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Excitation-contraction coupling is the physiological process of converting an electrical
stimulus into a mechanical response. In muscle, the electrical stimulus is an action
potential and the mechanical response is active contraction. The classical Hill model
characterizes muscle contraction though one contractile element, activated by electrical
excitation, and two non-linear springs, one in series and one in parallel. This rheology
translates into an additive decomposition of the total stress into a passive and an active
part. Here we supplement this additive decomposition of the stress by a multiplicative
decomposition of the deformation gradient into a passive and an active part. We
generalize the one-dimensional Hill model to the three-dimensional setting and consti-
tutively define the passive stress as a function of the total deformation gradient and the
active stress as a function of both the total deformation gradient and its active part. We
show that this novel approach combines the features of both the classical stress-based Hill
model and the recent active-strain models. While the notion of active stress is rather
phenomenological in nature, active strain is micro-structurally motivated, physically
measurable, and straightforward to calibrate. We demonstrate that our model is capable
of simulating excitation-contraction coupling in cardiac muscle with its characteristic
features of wall thickening, apical lift, and ventricular torsion.

& 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Biologically electro-active materials such as smooth muscle, skeletal muscle, and cardiac muscle undergo remarkable
deformations in response to electric stimulation. For almost a century, the classical Hill model has served as a indispensable
and valuable tool to model the electro-active response of living muscle (Hill, 1938). The classical Hill muscle model is a
three-element model, which consists of one contractile element and two non-linear springs, one arranged in series and one
in parallel (Hill, 1970). This rheology motivates the widely adopted additive decomposition of the total stress into a passive
part and an active part (Nash and Panfilov, 2004). In the small strain setting, this setup kinematically translates into the
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Fig. 1. Hierarchical micro-structure of the cardiac myocyte. Cardiac myocytes exist in a striated and branched form and are connected one another through
the intercalated disks. Within the organized micro-structure of cardiac myocyte, the cytoskeleton of myocytes contains bundles of contractile myofibrils,
which are comprised of the basic contractile unit, sarcomere.
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additive decomposition of the total strain into a passive and an active part. In its physiological environment, however, active
muscle may undergo large strains, and the small strain theory might no longer be valid. To generalize the classical Hill
model to large strains setting, we multiplicatively decompose the total deformation gradient into a passive and an active
part. In contrast to previous models, which are based exclusively on a multiplicative decomposition of the deformation
gradient (Ambrosi and Pezzuto, 2011), here we simultaneously adopt both, the additive decomposition of the total stress
and the multiplicative decomposition of the total deformation gradient (Göktepe et al., 2013). The resulting rheology is
similar to finite viscoelasticity where the active element takes the interpretation of a viscous damper (Sidoroff, 1974). In this
sense, our model can be understood as the classical three-element Hill model generalized to finite deformations. As such, it
is applicable to smooth, skeletal, and cardiac muscle not only in the small, but also in the large strain regime.

The modeling of cardiac tissue, however, involves several challenges that are far from being resolved thoroughly.
First, the heart function is governed by electrical and mechanical activities occurring at different scales and in parallel.
Furthermore, these mechanisms mutually affect one another. Therefore, the strongly coupled electromechanical cardiac
response necessitates sound constitutive models and robust numerical techniques. As it is explained below, cardiac tissue
has an inherently anisotropic micro-structure, which is vital for making the heart a three-dimensional biological pump.
Moreover, cardiac tissue is a nonlinear material that undergoes large deformations. Hence, the developed heart models must
take the geometrical and material nonlinearities into account. Apart from these, the inner surface of the ventricles is subject
to transient stress traction due to the force exerted by blood during the course of every heart beat.

Undoubtedly, the highly organized and anisotropic architecture of the heart has evolved to convert the one-dimensional
contraction of cardiac muscle cells, cardiac myocytes, into the three-dimensional vital pumping function of the heart. Within
the cardiac micro-structure, myocytes are organized in bundles of myofibers that orderly wind around the heart, see Nielsen
et al. (1991), Pope et al. (2008) and Rohmer et al. (2007). The myofibers’ orientation in the ventricular walls changes from a
right-handed spiral-like arrangement in the endocardium (inner wall) to a left-handed spiral-like arrangement along the
epicardium (outer wall) in the transmural direction fairly smoothly. Myocytes constitute about 75% of the solid volume of
the heart. Myocytes are of cylindrical shape, with a diameter of 10–25 μm and a length of up to 100 μm. On the lower scale,
the myocyte cytoskeleton contains bundles of contractile myofibrils whose basic contractile unit, sarcomere, is about 2 μm
long. The two major protein molecules of sarcomeres are the thick myosin filaments and the thin actin filaments that slide
over each other, thereby pulling the two ends (Z-lines) of the sarcomere closer together, as depicted in Fig. 1. During this
complex process, called cross-bridging, the myosin heads interact with the binding side of the actin filaments. Cross-
bridging is initiated by calcium influx upon rapid depolarization of the myocyte from the polarized resting state with a
transmembrane potential of Φ� �80 mV to the depolarized state with Φ� þ20 mV, Bers (2002). From the depolarized
state, the myocyte repolarizes back to its resting state through complex inward and outward ion dynamics across the cell
membrane. Depolarization, also referred to as excitation, and repolarization result in action potentials, (Klabunde, 2005;
Opie, 2004; Levy et al., 2006; Katz, 2011). Besides their remarkable contraction in response to electrical stimulation,
myocytes are also capable of generating an electrical activity when subjected to mechanical loading, see Kohl et al. (1999).

