

∑nm
m=1 ||ϕ

exp
t,m − ϕsim

t,m || / (nt nm)

as the distance between all m = 1, .., nm experimentally measured inner leaflet mark-

ers ϕexp
t,m and all computationally simulated inner leaflet markers ϕsim

t,m summed over

all t = 0, .., nt time steps. For our particular case, the number of inner markers is

nm = 9 and the number of time steps is nt = 8. Whenever the simulation does not

converge, we assign an error value that is larger than previously encountered values

for converged solutions. Based on the average nodal displacement error e, the ge-

netic algorithm generates a new input parameter set through 20% mutation and 80%

cross-over. The genetic algorithm iteratively minimizes the error until it reaches a

user-defined convergence criterion. After finding a converged parameter set, we re-

peat the optimization algorithm for varying population sizes and initial parameter

sets to ensure that the converged solution represents a global minimum.

Kinematic compatibility of prestrain

Here, for the sake of simplicity, we assume that the prestrain tensor F p is kine-

matically compatible, i.e., that it can be constructed as the gradient of a prestrain

deformation field. In this sense, we conceptually adapt a well-accepted two-step pro-

tocol to model prestrain in arteries [11, 59], in which an open arterial segment is first

closed to calculate the prestrain tensor F p, before the in vivo loads are applied to

calculate the in vivo deformation gradient F = ∇ϕ. This successive application of
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marker positions finite element mesh collagen fibers

Figure 3: Computational model of the anterior mitral leaflet created from 23 discrete marker positions, left. The resulting finite element model
consists of 1,920 S3R linear triangular finite strain shell elements, middle. Discrete collagen fiber orientation maps were extracted from tissue
histology, right.

mixed formulation based on the deformation map ϕ and an independent Lagrange multiplier p̂. For S3R elements,
the Lagrange multiplier p̂, which enforces the incompressibility constraint Je − 1 = 0 in a weak sense, is constant on
the element level and C−1- continuous [1]. After a series of sensitivity studies, we selected a constant leaflet thickness
of 1mm and a transverse shear stiffness of 100MPa [45]. From the experimentally measured marker coordinates ac-
quired at 60 frames per second, we selected eight consecutive time frames starting with the image just before leaflet
separation, which we defined as the unloaded in vivo reference configuration B0. We then went backwards in time to-
wards the image at end systole, which we defined as loaded in vivo configuration Bt [28]. In this particular simulation
interval, the mitral valve is closed, hemodynamic effects are negligible, and the possible effects of contracting smooth
muscle cells are minimized [45]. To account for the characteristic transversely isotropic microstructure of the mitral
leaflet, we created discrete collagen fiber orientation maps from tissue histology [45] and confirmed the results with
collagen orientations reported in the literature [13, 39], see Figure 3, right. We supported the leaflet belly through
chordae tendinae, which we modeled as incompressible Neo-Hookean tension only rods inserting into the leaflet
center [39]. We assumed a chordae stiffness of 20MPa and a total cross-sectional area of 1mm2 for each branch.
Throughout all eight time steps, we applied inhomogeneous Dirichlet boundary conditions to all boundary nodes us-
ing the experimentally measured boundary marker coordinates. At the same time, we pressurized the membrane from
underneath with the experimentally measured transvalvular pressure, the pressure difference between the left ven-
tricle and the left atrium acquired using catheter micromanometer pressure transducers [28].To identify the material
parameters for the different prestrain levels, we performed an inverse finite element analysis. We applied a genetic
algorithm using MATLAB to minimize the average nodal displacement error e by systematically varying the material
parameters c0, c1, and c2. We started with an initial parameter set and we performed a first generation of finite element
simulations. After the simulation for each parameter set, we calculated the error e =

∑nt
t=0
∑nm

m=1 ||ϕexp
t,m −ϕsim

t,m || / (nt nm)
as the distance between all m = 1, .., nm experimentally measured inner leaflet markers ϕexp

t,m and all computationally
simulated inner leaflet markers ϕsim

t,m summed it over all t = 0, .., nt time steps. For our particular case, the number
of inner markers was nm = 9 and the number of time steps was nt = 8. Whenever the simulation did not converge,
we assigned an error value that was larger than previously encountered values for converged solutions. Based on the
average nodal displacement error e, the genetic algorithm generated a new input parameter set through 20% mutation
and 80% cross-over. The genetic algorithm iteratively minimized the error until it reached a user-defined convergence
criterion. After finding a converged parameter set, we repeated the optimization algorithm for varying population
sizes and initial parameters to ensure that the converged solution represented a global minimum.

5. RESULTS

5.1. Prestrained circular thin films

5.2. Prestrained mitral leaflets

The parameter identification converged successfully for all eleven prestrain levels. For each prestrain level, we iden-
tified an optimal parameter set c0, c1 and c2, minimizing the total error between the experimentally measured and the

7

Figure 8.3: Computational model of the anterior mitral leaflet created from 23 discrete
marker positions, left. The resulting finite element model consists of 1,920 S3R linear
triangular finite strain shell elements, middle. Discrete collagen fiber orientation maps
were extracted from tissue histology, right.



198 CHAPTER 8. THE EFFECT OF PRESTAIN AND RESIDUAL STRESS

prestrain and deformation simplifies the algorithmic formulation, in that the finite

element algorithm can conveniently work with the elastic tensor F e = F · F p as the

composition of both mappings. From this elastic tensor, we can easily calculate the

stresses Se = 2 ∂ψ/∂Ce and the elastic tangent moduli Ce = 2 ∂Se/∂Ce introduced

in equations (8.7) and (8.10) with reference to an assumed-to-be-known ex vivo un-

loaded configuration Be. Alternatively, if the ex vivo configuration Be is unknown,

we can work with the total stresses S = F p · Se · F pt and with the total tangent

moduli C = [F p⊗F p] : Ce : [F p t⊗F p t] using pushed forward operations to map the

stresses and tangent moduli to the known in vivo unloaded configuration B0.

8.3 Results

8.3.1 Prestrained circular thin films

Figure 9.4 illustrates the maximum principal elastic Green Lagrange strains and the

corresponding elastic stretches for the benchmark problem of prestrained circular thin

films. The first column displays the ex vivo unloaded configuration, which is mapped

onto the in vivo unloaded configuration displayed in the second column through the

membrane prestrain F p. The third and fourth columns display the elastic strains

in the prestrained membrane, either subject to inflation or to indentation, charac-

terized through the deformation gradient F = ∇ϕ. The color-coded elastic strains

are a result of the composition of both mappings, F e = F · F p, influenced through

both the prestrain F p and the deformation gradient F . Each row corresponds to a

different prestrain level, increasing gradually from 0% to 30% in increments of 10%.

In agreement with intuition, increasing the membrane prestrain increases the elastic

strains to generate the same vertical center deflection of 0.4mm upon membrane in-

flation and upon membrane indentation. In agreement with the literature, increasing

the membrane prestrain induces a sharper indentation profile associated with a more
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localized deformation pattern [233]. Figure 8.5 illustrates the effect of prestrain

on the constitutive response of circular thin films. It displays the inflation pressure

as a function of the central vertical displacement, left, and the indentation force as

a function of the central vertical displacement, right. To highlight the continuous

dependence of the constitutive behavior on the prestrain level, we color-coded the

regions between the curves of the individual prestrain levels ranging from red at no

prestrain to blue at the highest simulated prestrain. In agreement with the literature,

for both benchmark problems, the inflation test and the indentation test, the mem-

brane stiffness represented through the slope of the curves increases markedly with

increasing prestrain [12, 233].