In the literature, the constitutive approaches to the electro-mechanically coupled response of the heart can be classified
into two main groups: the active-stress models and the active-strain models. In the active-stress based models, the total
stress tensor is additively decomposed into the passive and active parts. While the passive part of the stress tensor is
modeled as a function of deformation only, a transmembrane potential-dependent evolution equation is used to model the
active part of the stress tensor, see Nash and Panfilov (2004), Panfilov et al. (2005), Nickerson et al. (2006), Keldermann et al.
(2007), Niederer and Smith (2008), Göktepe and Kuhl (2010), Lafortune et al. (2012) and Eriksson et al. (2013a,b). The active-
strain-based approaches can be traced back to the works by Nardinocchi and Teresi (2007) and Cherubini et al. (2008) where
the deformation gradient is multiplicatively decomposed into the active and elastic parts. The stress tensor is then obtained
from an energy storage function, which depends only upon the elastic part of the deformation gradient. This approach has
then been extended by Ambrosi et al. (2011), Nobile et al. (2012) and Rossi et al. (2012) toward anisotropic constitutive
models for cardiac tissue and by Stälhand et al. (2011) to model smooth muscle contraction. The active-stress and active-
strain models have different pros and cons one over another from different viewpoints. As mentioned above, the active-
stress approaches model the overall stress response in an additively decoupled way as in many viscoelastic material models
where the equilibrium stress response and the viscous overstress response are split additively. This decomposition can be
advantageous when the associated material parameters are identified by using different sets of experimental data acquired



Fig. 2. Schematic illustration of the generalized Hill model that consists of a passive element in the upper branch with the free energy function ψ̂ pðλÞ
connected to the lower active branch in parallel. The lower branch is composed of an active element characterized by the free energy function
ψ̂ aðλ; λaÞ ¼ ~ψ aðλeÞ and an contractile element that generates active contraction λa upon its excitation through the action potential ϕ. The total stretch λ¼ λeλa

is multiplicatively split into the elastic stretch λe and the active stretch λa at large strains.
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in the absence of electrical stimulation (passive) and during the active contraction, where the active and passive
mechanisms co-exist. That is, the material parameters of the passive part can be obtained from the experiments where
there is no electrical excitation and the material parameters of the active part can be identified from the electromechanical
experiments with the parameters of the passive part frozen. From the experimental point of view, however, the direct
measurement of strains is easier than the indirect measurement of the local stress fields. Furthermore, the tools of
mathematical analysis are more readily available to judge the stability of a material model when the stress tensor is
obtained from an energy storage function as it is the case in the active-strain models.

For almost a century, the classical Hill model (Hill, 1938) has served to model excitation-contraction coupling through a three-
element rheology, where a contractile element, activated by electrical excitation, is coupled to two non-linear springs, one in series
and one in parallel, see Fig. 2. In the present work, we generalize the one-dimensional Hill model to the three-dimensional setting
and constitutively define the passive stress as a function of the total deformation gradient and the active stress as a function of both
the total deformation gradient and its active part. Therefore, the advantageous features of the both approaches are incorporated
within a unified constitutive framework. To this end, inspired by the active-strain models, we decompose the total deformation
gradient into the active and passive parts. The active part of the deformation gradient is considered to be dependent upon the
intracellular calcium concentration whose evolution is considered to be driven by the transmembrane potential. Furthermore, the
inherently anisotropic, active micro-structure of cardiac tissue is accounted for in the tensorial representation of the active part of
the deformation gradient. As opposed to the above-mentioned active-strain models, where merely the active-passive split of the
deformation gradient has been utilized, we further additively decompose the free energy function into passive and active parts. This
decomposition allows us to recover the additively split stress structure of the active-stress models. Therefore, the proposed
formulation can be considered as the generalization of the approaches that employ either additive stress decomposition or
multiplicative split of the deformation gradient to account for excitation-induced contraction. This kinematic setting is embedded in
a recently proposed, fully implicit, entirely finite-element-based coupled framework (Göktepe and Kuhl, 2010). The performance of
the proposed formulation is demonstrated through the fully coupled finite element analysis of the non-linear excitation-contraction
of a generic heart model.

The paper is organized as follows. In Section 2, we present the essence of the proposed novel kinematic and energetic approach
to cardiac electromechanics in the one-dimensional setting where the additional complexity stemming from tensorial quantities is
suppressed. For this purpose, we employ the Hill model and solve the coupled cardiac electromechanics problem locally to present
the evolution of the stress response under isotonic and isometric conditions. Moreover, the sensitivity of the calcium and the active
stretch transients with respect to the governing material parameters is illustrated. Section 3 is devoted to the continuous
formulation of the three-dimensional coupled electromechanics of the heart. In Section 4, the finite element formulation of the
couple problem along with the consistent linearization of the residual equations is presented in the Eulerian setting. Section 5 is
concerned with the specific forms of the constitutive equations and their linearization. In Section 6, the fully coupled three-
dimensional finite element analysis of the non-linear excitation-contraction of a generic heart model is presented. Finally, Section 7
concludes with a critical discussion of the proposed approach.

2. Motivation: multiplicative active-passive kinematics in the one-dimensional setting

In this section, we motivate our micromechanically based kinematic and energetic approach within the one-dimensional
framework. In the three-dimensional setting, the proposed formulation is based on the multiplicative decomposition of the
deformation gradient into the active and passive parts as we set out in Section 3 in detail. In the one-dimensional setting, we
decompose the total stretch λ into the passive stretch λe and the active stretch λa; that is,

λ¼ λeλa; ð1Þ
where the active stretch λa ¼ λ̂

aðcÞ evolves with the intracellular calcium concentration c. The evolution of the intracellular
calcium concentration is induced by the transmembrane potential Φ and controls the underlying actively contracting
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cardiac tissue as schematically depicted by the contractile element in Fig. 2. Alternatively, the active stretch can also be
expressed as λa ¼ ~λ

aðϕÞ, a function of the normalized transmembrane potential ϕ, which is none other than the normalized
difference between the intracellular potential and the extracellular potential.