8.3.2 Prestrained mitral leaflets

The parameter identification for the mitral leaflet has converged successfully for all

eleven prestrain levels. For each prestrain level, we have identified an optimal param-

eter set c0, c1 and c2, minimizing the total error between the experimentally measured

and the computationally simulated inner marker coordinates. Table 8.1 summarizes

the identified parameter sets for Green Lagrange prestrains Ep = [λp2 − 1]/2 varying

from 0% to 100% corresponding to a membrane prestretch of λp varying from 1.000

to 1.732. All associated error values are smaller than 1mm, which lies within the

range of the expected experimental measuring error. Variation between error val-

ues is minimal with approximately 6% difference between the maximal and minimal

values. All three material parameters decrease monotonically with increasing levels

of prestrain. While the isotropic and anisotropic parameters c1 and c2 decrease by

approximately two orders of magnitude, the stiffness parameter c0 decreases by four

orders of magnitude. Parameter c2 associated with the anisotropic invariant I4 is

consistently larger than parameter c1 associated with the isotropic invariant I1. The

ratio between c2 and c1 increases with prestrain from a ratio of approximately 1.2 at
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Figure 6: Maximum principal elastic Green Lagrange strains and corresponding elastic stretch for different levels of prestrain. From the ex vivo
unloaded configuration Be to the in vivo unloaded configuration B0, the membrane is prestrained through a prestrain Fp of different levels. From
the in vivo unloaded configuration B0 to the loaded configuration Bt, the membrane is subject to the experimentally measured load resulting in the
deformation gradient F. Elastic strains are a result of the composition of both mappings Fe = F · Fp.
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Figure 8.4: Maximum principal elastic Green Lagrange strains and corresponding
elastic stretches for different prestrain levels. From the ex vivo unloaded configuration
in the first column to the in vivo unloaded configuration in the second column, the
membrane is prestrained through a prestrain F p of different levels. From the in
vivo unloaded configuration to the in vivo loaded configurations the membrane is
either subjected to inflation, third column or to indentation, fourth column, reflected
through the deformation gradient F = ∇ϕ. The color-coded elastic strains are a
result of the composition of both mappings, F e = F · F p.
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0% prestrain to a ratio of 7.5 at 100% prestrain. Figure 8.6 illustrates the prestrain

dependence of the three model parameters. For illustration purposes, we have fitted

an exponential function to the discrete parameter values. All three parameters, c0,

c1, and c2, display a sharp exponential decay. Their initial rapid decrease flattens out

at higher prestrain levels. The graphs confirm that the parameter c2 associated with

the anisotropic invariant I4 is consistently larger than the parameter c1 associated

with the isotropic invariant I1, which displays a faster exponential decay. Figure 8.7

visualizes the three configurations of the thin membrane for prestrain levels varying

from 0% to 100%. All leaflets are color-coded for the maximum principal elastic

Green Lagrange strain and are drawn to scale. The first column contains the leaflets

in the ex vivo unloaded configuration Be, before we apply prestrain. Elastic Green

Lagrange strains are zero across all the leaflets. With increasing levels of prestrain,

the leaflet size in the first column decreases as we isotropically scale down the leaflet

dimensions. The second column contains the leaflets in the in vivo unloaded configu-

ration B0, after we applied the corresponding prestrain level. Elastic Green Lagrange

strains in the second column are homogeneous and present the individual prestrain

levels. By construction, the elastic Green Lagrange strains of the in vivo unloaded

configuration B0 increase with the prestrain level. The third column contains the

leaflets in the in vivo loaded configuration Bt, after we applied prestrain and the in

vivo loading. Elastic Green Lagrange strains in the third column are inhomogeneous

and increase nonlinearly with the prestrain level. Figure 8.8 illustrates the effect of

the different parameter sets on the constitutive response of a thin biological mem-

brane in a homogeneous biaxial tension test. It displays the Cauchy stresses parallel

and perpendicular to the collagen fiber direction σ11, left, and σ22, right, as func-

tions of the corresponding elastic stretches λe
1 and λe

2. To highlight the continuous

dependence of the stress-stretch behavior on the prestrain level, we color-coded the

regions between the curves of the individual prestrain levels. The curves demonstrate

the typical nonlinear stress-elastic-stretch behavior characteristic for collagenous soft
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biological tissues. As we increase the prestrain level, the material parameters c0, c1,

and c2 decrease, and the overall response seems to soften. Consequently, the stress-

stretch curves flatten with increased prestrain levels.

Figure 8.9 further illustrates the effect of the different parameter sets on the consti-

tutive response of a thin biological membrane in a homogeneous biaxial tension test.

In contrast to Figure 8.8, Figure 8.9 displays the Cauchy stresses parallel and per-

pendicular to the collagen fiber direction σ11, left, and σ22, right, as functions of the

corresponding total stretches λ1 = λe
1/λ

p and λ1 = λe
2/λ

p. This implies that we have

virtually removed the prestrain λp. Accordingly, the curves shift to the left, depend-

ing on the prestrain level. The stretch-axis intercepts at σ = 0 indicate the inverse

prestrain level 1/λp and the stress-axis intercepts at λ = 1 indicate the residual stress

induced through prestrain. While the stress-elastic-stretch curves shown in Figure 8.8

seem to flatten with increased prestrain level parameters, the stress-stretch curves in

Figure 8.9 demonstrate that these curves actually display a significant exponential

stiffening at comparable stretch levels λ.
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Table 8.1: Material parameter values for mitral leaflet tissue identified for different
prestrain levels.

prestrain prestretch c0 c1 c2 error
[%] [–] [kPa] [–] [–] [mm]

0 1.000 119,020.7 152.4 185.5 0.561
10 1.095 817.9 16.2 27.3 0.551
20 1.183 71.6 5.0 15.6 0.567
30 1.265 35.9 2.3 9.8 0.575
40 1.342 23.0 1.2 5.6 0.582
50 1.414 10.6 1.0 4.7 0.587
60 1.483 9.4 0.6 3.4 0.588
70 1.549 7.5 0.4 2.5 0.590
80 1.613 5.2 0.3 2.0 0.592
90 1.673 4.8 0.3 1.7 0.593

100 1.732 4.0 0.2 1.5 0.595
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8.4 Discussion

Residual stresses, stresses that are relieved when a biological sub-system is isolated

from its natural environment [64, 65], are inherent to virtually all living systems

[29, 205]; yet, we know very little about them. While residual stresses are usually

difficult to measure, residual strains are relatively easy to access as the inverse kine-

matic change upon isolation from the living system [7]. The concept of fictitious

configurations [92, 109] provides an elegant theoretical framework to model prestrain

and residual stress through the multiplicative decomposition of the total elastic defor-

mation into prestrain-induced and load-induced parts, see Figure 9.2. In the present

study, we extracted the load-induced kinematics and pressure values from in vivo

experiments in sheep [180, 185], see Figures 9.1 and 9.3. To explore the effect of

prestrain, we systematically prescribed different prestrain levels, and studied their

impact on the overall mechanical characteristics of the mitral leaflet, see Figure 8.7,

left column. Our central finding is that prestrain has a drastic effect on strain, stress,

and stiffness. Because of the multiplicative nature of the kinematic model, a linear

increase in prestrain is associated with a nonlinear increase in the overall strain, see

Figure 8.7, right column. Because of the characteristic exponential strain-stiffening

behavior of collagenous biological tissues, a linear increase in prestrain is associated

with an exponential decrease in the apparent material stiffness, see Table 8.1 and

Figure 8.6. For similar reasons, a linear increase in prestrain is associated with a

nonlinear alterations in stress, see Figures 8.8 and 8.9.

8.4.1 Comparison to previous studies

Our in vivo mitral leaflet kinematics agree nicely with previously reported strains

in sheep from sonomicrometry [193] and from video fluoroscopy [25, 180]. Circum-

ferential and radial stretches of approximately 1.05 and 1.08 are in good qualitative

agreement with values found for both techniques. However, our in vivo stretches are
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Figure 6: Material parameter values for mitral leaflet tissue identified for different prestrain levels.

Table 1 summarizes the identified parameter sets for Green Lagrange prestrains Ep = [λp2 − 1]/2 varying from 0%
to 100% corresponding to a membrane prestretch of λp varying from 1.000 to 1.732. All associated error values are
smaller than 1mm, which lies within the range of the expected experimental measuring error. Variation between error
values is minimal with approximately 6% difference between the maximal and minimal values. All three material
parameters decrease monotonically with increasing levels of prestrain. While the isotropic and anisotropic parameters
c1 and c2 decrease by approximately two orders of magnitude, the stiffness parameter c0 decreases by four orders of
magnitude. Parameter c2 associated with the anisotropic invariant I4 is consistently larger than parameter c1 associated
with the isotropic invariant I1. The ratio between c2 and c1 increases with prestrain from a ratio of approximately 1.2
at 0% prestrain to a ratio of 7.5 at 100% prestrain.
Figure 6 illustrates the prestrain dependence of the three model parameters. For illustration purposes, we fitted an
exponential function to the discrete parameter values. All three parameters, c0, c1, and c2, display a sharp exponential
decay. Their initial rapid decrease flattens out at higher prestrain levels. The graphs confirm that parameter c2 associ-
ated with the anisotropic invariant I4 is consistently larger than parameter c1 associated with the isotropic invariant I1,
which displays a faster exponential decay.
Figure 7 visualizes the three configurations of the thin membrane for prestrain levels varying from 0% to 100%. All
leaflets are color-coded for the maximum principal elastic Green Lagrange strain and are drawn to scale. The first col-
umn contains the leaflets in the unloaded ex vivo configuration Be, before we apply prestrain. Elastic Green Lagrange
strains are zero across all the leaflets. With increasing levels of prestrain, the leaflet size in the first column decreases
as we isotropically scale down the leaflet dimensions. The second column contains the leaflets in the unloaded in vivo
configuration B0, after we applied the corresponding prestrain level. Elastic Green Lagrange strains in the second col-
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Figure 8.6: Material parameter values for mitral leaflet tissue identified for different
prestrain levels.
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significantly lower than the ex vivo circumferential and radial stretches of 1.2 and

1.5 measured in porcine leafets in a left heart simulator under physiological loading

conditions [87, 90, 108]. This difference between in vivo and ex vivo kinematics has

previously been noted [180], but has never been explained to date. In view of the

present study, we attribute this difference to the prestrain F p between the ex vivo

unloaded configuration Be and the in vivo unloaded configuration B0, see Figure 9.2.

Under similar physiological loading conditions, the ex vivo experiments record the

total elastic deformation F e = F · F p, i.e., the deformation between the ex vivo

configuration Be and the in vivo loaded configuration Bt, while the in vivo experi-

ments only record the in vivo deformation F = ∇ϕ, i.e., the deformation between

the in vivo unloaded configuration B0 and the in vivo loaded configuration Bt. This

difference is visualized in Figure 8.8 and 8.9, where we plot the stresses of a biaxial

tension test against the ex vivo recordable total elastic stretches λe, Figure 8.8, and

against the in vivo recordable load-induced stretches λ = λe/λp, Figure 8.9. First ex-

perimental studies on mitral leaflets in the early 1970s were based on ex vivo uniaxial

testing of explanted human leaflets in the circumferential direction. To account for

the fundamentally different constitutive response before and after collagen stiffening,

these early studies introduced two different tangent moduli and reported the pre- and

post-translational leaflet stiffnesses to Epre
cc =10kPa and Epost

cc =4,833kPa averaged over

four human leaflets [68], and to Epre
cc =11.3kPa and Epost

cc =2,970kPa averaged over 25

human leaflets [42]. In the early 1990s, similar ex vivo uniaxial experiments were per-

formed on porcine mitral leaflets, but now in both circumferential and radial directions

with Epre
cc =44kPa, Epost

cc =5,976kPa, Epre
rr =16kPa, and Epost

rr =1,557kPa [125]. Stiffness

ranges were similar to the human leaflet, however, this study revealed the characteris-

tic leaflet anisotropy with a three times larger stiffness circumferentially than radially,

i.e., in the direction of the principal collagen fiber orientation. A combined uniaxial

and biaxial study of porcine mitral leaflets in the mid 1990s confirmed these ob-

servations with Epre
cc =89.3kPa, Epost

cc =8,960kPa, Epre
rr =60.5kPa, and Epost

rr =2,400kPa



208 CHAPTER 8. THE EFFECT OF PRESTAIN AND RESIDUAL STRESS

[149]. Last, a systematic study on healthy and diseased human mitral leaflets about

a decade ago reported the healthy post-transitional moduli to Epost
cc =3,550kPa and

Epost
rr =2,292kPa, and found these values to double in the diseased state [85]. In sum-

mary, stiffness values of all studies lie consistently in the same range, even for different

species, with a stiffening of approximately two orders of magnitude between the pre-

and post-translational regimes.

A few years ago, a study based on marker videofluoroscopy and linear inverse finite

element analysis reported the first in vivo mitral leaflet stiffness in the beating ovine

heart [120]. Surprisingly, the study identified the circumferential and radial leaflet

stiffnesses to Ecc=43,000kPa and Err=11,000kPa, stiffness values that were consis-

tently one and three orders of magnitude larger than the previously reported pre-

and post-transitional stiffness values [122]. This tremendous stiffness difference be-

tween ex vivo and in vivo data stimulated vivid discussions and ongoing debate about

the possible mechanisms of in vivo stiffening. A potential explanation is active muscle

cell contraction, present in vivo but not ex vivo [102, 199]. To quantify the impact of

active contraction throughout the cardiac cycle, stiffness values were identified dur-

ing isovolumetric contraction and isovolumetric relaxation with circumferential and

radial stiffnesses increasing by 41.3% and 54.5% during the contractile phase [121];

yet, not enough to explain a difference of orders of magnitude. To increase active con-

traction, the mitral valve complex was subjected to vegal nerve stimulation to further

increase the circumferential and radial stiffnesses by 63.6% and 80.0% [102]; again,

not enough to explain a difference of orders of magnitude. The effect of prestrain, as

discussed in this manuscript, could easily explain these controversies, however, only

in combination with a nonlinear constitutive equation.

Up until the mid 1990s, it was quite common in the bioengineering community to

model the constitutive behavior of biological membranes through a bi-linear model

with two distinct stiffness values in the pre- and post-translational regimes. The first

study to use an exponential Fung-type free energy function for biological membranes



8.4. DISCUSSION 209

was proposed two decades ago [98]. It was soon adapted for porcine mitral leaflets

using the free energy function ψ̄ = c̄0 [ exp(c̄1[ Īe
1− 3 ]2 + c̄2[ Īe

4
1/2− 1 ]4)− 1 ] with the

following three material parameter values c̄0 = 0.399kPa, c̄1 = 4.325, c̄2 = 1446.5 [150]

calibrated with earlier ex vivo data [149]. Here, we used a slight modification of this

free energy function ψ̄ = c0 [ exp(c1[ Īe
1−3 ]2 + c2[ Īe

4−1 ]2)−1 ] as introduced in equa-

tion (8.16). When calibrated with the same ex vivo data [149], its parameters take

the following values c0 = 0.0520kPa, c1 = 4.63, and c2 = 22.6 [170]. When calibrated

with in vivo data using marker videofluoroscopy and nonlinear inverse finite element

analysis, we found its parameters to take the following values c0 = 119, 020.7kPa,

c1 = 152.4, and c2 = 185.5, see Table 8.1. Qualitatively, these in vivo parameters

of the nonlinear model lie within the same range as the in vivo parameters of the

linear model [120]. However, consistent with the ex vivo and in vivo parameters of

the linear constitutive model, the ex vivo and in vivo parameters of the nonlinear

constitutive model differ by orders of magnitude. This raises the question which pa-

rameters we should use in future simulations? Or, more provokingly, how useful are

ex vivo determined material parameters when we try to make predictions of a living

system?

In linear finite element simulations with the in vivo fitted parameters, the computa-

tional analysis overestimated the stresses by a factor three beyond the failure stress

[121]. In nonlinear finite element simulations with the ex vivo fitted parameters, the

computational analysis overestimated the structural deformations by a factor two

[170]. The nonlinear model we propose here is calibrated to in vivo data [185]; its

computational analysis inherently predicts the correct structural deformations for all

prestrain levels. So the question is rather, what is the correct prestrain level?

Recent prestrain measurements indicate an area reduction of 43% upon leaflet ex-

plantation [7]. Assuming the prestrain is isotropic in the leaflet plane F p = λp [ I −

m0⊗m0 ]+[m0⊗m0 ] / λp 2, this would correspond to a prestretch of λp = 1/[1.00−
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0.43]1/2 = 1.32. For this prestretch level, we interpolate the following parameter val-

ues c0 = 26.7kPa, c1 = 1.5, and c2 = 6.8 from the data in Table 8.1, illustrated also

in Figure 8.6. Although not identical, these in vivo parameter values with λp = 1.32

prestretch are much closer to the previously reported ex vivo parameter values of

c0 = 0.052kPa, c1 = 4.63, c2 = 22.6 [170].