To model the stress response of cardiac tissue, we draw from the pioneering Hill model (Hill, 1938). As schematically
depicted in Fig. 2, the element consists of two branches: the passive upper branch and the active lower branch, connected in
parallel. In the upper branch, the response of the passive element is governed by the free energy function ψ̂ pðλÞ. In the lower
branch, an active element and a contractile element are joined in series. While the latter generates the active contraction λa

upon its excitation by the action potential ϕ, the response of the active element is characterized by the free energy function
ψ̂ aðλ; λaÞ ¼ ~ψ aðλeÞ. This structure results in the additive decomposition of the stress-producing energy where the total free
energy ψ is split into the passive part ψp and the active part ψ a

ψ ¼ ψ̂ pðλÞþψ̂ aðλ; λaÞ: ð2Þ
Here, the former depends solely on the total stretch, while the latter depends on the elastic stretch, and is thus a function of both
the deformation and the potential. It is worth noting that the additive structure of the free energy function (2) can be formally
further extended to the form ψ ¼ ψ̂ pðλÞþ∑αψ̂

a
αðλ;λaαÞ to incorporate a spectrum of active contributions. The active part of the free

energymay be considered as additional energy put into muscle through electrical activation of the contractile units. Referring to the
rheological representation of the generalized Hill Model in Fig. 2, excitation of the active element results in contraction in this
element with λao1 as depicted in Fig. 5. The reduction in λa magnifies the stretch λe in the active force-generating spring in the
lower branch through λe ¼ λ=λa. This leads to additional active stress generation in the overall generalized Hill model. The additive
decomposition of the free energy (2) naturally leads to the decoupled nominal stress response

P ¼ P̂
pðλÞþ P̂

aðλ; λaÞ ð3Þ
in terms of the passive stress P̂

pðλÞ and the active stress P̂
aðλ; λaÞ that are defined as

P̂
pðλÞ≔∂λψ̂

pðλÞ and P̂
aðλ; λaÞ≔∂λe ~ψ

aðλeÞ=λa; ð4Þ
respectively. The passive stress response Pp represents the behavior of quiescent connective tissue and muscles. The active stress
response Pa, however, is triggered by the active contraction of sarcomeres through the excitation-contraction of cardiac myocytes.
As opposed to constitutive approaches based either on the active-passive decomposition of the stress response or on the active-
passive decomposition of the deformation gradient, the proposed formulation captures the features of both models simultaneously.
The constitutive modeling of electrically active cells goes back to the Nobel Prize-winning pioneering work of Hodgkin and Huxley
(1952) on neural cells. Their model, which captures the electric response through four variables, was reduced by Fitzhugh (1961)
and Nagumo et al. (1962) to a two-variable phenomenological model (Göktepe, 2014). This approach has then been followed by the
action potential models of cardiac cells proposed by Noble (1962), Beeler and Reuter (1977) and Luo and Rudy (1991). We also refer
to Keener and Sneyd (1998), Sachse (2004), Pullan et al. (2005), Clayton and Panfilov (2008) and Tusscher and Panfilov (2008) for
excellent classification of the models of cardiac electrophysiology. To model the electrical activity of cardiac muscle cells, we adopt
the Aliev–Panfilov (1996) model that also belongs to the class of two-variable phenomenological models. This class of models
involves two ordinary differential equations for the rapidly evolving dimensionless transmembrane potential ∂τϕ¼ î

ϕðϕ; rÞ and the
slowly evolving recovery variable ∂τr¼ î

rðϕ; rÞ. The specific form of these local ordinary differential equations for the Aliev–Panfilov
model is given by

∂τϕ¼ î
ϕðϕ; rÞ ¼ cϕðϕ�αÞð1�ϕÞ�rϕ;

∂τr¼ î
rðϕ; rÞ ¼ ϵ̂ðϕ; rÞ½�r�cϕðϕ�b�1Þ�; ð5Þ
Fig. 3. The Aliev–Panfilov model with α¼ 0:01; γ ¼ 0:002;b¼ 0:15; c¼ 8; μ1 ¼ 0:2; μ2 ¼ 0:3. The phase portrait depicts trajectories for distinct initial values
ϕ0 and r0 (filled circles) converging to a stable equilibrium point (left). Non-oscillatory normalized time plot of the non-dimensional action potential ϕ and
the recovery variable r (right).



Fig. 4. Sensitivity of the normalized calcium concentration with respect to the material parameters q and k, appear in (6). For q¼0.1, the change of the
calcium transient for different values of the ratio q=k¼ 0:20;0:25;0:33;0:50, and 1 (left). For q=k¼ 1, the change of the calcium transient for different values
of q¼ 0:01;0:05;0:1;0:50, and 1 (right). The arrows indicate changes in c as the values of the respective parameters are increased.
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in terms of the material parameters α; b; and c. The coefficient function ϵ̂ðϕ; rÞ≔γþμ1r=ðμ2þϕÞ governs the restitution
characteristics of the model through the additional material parameters γ;μ1; and μ2, (Aliev and Panfilov, 1996; Göktepe and
Kuhl, 2009).

The phase diagram in Fig. 3 (left) depicts the solution trajectories of the local ordinary differential equations given in (5)

corresponding to distinct initial points ϕ0 and r0 denoted by filled circles. The dashed nullclines, where î
ϕ ¼ 0 or î

r ¼ 0, guide

the solution. The diagrams in Fig. 3 (right) show the dimensionless potential ϕ and the recovery variable r curves plotted
against the dimensionless time τ. The action potential is generated by adding external stimulation I¼30 to the right-hand
side of (5)1 from τ¼ 30 to τ¼ 30:02. The contraction of cardiac myocytes is triggered by calcium released from the
sarcoplasmic reticulum into the cytosol. This release is initiated by excitation of myocytes where the transmembrane
potential undergoes large excursions, see Fig. 3 (right). To describe the intracellular calcium concentration transient during
the course of the depolarization and repolarization phases, we adopt the evolution equation proposed by Pelce et al. (1995).
To this end, let c≔c=cR denote the normalized intracellular calcium concentration whose evolution is described by the
following ordinary differential equation in terms of the dimensionless action potential ϕ:

∂τc ¼ qϕ�kc ð6Þ
with the initial condition cðt0Þ ¼ c0 ¼ 0. In this constitutive equation, the parameters q and k control the steady-state value of
c and its rate of evolution. Specifically, for a given value of the dimensionless action potential ϕ, the steady-state normalized
calcium concentration c1 is controlled by the ratio q/k. The parameter q governs the initial rate of evolution. To illustrate the
sensitivity of the calcium transient c to the parameters q and k, we first set q¼0.1, assign different values to the ratio
q=k¼ 0:20;0:25; 0:33;0:50;1, and integrate (6) for c. As depicted in Fig. 4 (left), as the ratio q/k increases, the maximum value
of c increases, too. Since q¼0.1 is kept constant, however, the initial slope of c curves remains unaltered. To demonstrate the
sensitivity of the calcium transient c to the parameter q, we keep the ratio q=k¼ 1 constant and solve (6) for c by setting
q¼ 0:01;0:05;0:1;0:50;1 different values. As shown in Fig. 4 (right), the greater the parameter q gets, the steeper the initial
rate of evolution becomes.

Following Pelce et al. (1995), the active stretch λa is considered to be a function of the normalized intracellular calcium
concentration c through the following relationship:

λa ¼ ξ
1þ f ðcÞðξ�1Þλ

a
max; ð7Þ

where the parameter λamax controls the maximum contraction and the functions f and ξ of the normalized calcium
concentration c are defined as

f cð Þ≔1
2
þ1
π
arctan β ln c

� �
and ξ≔

f ðc0Þ�1
f ðc0Þ�λamax

; ð8Þ

respectively. When c ¼ c0 ¼ 0, these functions take the values f ðc0Þ ¼ 0 and ξ¼ λa�1
max . Inserting these initial values into (7),

we obtain λajt0 ¼ 1. To illustrate the sensitivity of the active stretch λa to the parameters λamax and β, we first set
q=k¼ 1; q¼ 0:1;β¼ 3 and assign different values to λamax ¼ 0:10;0:3:0:5;0:7;0:9, and evaluate (7). As depicted in Fig. 5 (left),
as the λamax increases, the maximum contraction decreases. When we fix q=k¼ 1; q¼ 0:1; λamax ¼ 0:4 and evaluate (7) for
different values of β¼ 0:5;1:5;10;50, however, for increasing β, the active stretch λa curve shifts upward, its shape alters,
and the active stretch λa recovers faster.



Fig. 6. The evolution of the active stress Pa and the passive stress Pp under isometric (left) the isotonic (right) conditions. In the isometric experiment, the
total stretch is fixed to the value λ ¼ 1:2 and the variation of the stresses is observed during the course of action potential. In the isotonic experiment,
however, the total stress is kept constant at P¼1.15 and the stress sharing between the active and passive branches is monitored. The action potential is
generated as described in Fig. 3 with the parameters given therein. For the evolution of the calcium concentration c and the active stretch λa, we used
q¼ 0:1; q=k¼ 1; β¼ 3; and λamax ¼ 0:4. The values of the active and passive moduli in (10) are taken as Ep ¼ Ea ¼ 0:35.

Fig. 5. Sensitivity of the active stretch λa with respect to the material parameters λamax and β, appear in (7). For q¼0.1, q=k¼ 1, and β¼ 3, the evolution of
the active stretch λa for different values of λamax ¼ 0:1;0:3:0:5;0:7, and 0.9 (left). For q¼0.1, q=k¼ 1, and λamax ¼ 0:4, the evolution of the active stretch λa for
different values of β¼ 0:5;1:5;10; and 50 (right). The arrows indicate changes in λa as the values of the respective parameters are increased.
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Having the evolution of the active stretch described, we can now calculate the stress variations for isometric and isotonic
experiments, where the former corresponds to a constant total stretch λ and the latter corresponds to a constant total stress
P. We assume that the active and passive free energy functions have neo-Hookean form

ψ̂ pðλÞ ¼ Ep½λ2þλ�1�3� and ~ψ aðλeÞ ¼ Ea½ðλeÞ2þðλeÞ�1�3� ð9Þ

with Ep and Ea denoting the corresponding moduli. This results in the specific stress expressions through the formulas in (4)

PpðλÞ ¼ Ep½2λ�λ�2� and PaðλeÞ ¼ Ea½2λe�ðλeÞ�2�ðλaÞ�1: ð10Þ

In the isometric experiment, the total stretch is fixed at λ ¼ 1:2 and the variation of the stresses is calculated during the
course of action potential. As depicted in Fig. 6 (left), the depolarization of the active element initiates an active stretch, see
also Fig. 5, which, in turn, brings about an increase in the active stress Pa with a physiological delay. Upon repolarization, the
active stress relaxes back to its resting value. In the isotonic experiment, the total stress is kept constant at P¼1.15 and the
stress sharing between the active and passive elements is computed. As depicted in Fig. 6 (right), the excitation-induced
contraction of the contractile element leads to an increase in the active stress Pa. Upon the repolarization, the active stress
relaxes back to its resting value. Accordingly, the passive stress undergoes reverse changes to keep the total stress constant.
The above-outlined illustrations aim to give the essence of the three-dimensional model, discussed in the upcoming
sections.