8.4.2 Limitations

We view this study as a first prototype analysis of prestrain and residual stress in

thin biological membranes. As such, it provides valuable insight into the interplay

between prestrain-induced and load-induced deformation. Despite these promising

first results, some limitations are inherent to the proposed method. Some have al-

ready been addressed in detail in previous publications, e.g., limitations related to the

experimental data acquisition [25, 132], limitations related to data averaging over 57

animals [181, 183], limitations related to creating a smooth surface from 23 discrete

points [78], limitations related to the inverse finite element analysis itself [120], limi-

tations related to additional parameters such as chordae stiffness and leaflet thickness

[185], and limitations related to differences in species such as pig, sheep, and human

[181]. Additional potential limitations specific to this particular study are limita-

tions related to this specific constitutive model [150, 170], limitations related to the

assumption of a transversely isotropic prestrain [7], and limitations related to the

compatibility of prestrain [28, 59].

8.5 Conclusion

This study has, for the first time, systematically quantified the effects of prestrain and

residual stress in thin biological membranes in vivo. Previous studies had revealed

three unresolved discrepancies in kinematic, equilibrium, and constitutive properties
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Figure 5: Maximum principal elastic Green Lagrange strains and corresponding elastic stretch for different levels of prestrain. From the ex vivo
unloaded configuration Be to the in vivo unloaded configuration B0, the membrane is prestrained through a prestrain Fp of different levels. From
the in vivo unloaded configuration B0 to the loaded configuration Bt, the membrane is subjected to the experimentally measured load resulting in
the deformation gradient F. Elastic strains are a result of the composition of both mappings, Fe = F · Fp.
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Figure 8.7: Maximum principal elastic Green Lagrange strains and corresponding
elastic stretches for different prestrain levels. From the ex vivo unloaded configuration
Be to the in vivo unloaded configuration B0, the membrane is prestrained through a
prestrain F p of different levels. From the in vivo unloaded configuration B0 to the
loaded configuration Bt, the membrane is subjected to the experimentally measured
load resulting in the deformation gradient F = ∇ϕ. The color-coded elastic strains
are a result of the composition of both mappings, F e = F · F p.
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derived from ex vivo and in vivo measurements: Ex vivo strains were larger by a fac-

tor two than in vivo strains; in vivo stresses were larger by a factor three than ex vivo

failure stresses; and, most drastically, in vivo stiffnesses were up to three orders of

magnitude larger than ex vivo stiffnesses. Here we have shown that all three discrep-

ancies can be explained by the concept of prestrain. Since the degree of prestrain in

thin biological membranes has not been fully characterized to date, we systematically

explored the effect of different prestrain levels, first in an in vivo parameter identi-

fication, then in an ex vivo biaxial test. Our studies reveal that the reported area

reduction of 43% upon leaflet explantation associated with a prestretch of 1.32 would

indeed reduce the membrane stiffness from 119,020.7kPa for the prestrain-free case to

26.7kPa for the reported prestrain level, an apparent stiffness reduction of four orders

of magnitude. While these numbers might be specific to the anterior mitral leaflet,

we believe that other thin collagenous membranes such as the fetal membrane, liver

capsule, renal capsule, ear drum, pericardium, peritoneum, pia mater, dura mater,

and skin display conceptually similar characteristics. Our findings suggests that pre-

strain plays a critical role in the mechanics of thin biological membranes. Neglecting

its effects might fundamentally change the underlying load carrying mechanisms and

might result in significantly under- or over-estimated material and structural proper-

ties. As such, our findings have direct implications in medical device design, in tissue

engineering, and in other fields of material sciences targeted at designing replacement

materials which resemble the native characteristics of thin biological structures.
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Chapter 9

On the Mechanics of Growing Thin

Biological Membranes

Abstract. Biological membranes, despite their seemingly delicate appearance, fulfill

numerous crucial roles in the human body and can sustain substantial loads. They

are further able to grow, change their external shape, and remodel their internal mi-

crostructure in order to adapt to changes in their mechanical environment. Finite

element analyses of growth and remodeling may hold the potential to further deepen

our understanding of form and function of thin biological membranes and predict

their response to disease or medical intervention. Due to their thin structure, bio-

logical membranes also lend themselves ideally for discretization with shell elements.

However, to date, there is no account of a growth law that is compatible with the

use of shell elements. Here we propose a computational growth model based on the

theory of finite growth that can be applied to shell elements. To demonstrate its mod-

ular nature, we implement the model in the commercially available non-linear finite

element code Abaqus employing the user subroutine UMAT. In four examples we il-

lustrate the functionality of the growth model and present a clinical problem where we

215
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simulate the adaptation of the anterior mitral valve leaflet to the pathologic forces as-

sociated with ischemic cardiomyopathy. We believe our novel approach, which allows

us to model growth of thin biological membranes employing shell elements, provides

a computational framework to answer fundamental questions of biological membrane

mechanics and to predict membrane adaption to physiological as well as pathological

mechanical changes.

9.1 Introduction

Biological membranes are fascinating structures: They are extremely delicate with

thicknesses rarely exceeding a few millimeters, while at the same time playing vi-

tal roles in the human body [99]. Typical examples are the skin membrane that

is the largest protective organ of our body [234], the mucous membrane that lines

the air-organ interface of our respiratory, digestive, and urogenital tracts [141], the

fetal membrane that protects unborn life for the entire period of pregnancy [111],

the tympanic membrane that separates our inner ear from our outer ear and plays

a crucial role in hearing [61], and the heart valve leaflet membranes that guarantee

unidirectional blood flow within our circulatory system [176]. Biological membranes

are functionally optimized thin structures, which continuously interact with their me-

chanical environment and, in many cases, support large physiological loads [186]. One

of the most astonishing aspects of these structures is their ability to grow, change

their external shape, and remodel their internal microstructure, to adapt to environ-

mental changes [184]. The inability to adapt is often the underlying cause for fatal

disease. For example, in some heart disease patients, the heart valves adapt to a

pathologically enlarged opening area to maintain healthy valve function. In other

patients with the same degree of enlargement, the valves are not able to adapt, which

results in valve leakage, backflow, potentially heart failure, and ultimately death [37].
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Understanding the interplay between thin biological membranes and their environ-

ment, and predicting their ability to functionally adapt, might be the keys to solving

many challenging clinical problems today.

During the past decade, mathematical modeling of thin biological membranes has be-

come powerful approach to understand tissue and organ function [185], to predict the

response to internal and external loading [58], and to optimize medical devices and

surgical techniques [148]. Because of its versatile nature, the finite element method

is often the discretization tool of choice. Finite elements have been widely adapted

to explore the mechanics of skin [28], mucous membranes [168], tympanic membranes

[116], heart valves [7], and many other thin biological structures [134]. Most of these

approaches discretize the thin biological membrane using finite shell elements. A ma-

jor advantage of shell elements is the ease of translating surface imaging data into

discrete mid-surface representations [180]. In addition, shell elements generally pro-

vide a number of computational advantages such as enhanced efficiency and improved

conditioning in comparison to standard three-dimensional solid elements [97].

Traditionally, most finite element models were developed to explore the acute, short-

term response to mechanical loading. Now, more and more finite element models focus

on predicting the chronic long-term response to environmental changes. Examples in-

volve the simulation of arterial wall growth in hypertension [191] and in response to

stenting [124], airway wall growth and mucosal folding [155], cardiac growth under

physiological [79] and pathological [80] conditions, both in systemic and pulmonary

hypertension [182], muscle growth during limb lengthening [235], skin growth dur-

ing skin expansion [234], to name but a few. Despite significant scientific progress,

to date, very few finite element models can efficiently and robustly simulate grow-

ing biological structures of small thickness. The goal of this manuscript is therefore

to establish a finite element model for growing biological membranes using discrete

Kirchhoff shell kinematics.

The remainder of this manuscript is organized as follows. In Section 9.2.1, we briefly
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summarize the continuum modeling of membrane growth, including the kinematic

equations of growth, the constitutive equations of collagenous tissues with a pro-

nounced material direction, and the equations for stretch-driven membrane growth.

In Section 9.2.2, we present the temporal discretization of the growth equation and

its consistent algorithmic linearization. In Section 9.2.3, we illustrate the computa-

tional implementation of our growth model using discrete shell kinematics. In Section

9.3.1, we present typical benchmark problems for shell elements to illustrate the basic

features of our model. To demonstrate the clinical relevance of membrane growth,

we present the example of mitral leaflet adaption following a heart attack. In Section

9.4, we discuss the current work and its relevance to the computational community,

as well as its implications for biomedical and medical research.

9.2 Methods and Materials

9.2.1 Continuum Modeling of Membrane Growth

Kinematics of Membrane Growth

In the following section, we lay out the framework for the theory of finite growth. We

begin by introducing the deformation map ϕ, which maps a material point X of a

body in the reference configuration B0 onto its spatial counterpart x = ϕ(X, t) in

the current configuration Bt at every point in time t. The key kinematic assumption

of the theory of finite growth is the multiplicative decomposition of the deformation

gradient,

F = ∇Xϕ = F e · F g , (9.1)

into a reversible elastic part F e and an irreversible growth part F g, where∇X denotes

the gradient of a field with respect to the material placement X at fixed time t.
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Similarly, we can multiplicatively decompose the corresponding Jacobian,

J = det (F ) = Je Jg , (9.2)

into a reversible elastic volume change Je = det (F e) and an irreversible grown volume

change Jg = det (F g). Subsequently, we will also utilize the area change according

to Nanson’s formula,

ϑ = || JF−t · n0 || = ϑe ϑg , (9.3)

where n0 denotes the surface normal in the reference configuration. Here we consider

the special case of area growth, for which growth takes only place within the plane

of interest. This implies that the total the area change ϑ obeys a multiplicative

decomposition into a reversibly elastic area change ϑe and an irreversibly grown area

change ϑg = || JgF g−t · n0 || = Jg. In the following, we will assume an isotropic

in-plane growth, for which the growth tensor F g takes the following simple format,

F g =
√
ϑg I + [ 1−

√
ϑg ] n0 ⊗ n0 , (9.4)

where ϑg now takes the interpretation as the scalar-valued growth multiplier. Using

the Sherman-Morrison formula, we can directly invert the growth tensor,

F g−1 =
1√
ϑg
I +

[
1− 1√

ϑg

]
n0 ⊗ n0 , (9.5)

and obtain an explicit representation of the elastic tensor F e,

F e =
1√
ϑg
F +

[
1− 1√

ϑg

]
n⊗ n0 , (9.6)
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where n = F ·n0 denotes the surface normal in the current configuration. We further

introduce the right Cauchy deformation tensor C and its elastic part Ce,

Ce = F e t · F e = F g−t ·C · F g−1 with C = F t · F , (9.7)

along with the left Cauchy deformation tensor b and its elastic part be,

be = F e · F e t =
1

ϑg
b+

[
1− 1

ϑg

]
n⊗ n with b = F · F t . (9.8)

It proves convenient to also introduce the growth deformation tensor, Cg = F g t ·F g,

and its inverse,

Cg−1 = F g−1 · F g−t =
1

ϑg
I +

[
1− 1

ϑg

]
n0 ⊗ n0 = F−1 · be · F−t , (9.9)

which follows directly from the covariant pullback of the elastic left Cauchy deforma-

tion tensor be. In the following, we consider a transversely isotropic material with a

characteristic microstructural direction m0, tangential to the shell mid-surface, i.e.,

m0 ·n0
.
= 0. We characterize the material through the following kinematic invariants

Je = det (F e ) Ie
1 = Ce : I Ie

4 = Ce : m0 ⊗m0 , (9.10)

and their derivatives

∂Je

∂Ce
=

1

2
JeCe−1 ∂Ie

1

∂Ce
= I

∂Ie
4

∂Ce
= m0 ⊗m0 . (9.11)

Remark 1 (Kirchhoff shell kinematics) According to Kirchhoff shell theory, the

deformation gradient for a thin shell whose local coordinates system is rotated with

the deformation to remain within the mid-plane of the shell takes a reduced format
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with

F13 = F23 = F31 = F32
.
= 0 .

Consequently, the right Cauchy Green deformation tensor C = F t · F adopts the

same reduced format with

C13 = C23 = C31 = C32
.
= 0 .

For our particular form of in-plane area growth for which the growth tensor F g char-

acterizes only in-plane growth according to equation (9.4), a similar reduced format

with

Ce
13 = Ce

23 = Ce
31 = Ce

32
.
= 0

holds for the elastic right Cauchy Green deformation tensor Ce = F g−t ·C · F g−1.

Remark 2 (Incompressibility) In the following we assume that the reversible, elas-

tic deformation is fully incompressible, i.e., that all volumetric changes are a conse-

quence of growth,

Je = 1 thus J = Jg = ϑg .

Together with the Kirchhoff shell kinematics in Remark 1 and the particular format of

the growth tensor in equation (9.4), this allows us to explicitly express the out-of-plane

component of the elastic elastic right Cauchy Green deformation tensor as

Ce
33 = 1 / ϑe 2 with ϑe = ||F−t · n0 || .

where ϑe is the reversible elastic in-plane area change.
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Constitutive Equations

In the following, we consider an incompressible, transversely isotropic, hyperelastic

material [94], characterized through a free energy function ψ, which we additively

decompose into a volumetric part U and an isochoric part ψ,

ψ = U(Je) + ψ ( Ie
1, I

e
4 ) with U = p [ Je − 1 ] . (9.12)

While the volumetric part U enforces elastic incompressibility, Je = 1, the isochoric

part ψ is a function of the elastic invariants Ie
1 and Ie

4. We can then introduce the

elastic Piola-Kirchhoff stress in the intermediate configuration,

Se = 2
∂ψ

∂Ce
= peCe−1 + 2ψ1I + 2ψ4m0 ⊗m0 , (9.13)

where we have introduced the abbreviations pe = Jep and ψ1 = ∂ψ/∂Ie
1 and ψ4 =

∂ψ/∂Ie
4. Through a contravariant pull back to the reference configuration, S =

F g−1 · Se · F g−t, we obtain the total Piola-Kirchhoff stress,

S = 2
∂ψ

∂C
= peC−1+ 2ψ1C

g−1+ 2ψ4
1

ϑg
m0 ⊗m0 . (9.14)

Here, because of the particular format of the growth tensor F g, and the orthogonality

of the characteristic directions for microstructure and growth, m0 · n0 = 0, the pull

back of the microstructural direction, F g−1 ·m0 = 1/
√
ϑgm0, is nothing but a scaling

with the reciprocal square root of the area growth ϑg. Through a contravariant push

forward to the current configuration, τ = F · S · F t, we obtain the Kirchhoff stress,

τ = pe I+ 2ψ1b
e+ 2ψ4

1

ϑg
m⊗m , (9.15)

where m = F ·m0 denotes the microstructural direction in the current configuration.

We can then introduce the fourth order tensor of elastic moduli Ce in the intermediate
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configuration as the derivative of the elastic Piola-Kirchhoff stress Se with respect to

the elastic left Cauchy-Green tensor Ce,

Ce = 2
∂Se

∂Ce
= −pe[Ce−1⊗Ce−1 +Ce−1⊗Ce−1]

+ 2 Ce−1⊗ ∂pe/∂Ce

+ 4 ψ11 I ⊗ I

+ 8 ψ14 [I ⊗m0 ⊗m0]sym

+ 4 ψ44m0 ⊗m0 ⊗m0 ⊗m0 ,

(9.16)

where we have used the abbreviations ψ11 = ∂2ψ/∂Ie2
1 , ψ14 = ∂2ψ/∂Ie

1∂I
e
4, and

ψ44 = ∂2ψ/∂Ie2
4 as well as the short hand notations ⊗ and ⊗ for the non-standard

fourth order products {•⊗◦}ijkl = {•}ik{◦}jl and {•⊗◦}ijkl = {•}il{◦}jk. Last, for the

algorithmic realization, it proves convenient to push the tensor of constitutive moduli

Ce to the current configuration,

c
e = −pe [ I ⊗ I + I ⊗ I]

+ 2 I⊗ F · ∂pe/∂Ce · F t

+ 4 ψ11 b⊗ b

+ 8 ψ14 [b⊗m⊗m]sym

+ 4 ψ44m⊗m⊗m⊗m .

(9.17)

Remark 3 (Plane stress condition) To explicitly ensure the plane stress condi-

tion, S33
.
= 0, we require that the out-of-plane component of the stress tensor vanishes

identically. Using equation (9.36), we can explicitly restate the plane stress condition

as

S33 = peC−1
33 + 2ψ1C

g−1
33 + 2ψ4

1

ϑg
m2

03
.
= 0 .

With the specific format of in-plane area growth F g introduced equation (9.4), Cg =

Cg−1
33 = 1 such that C−1

33 = Ce−1
33 , the condition of elastic incompressibility, Je = 1
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such that pe = Jep = p, and the fact that the microstructural direction m0 is always

tangential to the shell midsurface, m30 = 0, we can simplify the plane stress condition

as follows,

S33 = pCe−1
33 + 2ψ1

.
= 0.