S. Göktepe et al. / J. Mech. Phys. Solids 72 (2014) 20–3926
3. Coupled cardiac electromechanics

In this section, we outline the general three-dimensional framework of the coupled electromechanics of the heart.
A coupled initial boundary-value problem of cardiac electromechanics within the mono-domain setting is formulated in
terms of the two primary field variables, namely the placement φðX; tÞ and the transmembrane potential ΦðX; tÞ. While the
latter refers to a potential difference between the intracellular medium and the extracellular medium within the context of
mono-domain formulations of cardiac electrophysiology, see Keener and Sneyd (1998), the former is the non-linear
deformation map, depicted in Fig. 7. Evolution of the primary field variables is governed by two basic field equations: the
balance of linear momentum and the reaction-diffusion-type equation of excitation which are introduced in Section 3.2.

3.1. Kinematics: active-passive decomposition

Let B�R3 denote the reference configuration of an excitable and deformable solid body that occupies the current
configuration S �R3 at time tARþ as shown Fig. 7. Accordingly, material points XAB are mapped onto their spatial
positions xAS through the non-linear deformation map x¼φtðXÞ:B-S at time t. The deformation gradient
F≔∇XφtðXÞ: TXB-TxS acts as the tangent map between the tangent spaces of the respective configurations. The gradient
operator ∇X ½�� denotes the spatial derivative with respect to the reference coordinates X and the Jacobian J≔det F40 is the
volume map.

Inspired by the kinematics of finite plasticity (Kröner, 1960; Lee, 1969) and the recent work by Cherubini et al. (2008), the
deformation gradient is multiplicatively decomposed into the passive part Fe and the active part Fa:

F ¼ FeFa: ð11Þ
Fig. 7. Motion of an excitable and deformable solid body in the Euclidean space R3 through the non-linear deformation map φt ðXÞ at time t. The
deformation gradient F ¼∇Xφt ðXÞ describes the tangent map between the respective tangent spaces. The deformation gradient F is multiplicatively
decomposed into the passive part Fe and the active part Fa with Ba denoting the fictitious, incompatible intermediate vector space.
The multiplicative decomposition of the deformation gradient inherently results in a fictitious, incompatible inter-
mediate vector space Ba where, as opposed to the total deformation gradient F , neither Fe nor Fa is related to a gradient of
any non-linear deformation map, see Fig. 7. The active part of the deformation gradient Fa evolves with the transmembrane
potential Φ and reflects the underlying actively contracting anisotropic architecture of cardiac tissue through its
dependence upon the second-order structural tensors Am;An, and Ak:

Fa ¼ F̂a ðΦ;Am;An;AkÞ: ð12Þ

For an orthotropic contractile material, the active part of the deformation gradient can be expressed as

Fa ¼ 1þðλam�1ÞAmþðλan�1ÞAnþðλak�1ÞAk ð13Þ

where λaα ¼ λ̂
a

αðΦÞ for α¼m;k;n. The compatibility of the overall deformation is then satisfied by the passive part of the
deformation gradient Fe. This is evident from the fact that while Fa is rotation-free with respect to the material directions,
Fe embodies the rotational part.



Fig. 8. Illustration of the mechanical (left) and electrophysiological (right) Dirichlet (essential) and Neumann (natural) boundary conditions. For the
mechanical problem, Dirichlet and Neumann boundary conditions are prescribed on the boundaries ∂Sφ and ∂St , respectively. For the electrical problem,
∂Sϕ and ∂Sh denote the boundaries where the corresponding Dirichlet and Neumann boundary conditions are defined separately. These sub-boundaries
are complementary ∂S ¼ ∂Sφ [ ∂St , ∂S ¼ ∂Sϕ [ ∂Sh and disjoint ∂Sϕ \ ∂Sh ¼∅, ∂Sφ \ ∂St ¼∅.

S. Göktepe et al. / J. Mech. Phys. Solids 72 (2014) 20–39 27
3.2. Governing field equations: strong form

The balance of linear momentum with its following well-known local spatial form:

J div½J�1τ̂ �þB¼ 0 in B ð14Þ
describes the quasi-static stress equilibrium in terms of the Eulerian Kirchhoff stress tensor τ̂ and a given body force B per
unit reference volume. The operator div½�� denotes the divergence with respect to the spatial coordinates x. Note that the
momentum balance depends on both primary field variables, the deformation field and the electrical field, through the
Kirchhoff stress tensor τ̂ , whose particular form is elaborated in Section 5. The essential (Dirichlet) and natural (Neumann)
boundary conditions, see Fig. 8 (left),

φ¼φ on ∂Sφ and t ¼ t on ∂St ; ð15Þ
complete the description of the mechanical problem. Clearly, the surface subdomains ∂Sφ and ∂St fulfill the conditions
∂S ¼ ∂Sφ [ ∂St and ∂Sφ \ ∂St ¼∅. The surface stress traction vector t , defined on ∂St , is related to the Cauchy stress tensor
through the Cauchy stress theorem t≔J�1τ � n where n is the outward surface normal on ∂S.

The second field equation of the coupled problem, the excitation equation

_Φ� J div½J�1q̂�� Î
ϕ ¼ 0 in B ð16Þ

describes the spatio-temporal evolution of the action potential field ΦðX; tÞ in terms of the diffusion term div½J�1q̂� and the
non-linear current term Î

ϕ
. The notation _½��≔D½��=Dt denotes the material time derivative. Within the framework of

FitzHugh–Nagumo-type models of electrophysiology (Fitzhugh, 1961; Nagumo et al., 1962), the current source Î
ϕ
controls

the characteristics of the action potential regarding its shape, duration, restitution, and hyperpolarization along with
another variable, the so-called recovery variable r whose evolution is governed by an additional ordinary differential
equation (5)2. Since the recovery variable r chiefly controls the local repolarization behavior of the action potential, we treat
it as a local internal variable. Similar to the momentum balance (14), the excitation equation is also subject to the
corresponding essential and natural boundary conditions, Fig. 8 (right),

Φ¼Φ on ∂Sϕ and h¼ h on ∂Sh; ð17Þ

respectively. Evidently, the surface subdomains ∂Sϕ and ∂Sh are disjoint, ∂Sϕ \ ∂Sh ¼∅, and complementary,
∂S ¼ ∂Sϕ [ ∂Sh. The electrical surface flux term h in (17)2 is related to the spatial flux vector q̂ through the Cauchy-type
formula h≔J�1q̂ � n in terms of the spatial surface normal n. The transient term in the excitation equation (16) requires an
initial condition for the potential field at t ¼ t0

Φ0ðXÞ ¼ΦðX; t0Þ in B: ð18Þ
Note that the “hat” symbol used along with the terms τ̂ ; q̂, and Î

ϕ
indicates that these variables are dependent on the

primary fields.

3.3. Constitutive equations

The solution of the field equations requires the knowledge of constitutive equations describing the Kirchhoff stress
tensor τ̂ , the potential flux q̂, and the current source Î

ϕ
. Similar to Section 2 and in contrast to the literature (Cherubini et al.,

2008; Ambrosi et al., 2011), we additively decompose the free energy function into the passive part Ψ p and the active part
Ψ a as similarly established in the modeling of electroactive polymers, see e.g. Ask et al. (2012a,b)

Ψ ¼ Ψ̂
pðg; FÞþΨ̂

aðg; FeÞ ð19Þ



S. Göktepe et al. / J. Mech. Phys. Solids 72 (2014) 20–3928
where the former depends solely on the total deformation gradient, while the latter depends on the elastic part of the
deformation gradient, thus both on the deformation and on the potential. This additive form results in the decoupled stress
response

τ ¼ τ̂pðg; FÞþ τ̂ aðg; FeÞ ð20Þ
where the Kirchhoff stress tensor is obtained by the Doyle–Ericksen formula τ≔2∂gΨ and the elastic part of the deformation
gradient is obtained as Fe ¼ FFa�1 from (11). Since the formulation is laid out in the Eulerian setting, the current metric g is
explicitly included in the arguments of the constitutive functions. For detailed background information on the formulation
of anisotropic elasticity in terms of the Eulerian quantities the reader is referred to Menzel and Steinmann (2003b), while
the multiplicative decomposition with application to anisotropic plasticity is addressed in Menzel and Steinmann (2003a)
and the modeling of anisotropic growth is discussed in Menzel (2007).

The potential flux q̂ is assumed to depend linearly on the spatial potential gradient ∇xΦ

q̂ ¼Dðg; FÞ �∇xΦ ð21Þ
through the deformation-dependent anisotropic spatial conduction tensor Dðg; FÞ that governs the conduction speed of the
non-planar depolarization front in three-dimensional anisotropic cardiac tissue.

The last constitutive relation, which describes the electrical source term of the Fitzhugh–Nagumo-type excitation

equation (16), is additively decomposed into the excitation-induced purely electrical part Î
ϕ
e ðΦ; rÞ and the stretch-induced

mechano-electrical part Î
ϕ
mðg; F;ΦÞ; that is,

Î
ϕ ¼ Î

ϕ
e ðΦ; rÞþ Î

ϕ
mðg; F;ΦÞ: ð22Þ

The former describes the effective current generation due to the inward and outward flow of ions across the cell membrane.
This ionic flow is triggered by a perturbation of the resting potential beyond some physical threshold upon the arrival of the
depolarization front. The latter, however, incorporates the opening of ion channels under the action of deformation, see Kohl
et al. (1999).

Apart from the primary field variables, the recovery variable r, which describes the repolarization response of the action
potential, appears among the arguments of Î

ϕ
e in (22). The evolution of the recovery variable r chiefly determines the local

shape and duration of the action potential inherent to each cardiac cell and may change throughout the heart. For this
reason, evolution of the recovery variable r is commonly modeled by a local ordinary differential equation _r ¼ î

rðΦ; rÞ as in
(5)2. From an algorithmic point of view, the local nature of this evolution equation allows us to treat the recovery variable as
an internal variable. This is one of the key features of the proposed formulation that preserves the modular global structure
of the field (Göktepe and Kuhl, 2009, 2010; Göktepe et al., 2010; Dal et al., 2012, 2013; Wong et al., 2011, 2013).

4. Finite element formulation of the coupled cardiac electromechanics

In this section, we construct the weak integral forms of the strong non-linear field equations of the coupled electromechanical
problem (14) and (16) introduced in the preceding section and linearize them consistently in the Eulerian setting. To this end, the
placement φðX; tÞ and potential ΦðX; tÞ fields are discretized to transform the continuous integral equation for the non-linear
weighted residual and for the Newton-type update into a set of coupled, discrete algebraic equations. The resulting set of algebraic
equations is then solved monolithically and iteratively for the nodal degrees of freedom.

4.1. Weak formulation

To construct the weak forms of the governing field equations, we multiply the residual equations (14) and (16) by the
square-integrable weight functions δφAU0 and δΦAV0 that satisfy the essential boundary conditions δφ¼ 0 on ∂Sφ and
δΦ¼ 0 on ∂Sϕ. The weighted residual equations are then integrated over the solid volume. Integrating by parts, we obtain
the following weighted residual expressions for the balance of linear momentum (14):

Gφðδφ;φ;ΦÞ ¼ Gφ
intðδφ;φ;ΦÞ�GφextðδφÞ ¼ 0 ð23Þ

and for the reaction-diffusion equation (16):