We solve the above equation to obtain the following explicit expression

p = −2ψ1C
e
33 = −2ψ1/ϑ

e 2 .

for the pressure p.

Stretch Driven Membrane Growth

We assume that growth is a strain-driven process, and define the temporal evolution

of the growth multiplier ϑ̇g as the product of the growth function kg and the growth

criterion φg [80].

ϑ̇ = kg φg (9.18)

The growth function kg,

kg =
1

τ

[
ϑmax − ϑg

ϑmax − 1

]γ
, (9.19)

governs the shape of the growth profile through three scalar parameters, the growth

constant τ , the upper bound for area growth ϑmax, and the non-linearity parameter

γ. The growth criterion φg,

φg = 〈ϑe − ϑcrit 〉 = 〈ϑ/ϑg − ϑcrit 〉 (9.20)

reflects the choice of elastic area-stretch ϑe as the driving force behind the growth

response. The McCaulay brackets 〈◦〉 operate as a switch that activates area growth

when the elastic area stretch exceeds a physiological growth criterium ϑcrit.
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9.2.2 Computational Modeling of Membrane Growth

To embed the governing equations of membrane growth within a finite element setting,

we discretize the growth equation (9.18) in time using a simple finite difference scheme.

This allows us to express the temporal evolution of the area growth multiplier as

ϑ̇g = [ϑg − ϑg
n ]/∆t, (9.21)

where ∆t = t−tn denotes the time increment between the current time step t and the

previous time step tn. Now we introduce the residual Rϑ using equation (9.18) and

the discretized growth rate (9.21) as a function of the unknown growth multiplier ϑg.

Rϑ = ϑg − ϑg
n − kgφg∆t (9.22)

To solve for the current growth multiplier ϑg, we employ a local Newton iteration and

linearize the residual Rϑ with respect to the growth multiplier ϑg,

Kϑ =
∂Rϑ

∂ϑg
= 1−

[
∂kg

∂ϑg
φg + kg∂φ

g

∂ϑg

]
∆t , (9.23)

where ∂kg/∂ϑg = −γkg/[ϑmax − ϑg ] and ∂φg/∂ϑg = −ϑ/ϑg 2. For each local Newton

iteration, we update the growth multiplier ϑg according to

ϑg ← ϑg − Rϑ/Kϑ, (9.24)

until we reach a user-defined convergence criterion. From a workflow perspective,

this implies that once the elastic area stretch in the membrane exceeds the critical

value ϑcrit, we enter the local Newton iteration to iteratively solve for ϑg. Once we

have determined the amount of area growth, we can update the growth tensor F g,

calculate the elastic tensor F e, determine the elastic deformation tensors Ce and be,

and calculate the Piola-Kirchhoff stress S and the Cauchy stress σ.
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To efficiently solve the equations of membrane growth within a finite element setting,

we linearize the second Piola-Kirchhoff stress S with respect to the right Cauchy-

Green deformation tensor C to obtain the total fourth order tangent moduli C in the

reference configuration [80],

C = 2
dS

dC
= 2

∂S

∂C

∣∣∣∣
F g

+

[
∂S

∂F g
:
∂F g

∂ϑg

]
⊗ 2

∂ϑg

∂C

∣∣∣∣
F

. (9.25)

The first term represents the pull back of the elastic moduli Ce of equation (9.16)

from the intermediate configuration to the reference configuration,

2
∂S

∂C

∣∣∣∣
F g

= [F g−1⊗F g−1 ] : Ce : [F g−t⊗F g−t ], (9.26)

The second term results in following expression,

∂S

∂F g
= − [F g−1⊗S + S⊗F g−1]

− [F g−1⊗F g−1] : 1
2
Ce : [F g−t⊗Ce +Ce⊗F g−t].

(9.27)

The third term is specific to the particular form of the growth tensor in equation

(9.4),
∂F g

∂ϑg
=

1

2
√
ϑg

[ I − n0 ⊗ n0 ]. (9.28)

The fourth term depends on the algorithmic solution of the evolution equation for

the growth multiplier ϑg,

2
∂ϑg

∂C
=
kg∆t

ϑgKϑ

[
ϑC−1 − J

ϑ

2

[C−1 · n0 ]⊗ [C−1 · n0 ]

]
. (9.29)
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9.2.3 Finite Element Implementation of Membrane Growth

For the finite element implementation, we consider membrane elements with discrete

Kirchhoff shell kinematics according to Remark 1. For this type of kinematics, the in-

plane and out-of-plane components are fully decoupled. It proves convenient, to first

determine the in-plane components, here denoted through the overhead symbol, and

then calculate the out-of-plane components in a post-processing step. Accordingly,

we introduce the in-plane growth tensor,

F̂ g =
√
ϑg Î , (9.30)

and its inverse,

F̂ g−1 = Î /
√
ϑg , (9.31)

in terms of the in-plane unit tensor Î. This allows us to introduce the following

simplified expressions for the in-plane elastic tensor,

F̂ e = F̂ /
√
ϑg , (9.32)

the in-plane elastic right Cauchy-Green tensor,

Ĉe = F̂ e t · F̂ e = Ĉ /ϑg with Ĉ = F̂ t · F̂ (9.33)

and the in-plane elastic left Cauchy-Green tensor,

b̂e = F̂ e · F̂ e t = b̂ /ϑg with b̂ = F̂ · F̂ t , (9.34)

as the area-growth weighted elastic counterparts of the corresponding total compo-

nents. According to equation (9.13), we introduce the elastic in-plane Piola-Kirchhoff



228 CHAPTER 9. MECHANICS OF GROWING MEMBRANES

stress,

Ŝe = pe Ĉe−1 + 2ψ1Î + 2ψ4m̂0 ⊗ m̂0 , (9.35)

where m̂0 is the referential in-plane microstructural direction. Through a contravari-

ant in-plane pull back to the reference configuration, Ŝ = F̂ g−1 ·Ŝe ·F̂ g−t = Ŝe/ϑg, we

obtain the in-plane Piola-Kirchhoff stress as the area-growth weighted elastic in-plane

Piola-Kirchhoff stress,

Ŝ = [ pe Ĉe−1 + 2ψ1Î + 2ψ4m̂0 ⊗ m̂0 ]/ϑg . (9.36)

Through a contravariant in-plane push forward to the current configuration, τ̂ =

F̂ · Ŝ · F̂ t, we obtain the in-plane Kirchhoff stress,

τ̂ = peÎ + 2ψ1b̂
e + 2ψ4m̂⊗ m̂ (9.37)

where m̂ = F̂ · m̂0 is the current in-plane microstructural direction. The in-plane

tangent moduli in the reference configuration take the following simplified form,

Ĉ = 2
dŜ

dĈ
=

[
Ĉe − kg∆t

ϑgKϑ

[
Ŝe +

1

2
Ĉe : Ĉe

]
⊗ ϑ Ĉ−1

]
/ϑg2 , (9.38)

where Ĉe are the in-plane components of the elastic moduli according to equation

(9.16). Last, for the algorithmic realization, we push the in-plane constitutive moduli

to the current configuration,

ĉ = ĉ
e − kg∆t

ϑg2Kϑ

[
τ̂ +

1

2
ĉ

e : Î

]
⊗ ϑ Î , (9.39)

where ĉ
e are the in-plane components of the elastic moduli according to equation

(9.17). Rather than working directly with the Kirchhoff stress (9.37) and with the con-

stitutive moduli (9.39), the user-defined subroutine for shell elements in Abaqus/Standard
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[2] utilizes the Cauchy or true stress, σ̂ = τ̂ / J ,

σabaqus = [ peÎ + 2ψ1b̂
e + 2ψ4m̂⊗ m̂ ] / J , (9.40)

and the Green-Naghdi stress rate devided by the Jacobian, which requires the follow-

ing modification of the tangent moduli [170],

c
abaqus = [ ĉ + τ̂ ⊗ î+ î⊗ τ̂ + [τ̂ ⊗ î] : �− [̂i⊗ τ̂ ] : �] / J , (9.41)

where ĉ + τ̂ ⊗ î + î⊗ τ̂ is the Jauman stress rate and � is a material-independent

fourth order tensor [198]. The local stress σabaqus of equation (9.40) and the local

tangent moduli cabaqus of equation (9.41) enter the righthand side vector and the

iteration matrix of the global Newton iteration. Upon its convergence, we store the

current area growth ϑg locally at the integration point level.