GϕðδΦ;φ;ΦÞ ¼ Gϕ
intðδΦ;φ;ΦÞ�Gϕ

extðδΦ;φ;ΦÞ ¼ 0: ð24Þ
Explicit forms of the internal Gφ

int and external Gφ
ext residual terms in (23) are defined as

Gφ
intðδφ;φ;ΦÞ≔

Z
B
∇xðδφÞ: τ̂ dV ; Gφ

extðδφÞ≔
Z
B
δφ � B dVþ

Z
∂St

δφ � t da; ð25Þ

where the body force B and the surface traction t are assumed to be given. Analogously, the following expressions for Gϕ
int

and Gϕ
ext are given as

Gϕ
intðδΦ;φ;ΦÞ≔

Z
B
ðδΦ _Φþ∇xðδΦÞ � q̂Þ dV ; Gϕ

extðδΦ;φ;ϕÞ≔
Z
B
δΦÎ

ϕ
dVþ

Z
∂Sh

δΦh da; ð26Þ
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respectively. The surface flux h is prescribed as a natural boundary condition through (17)2. Unlike the mechanical external

residual Gφext in (25)2, the electrical external residual Gϕ
ext depends explicitly upon the field variables. We discretize the time

space T ≔½0; t� into nstp divisions such that T ¼⋃nstp �1
n ¼ 0 ½tn; tnþ1�. We denote the time increment as Δt≔t�tn and omit the

subscript “nþ1” for the sake of conciseness. We then use the implicit Euler scheme to compute the time derivative of the
potential Φ at time t

_Φ � ðΦ�ΦnÞ=Δt ð27Þ

with Φn≔ΦðX; tnÞ. Using this finite difference approximation for _Φ in (26)1 we end up with the following algorithmic form:

Gϕ;algo
int δΦ;φ;Φ

� �¼ Z
B

δΦ
Φ�Φn

Δt
þ∇x δΦ

� � � q̂� �
dV : ð28Þ

Next, we carry out the consistent linearization for the algorithmic solution.

4.2. Consistent algorithmic linearization

The geometric and material non-linearities in the weighted residual equations (23) and (24) arise from the spatial
gradient operators and the non-linear constitutive equations introduced in Section 3.3. Since we propose to adopt a
monolithic solution scheme in the proposed formulation, the simultaneous solution of these coupled equations requires
utilization of Newton-type iterative methods within the context of the implicit finite element method. For this purpose, the
weighted residuals (23) and (24) are consistently linearized with respect to the field variables about an intermediate
iteration step where the field variables take the values ~φ and ~Φ.

Lin Gφðδφ;φ;ΦÞ ~φ ; ~Φ≔Gφðδφ; ~φ; ~ΦÞþΔGφðδφ; ~φ; ~Φ;Δφ;ΔΦÞ ¼ 0;
���

Lin GϕðδΦ;φ;ΦÞ ~φ ; ~Φ≔GϕðδΦ; ~φ; ~ΦÞþΔGϕðδΦ; ~φ; ~Φ;Δφ;ΔΦÞ ¼ 0:
��� ð29Þ

Analogous to (23) and (24), the incremental terms ΔGφ and ΔGϕ can be expressed as

ΔGφ ¼ΔGφ
int�ΔGφ

ext and ΔGϕ ¼ΔGϕ
int�ΔGϕ

ext: ð30Þ
We start with deriving the increment ΔGφ

int according to (25)1

ΔGφ
int ¼

Z
B
Δð∇xðδφÞÞ: τ̂þ∇xðδφÞ:Δτ̂ dV : ð31Þ

Linearization of the non-linear terms in (31) yields

Δð∇xðδφÞÞ ¼ �∇xðδφÞ∇xðΔφÞ and Δτ̂ ¼ dΔφτ̂þ∇xðΔφÞτ̂þ τ̂∇T
x ðΔφÞþCφϕΔΦ; ð32Þ

where dΔφτ̂ denotes the objective Lie derivative along the increment Δφ. The latter can be expressed as

dΔφτ̂ ¼Cφφ: 12 dΔφg ¼Cφφ: g∇x Δφ
� �� � ð33Þ

in terms of the Lie derivative of the current metric dΔφg ¼ g∇xðΔφÞþ∇T
x ðΔφÞg. The fourth-order spatial tangent moduli Cφφ

in (33) and the sensitivity of the Kirchhoff stresses to the action potential Cφϕ introduced in (32)2 are defined as

Cφφ≔2∂g τ̂ ðg; F;ΦÞ and Cφϕ≔∂Φτ̂ ðg; F;ΦÞ; ð34Þ
respectively. Incorporating the results (32) along with (33) and (34) in (31), we arrive at the following expression:

ΔGφ
int ¼

Z
B
∇xðδφÞ:Cφφ: ðg∇xðΔφÞÞ dVþ

Z
B
∇xðδφÞ: ð∇xðΔφÞτ̂ Þ dVþ

Z
B
∇xðδφÞ:CφϕΔΦ dV ; ð35Þ

where the three integral terms on the right-hand side illustrate the existing nonlinearities arising from the entirely
mechanical material response, from the geometry, and from the coupled electromechanical stress response, respectively.
Because the body force B and the traction boundary conditions t in (25)2 are given and assumed to represent dead loads, the
external mechanical term vanishes identically ΔGφ

ext ¼ 0 such that ΔGφ �ΔGφ
int.

By using the explicit algorithmic form of Gϕ
int in (28), the increment ΔGϕint can be expressed as

ΔGϕ
int ¼

Z
B
δΦ

ΔΦ
Δt

þΔ ∇xδΦ
� � � q̂þ∇x δΦ

� � �Δq̂ dV : ð36Þ

Akin to (32)1, the linearization of ∇xðδΦÞ becomes Δð∇xðδΦÞÞ ¼ �∇xðδΦÞ∇xðΔφÞ. Based on the functional definition of the
spatial potential flux q̂ in (21), we obtain