9.3 Results

9.3.1 Examples of Growing Thin Biological Membranes

In four examples, we illustrate the features of our membrane growth model. We

begin by discussing a series of classic benchmark problems for shell elements. In

the first example, a hollow, thin-walled cylinder is subjected to Dirichlet boundary

conditions, which introduce substantial structural bending combined with a moderate

area stretch. Since the cylinder undergoes irreversible area growth, it will not return

to its original configuration upon unloading. In the second example, we bi-layered flat

panel, where the bottom layers is allowed to grow, while the top layer remains purely

elastic. As the panel is subjected to biaxial loading that induces a considerable area

stretch, the bottom layer grows in area, causing stresses across the thickness direction.

When releasing the kinematic boundary conditions, the panel folds out-of-plane in
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an attempt to release the growth-induced residual stresses. In the third example, we

expose an initially planar geometry to pressure loading, which successively displaces

the geometry in the out-of-plane direction and initiates area growth. In the second

and third examples, we vary the local fiber direction to illustrate the effect of elastic

material anisotropy in the context of isotropic membrane growth. In the fourth and

last example, we illustrate membrane growth in terms of a clinical problem, where

we simulate the adaptation of a thin biological membrane to pathological loading

conditions. In particular, we expose a mitral leaflet to varying degrees of mitral

annular dilation and asymmetric muscle displacement to quantify leaflet adaptation

in mitral regurgitation.

Example 1

In this first example, we subject a cylinder with length l = 30, outer radius of r =

9, and thickness t = 0.02 to vertical displacement boundary conditions along the

cylinder’s long-axis. Taking advantage of symmetry, one quarter of the cylinder is

modeled with 420 linear quad shell elements, Abaqus element S4. The material

parameters for this example are summarized in Table (3.1) in the Appendix. As

shown in Figure (5.1), after the cylinder is fully loaded, it is held in that position

until growth has reached an equilibrium, upon which the boundary conditions are

removed and the cylinder is allowed to relax. The images reveal that the imposed

deformation results in area stretches larger than 1 which initiates small amounts of

growth at the lateral walls of the cylinder. Once boundary conditions are released this

inhomogenous growth prevents the cylinder from returning to its initial configuration

and introduces residual stresses.



9.3. RESULTS 231

1.0 1.051.025

Unloaded Loaded Fully Loaded Grown Released

Figure 9.1: A modification of the classic benchmark problem for shell elements. As
the cylinder is being deformed, small amounts of area stretch at the lateral walls of
the cylinder cause area growth which, once boundary conditions are released, prevents
the cylinder from returning to its original configuration.
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Example 2

In this second example we illustrate the effect of combining a growing shell layer

with a purely elastic shell layer in response to significant area stretch. The 10 by

10 square sheet is modeled using 484 linear quad shell elements, Abaqus element

S4, and a combined thickness of t = 1. Material parameters for the isotropic case

and the anisotropic case, for both layers, are summarized in Table (3.1) in the Ap-

pendix. In the isotropic and the anisotropic case, the sheet is stretched biaxially with

a displacement of d = 2 in all four directions. Once fully stretched, and the growth

process equilibrated, the boundary conditions are removed so the sheet can relax. In

response to the elastic disbalance between the two sheets of which the bottom one

releases elastic energy in terms of area growth during loading while the top sheet does

not, the sheet folds out-of-plane in an attempt to achieve an energetically optimal

configuration. While in the isotropic case this folding results in a symmetric distor-

tion, in the anisotropic case, the direction in which fibers were aligned shows stronger

contraction and therefore results in coiling of the sheet, see Figure (5.2).

Example 3

In this third example we demonstrate the growth response of a thin structure exposed

to pressure loading. The thin structure has a length of approximately l = 200 and

a width of w = 50 as well as a thickness of t = 1. It is modeled with 6942 linear

quad and triangular shell elements, Abaqus elements S4 and S3, respectively. During

pressure loading the outline of the structure is fixed in all three directions while all

interior nodes are free to displace. As a pressure of p = 0.1 is applied, the structure

is displaced at its free nodes in out-of-plane direction while simultaneously growth

occurs. To illustrate the effect of elastic anisotropy, the growth response is compared

between the structure with an isotropic elastic portion, an elastic portion with fibers

in vertical direction, and an elastic portion with fibers in horizontal direction. Figure
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(5.3) shows substantial growth in all three examples. However, while the isotropic

example clearly shows sphere-like protrusions, the anistropic examples show distinct

directionality in their protrusions.

Example 4

In this last example we present a clinical problem simulating the adaptation of a

biological membrane to altered mechanical forces following chronic disease. Based

on in vivo image data we discretize the anterior mitral leaflet of a sheep model with

1920 triangular shell elements, Abaqus elements S3, and assign a uniform thickness

of 1mm. First we identified locations for chordae tendineae insertion in the leaflet

center and at its free edge and prescribed in vivo derived end-diastolic pressure to

the ventricular surface of the leaflet. In addition, we impose varying degrees of an-

nular dilation (λ=1.2, λ=1.5) and symmetric as well as asymmetric papillary muscle

displacements in apical, septal, and posterior-medial direction (δ=5mm) as seen in

patients experiencing myocardial remodeling following cardiac infarction. Chordae

tendineae are modeled as incompressible tension only elastic wires with a stiffness

of 10MPa, while the passive leaflet material is modeled with an incompressible Neo-

Hookean material and a shear modulus of 1MPa. Figure (9.4) shows in the first

row the anterior leaflet in the reference configuration, where the mitral annulus is

superimposed in white. The second row conveys the elastic area stretch following

annular dilation and symmetric as well as asymmetric papillary muscle displacement,

while the last row illustrates the area growth initiated by the elastic stretch after

equilibrium was reached.

9.4 Discussion

Biological membranes fulfill a number of crucial functions in the human body and

despite their seemingly delicate appearance may sustain large loads [99]. Like other
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isotropic 

anisotropic (horizontal fibers)

Unstretched Stretched ReleasedFully Stretched Grown

1.0 2.21.6

Figure 9.2: The effect of differential growth on residual stress in biological membranes.
While the bottom layer (shown here) of this two-layered membrane, grows and adapts
to the biaxial stretch state, the top layer stores all elastic energy. After releasing the
kinematic boundary conditions the two-layered sheet deforms in out-of-plane direction
in response to the differential stress distribution between the two layers. First Row)
Isotropy of the elastic layer results in a symmetric out-of-plane coiling. Second Row)
Anisotropy of the elastic layer results in an anisotropic out-of-plane coiling.
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soft and hard tissues they also interact with their chemical and physical environ-

ment to optimize their form and function [40, 9]. Especially load bearing biological

membranes such as the pericardium, heart valve tissue, and the skin organize their

microstructure and morphology in order to sustain internal and external forces [52].

Computational models hold the potential to further deepen our understanding of form

and function of biological membranes and to provide tools for predicting the effects of

disease or medical treatment. Because of their thin structure biological membranes

lend themselves ideally for spatial discretized with shell elements [44]. However, to

the best of our knowledge, the current work is the first account of a growth model

that is compatible with shell elements.

In the present manuscript we employed finite growth theory and introduced the total

deformation gradient as the product of an elastic part and a growth part. The func-

tional form of the latter reflects the modality of the growth; whether the tissue grows

isotropically, or anisotropically, in-plane, or out-of-plane, and is usually motivated

by micro structural considerations [146]. For the current work we chose a form of

the growth tensor that represents isotropic in-plane growth [234, 28]. Furthermore,

we postulate in the current model that growth is mechanically driven as opposed to

morphologically, or chemically [168]. Consequently, growth and mechanics are couple

in two directions. Growth affects the mechanics and the mechanics affect growth [93].

Motivated by physiologically observations and accounts we further implemented the

growth model to be driven by elastic area stretch.

From an implementation standpoint, our approach is limited to modifications on the

material level. To illustrate its universal character, we implemented the growth model

in the finite element framework using the commercially available non-linear finite el-

ement code Abaqus. At the end of each global Newton iteration the deformation

gradient is made available to the material user subroutine UMAT [2]. Based on the

growth tensor that is stored at the integration point level, the deformation gradient

is split into the elastic and growth portions. Upon this split it is determined whether
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Unloaded Load Step 1 Load Step 2 Load Step 3 Fully Grown

isotropic

anisotropic	(vercal	fibers)

anisotropic	(horizontal	fibers)

1.0 1.051.025

Figure 9.3: Pressure loading of a thin growing membrane. First Row) In response
to the pressure applied to the surface, the isotropic membrane shows significant area
growth and develops spherical protrusions. Second and Third Row) Under the same
pressure the vertical and horizontal fibers in the passive material result in clearly
anisotropic protrusions.
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the elastic area stretch succeeds the predefined threshold level and if necessary the

growth tensor is updated. Lastly, elastic and total stress are calculated as well as the

material tangent and passed back to Abaqus for the next iteration. Thus, no modi-

fications to the finite element code have to be performed other than the changes to

the material subroutine which is readily accessible in most non-linear finite element

codes, commercial or non-commercial.

The four examples presented cover various physiological loading conditions and

growth scenarios. While Example 1 is a commonly applied benchmark problem for

shell elements, Example 2 for instance illustrates the effect of differential growth as it

may occur in tissues that are exposed to non-homoegenous deformations across their

thickness, such as arteries [100]. Such differential growth is strongly connect to the

phenomenon of prestrain or residual strain [93]. Example 3 on the other hand presents

loading scenarios as seen in thin walled arterial aneurysms where a surface pressure

induces large amounts of deformation and consequently growth and remodeling [221].

Lastly, in Example 4 to illustrate the potential of a growth model compatible with

shell elements we present the clinical problem of mitral valve leaflet growth in response

to pathological loading conditions. The geometry was directly derived from a surface

imaging technique and converted into a triangular shell mesh [185]. Based on in vivo

data, the pathologic mechanical environment as seen in ischemic cardiomyopathy was

recreated and the leaflet response to these conditions was predicted [37]. When we

compared the simulation to in vivo measurements we found a strong correlation be-

tween simulations and experiments which would provide support for the hypothesis

that local increase in area stretch indeed does result in local tissue adaption in terms

of in-plane area growth [184].

In conclusion, we introduce a stretch driven isotropic in-plane growth law based on

the theory of finite growth that is compatible with the use of shell elements. Sub-

sequently, we present four examples that represent classic benchmark problems for

shell elements, various physiologic loading conditions for thin biological membranes,
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Figure 9.4: Anterior mitral leaflet adaptation to annular dilation and papillary muscle
displacement as seen in ischemic cardiomyopathy. First row) Anterior mitral leaflet
in the reference configuration at end diastole with the mitral annulus superimposed
in white. Second row) Elastic area stretch ϑe in response to different combinations
of annular dilation (λ=1.2, λ=1.5) and asymmetric displacement of the posterior-
medial papillary muscle (first and second column) as well as symmetric displacement
of both papillary muscles (third and fourth column) by δ=5mm in apical, lateral, and
posterior direction. Third row) Area growth ϑg initiated by elastic area stretch in the
anterior mitral leaflet after equilibrium was reached.
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and a clinical problem. In future studies we will employ the current work to model

the response of thin biological membranes to altered mechanical loading in disease

and upon medical treatment.



Chapter 10

Conclusion

10.1 Contributions

This work presents an original contributions to the field of mitral valve mechanics. For

the first time I provided an in-depth mechanical analysis of the in vivo deformation of

the mitral annulus and the anterior mitral leaflet under healthy, diseased, and repaired

conditions. I used the theory of finite kinematics to derive displacement fields, strains,

and curvature to describe the deformation of the mitral valve throughout the cardiac

cycle and along the entire disease history of a sheep model. Furthermore, based on

the in vivo data, I developed in silico models with which I studied for the first time

the effects of prestrain as well as growth and remodeling on the mechanics of the

mitral valve.

In Chapter 2 I presented strain and curvature fields of the mitral annulus that clearly

convey regions of contraction and dilation throughout the cardiac cycle and identify

healthy annular dynamics in terms of continuous field plots that may provide means

to calibrate computational models. Furthermore, because of the nature of the in

vivo imaging methodology that is unique in a sense that it allows to track discrete

tissue points in space and time, my results may be used as a gold-standard for future

240
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studies.

Similarly, in Chapter 3 I used strain and curvature to describe the mechanics of

the diseased mitral annulus. For the first time I identified the origin for asymmetric

annular dilation following posterior myocardial infarction in a sheep model of ischemic

mitral regurgitation. Furthermore, based on curvature analysis before and after the

infarct I was able to propose the existence of distinct hinge points from which in-plane

annular dilation following myocardial infarction may originate.

Mechanical analyses of the mitral annulus upon annuloplasty ring implantation in

Chapter 4 for the first time clearly demonstrated the effects of different devices on

annular dynamics. I found that even the flexible devices that are designed to preserve

annular dynamics largely disrupt healthy morphological changes during the cardiac

cycle, while rigid rings, indeed fix the annulus in a prescribed three dimensional

configuration as intended.

For the first time, in Chapter 5, I presented a map of strains across the entire anterior

mitral leaflet throughout the cardiac cycle. Based on my data I created strain maps

that may be used by surgeons to optimize repair techniques to avoid areas of large

strain were suture rupture or ring dehiscence may be more likely. Furthermore, these

data illustrated the effect of the highly anisotropy leaflet microstructure on maximum

principal strains and strain directions.

Using a similar technique as in Chapter 5, in Chapter 6 I was the first to use strain as

a measure for chronic remodeling in the anterior mitral leaflet following myocardial

infection. I provided a heterogeneous map of leaflet remodeling and showed that

locally leaflets may grow up to 30% in area as a compensatory mechanism in response

to annular dilation and papillary muscle displacement.

In Chapters 7 and 8, based on kinematic data from the previous chapter, I created a

finite element model of the anterior mitral leaflet and used an inverse finite element

approach to identify the non-linear anisotropic material properties of the leaflet tissue

as a function of prestrain. I clearly demonstrated the importance of prestrain for
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the mechanics of the mitral valve. In addition, the model strongly suggested that

prestrain may explain discrepancies in leaflet stiffness observed between in vivo and

in vitro data.

Finally, in Chapter 9 I first derived the equations of isotropic in-plane shell growth and

apply this growth law to a model of the anterior mitral leaflet. Based on data from

sheep with chronic ischemic mitral regurgitation I displaced the papillary muscles and

the anterior annulus to model the mechanical misbalance seen in experimental animals

that presented with leaflet growth. Upon elastic deformation of the leaflet I modeled

growth based on the newly developed growth law and compare computational findings

to experimental in vivo data.

10.2 Future Work

Both the work on the in vivo characterization of the mechanics of the mitral valve

and the in silico investigation of prestrain as well as growth and remodeling have

posed a number of additional interesting questions. While I presented an in-depth

mechanical analysis of the deformation of the mitral annulus in chronically diseased

sheep it may further be relevant to study the degree to which infarcts may affect the

dynamics of the annulus, meaning the changes that occur throughout one cardiac

cycle. While it seems intuitive that with a weakened myocardium the dynamics of

the mitral annulus may also be reduced, first preliminary data seem to suggest the

opposite. Furthermore, studying the correlation between strain and curvature and

the degree of mitral valve regurgitation may shed additional light on the pathology

of ischemic mitral regurgitation.

In terms of the in silico studies presented in this thesis, possible extensions to this

work may include studying anisotropic prestrain and its effect on the non-linear ma-

terial properties of leaflet tissue as well as the postulation of an anisotropic in-plane
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growth law for modeling mitral leaflet adaptation to ischemic or dilated cardiomy-

opathy.

10.3 Summary

In summary, I contributed to the field of mitral valve mechanics by presenting, for

the first time, in-depth mechanical analyses of the mitral annulus and anterior mitral

leaflet under healthy, diseased, and repaired conditions. These data extend our cur-

rent knowledge on mitral valve mechanics and function and may further be used to

validate computational models of the mitral valve. In addition, I used the data from

the in vivo analyses to develop in silico models of the mitral valve to study the effect

of prestrain as well as growth and remodeling in the mitral valve leaflet. I found that

prestrain strongly effects the mechanics of the anterior mitral leaflet and may explain

the discrepancy in leaflet stiffness encountered between in vivo and in vitro data.

Finally, I introduced a shell growth model that may be used to study the effect of

disease, repair, and device implantation on long term mitral valve remodeling. With

the presented work I believe to have made a significant step toward a deepened un-

derstanding of the mechanics of the mitral valve and have introduced computational

models that may be used in future studies to further study mitral valve mechanics

and improve device design and ultimately mitral regurgitation treatment outcome.
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