Δq̂ ¼ dΔφq̂þ∇xðΔφÞ � q̂þD̂ � ∇xðΔΦÞ ð37Þ
where dΔφq̂ denotes the incremental Lie derivative of the potential flux q̂ and is defined as

dΔφq̂ ¼ Cϕφ: 12 dΔφg ¼ Cϕφ: g∇x Δφ
� �� �

: ð38Þ



S. Göktepe et al. / J. Mech. Phys. Solids 72 (2014) 20–3930
The second-order deformation-dependent conduction tensor D̂ and the third-order mixed moduli Ĉϕφ
, introduced in (37)

and (38), are defined as

D̂≔∂∇xΦq̂ðg; F;ΦÞ and Ĉϕφ
≔2∂gq̂ðg; F;ΦÞ: ð39Þ

Making use of the result (37) and the definitions (38) and (39) in (36), we obtain

ΔGϕ
int ¼

Z
B
δΦ

ΔΦ
Δt

dVþ
Z
B
∇x δΦ

� � � D̂ � ∇x ΔΦ
� �

dVþ
Z
B
∇x δΦ

� � � Cϕφ: g∇x Δφ
� �� �

dV : ð40Þ

Observe that as opposed to Gφ
ext, the external term Gϕ

ext in (24) depends non-linearly on the field variables through the
source term Î

ϕðg; F;ΦÞ introduced in (22). For a given h on ∂Sh, the following expression is obtained for the incremental
external electrical residual:

ΔGϕ
ext≔

Z
B
δΦΔÎ

ϕ
dV : ð41Þ

In the Eulerian setting, the linearization of the function Î
ϕ
yields

ΔÎ
ϕ ¼H: ðg∇xðΔφÞÞþHΔΦ ð42Þ

where the tangents H and H are defined as

H≔2∂g Î
ϕðg; F;ΦÞ and H≔∂Φ Î

ϕðg; F;ΦÞ; ð43Þ

respectively. Recalling the additive split introduced in (22), the scalar tangent term H can be expressed as

H¼HeþHm with He≔∂Φ Î
ϕ
e and Hm≔∂Φ Î

ϕ
m: ð44Þ

Substituting the results (42) and (43) into (41), we obtain the external electrical increment

ΔGϕ
ext ¼

Z
B
δΦðH: ðg∇xðΔφÞÞþHΔΦÞ dV : ð45Þ

The last expression concludes the consistent linearization of the residual integrals within the continuous spatial setting.
In what follows, we discretize the governing equations in space to obtain the discrete algebraic counterparts of the residual
expressions (25) and (26).

4.3. Spatial discretization

By following the conventional isoparametric Galerkin procedure, we approximate the continuous integral equations of
the weak forms (23) and (24). For this purpose, we discretize the domain of interest B into element subdomains Bh

e such that
B� Bh ¼⋃nel

e ¼ 1B
h
e where nel is the total number of elements. The primary fields and the associated weight functions are

interpolated over each element domain through the corresponding discrete nodal values and C0 shape functions

δφh
e ¼ ∑

nen

i ¼ 1
Niδxei and δΦh

e ¼ ∑
nen

k ¼ 1
NkδΦe

k;

φh
e ¼ ∑

nen

j ¼ 1
Njxej and Φh

e ¼ ∑
nen

l ¼ 1
NlΦe

l ; ð46Þ

where nen refers to the number of nodes per element. Based on the discretization (46), the spatial gradients of the weight
functions are obtained as

∇xðδφh
e Þ ¼ ∑

nen

i ¼ 1
δxei 	 ∇xN

i and ∇xðδΦh
e Þ ¼ ∑

nen

k ¼ 1
δΦe

k ∇xN
k: ð47Þ

Analogously, the spatial gradients of the incremental fields become

∇xðΔφh
e Þ ¼ ∑

nen

j ¼ 1
Δxej 	 ∇xN

j and ∇xðΔΦh
e Þ ¼ ∑

nen

l ¼ 1
ΔΦe

l ∇xN
l: ð48Þ

Inserting the discretized representations (46) and (47) into (23) and (24), we end up with the discrete residual vectors:

Rφ
I ¼Anel

e ¼ 1

Z
Bh
e

∇xN
i � τ̂ dV�

Z
Bh
e

NiB dV�
Z
∂Se

t

Nit da

( )
¼ 0;

RϕJ ¼A
nel
e ¼ 1

Z
Bh
e

NjΦ�Φn

Δt
þ∇xN

j � q̂
� �

dV�
Z
Bh
e

Nj Î
ϕ
dV�

Z
∂Se

h

Nj h da

( )
¼ 0: ð49Þ
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Likewise, substituting the discretizations (46), (47) and (48) into (31), (40) and (45), respectively, we obtain the discrete
tangent matrices:

Kφφ
IJ ¼Anel

e ¼ 1

Z
Bh
e

∇xN
i � Ĉφφ �∇xN

jþð∇xN
i � τ̂∇xN

jÞg dV

( )
;

Kφϕ
IL ¼Anel

e ¼ 1

Z
Bh
e

ð∇xN
i � ĈφϕÞNl dV

( )
;

Kϕφ
KJ ¼A

nel
e ¼ 1

Z
Bh
e

ð∇xN
k � Ĉϕφ � ∇xN

jÞg dV�
Z
Bh
e

ðNkðH∇xN
jÞg dV

( )
;

Kϕϕ
KL ¼Anel

e ¼ 1

Z
Bh
e

Nk 1
Δt

Nlþ ∇xN
k � D̂∇xN

l
� �

dV�
Z
Bh
e

NkHNl dV

( !
: ð50Þ

The operator A stands for the global assembly of element contributions at the local element nodes i; j; k; l¼ 1;…;nen to
the global residuals at the global nodes I; J;K ; L¼ 1;…;nnd of a mesh with nnd nodes.

5. Model problem: specific constitutive equations

In this section, we explore the specific forms of the constitutive equations for the current source Î
ϕ
(22), the Kirchhoff

stress tensor τ̂ (20), the evolution of the active part of the deformation gradient Fa (12), and the potential flux q̂ (21). In
addition, the algorithmic update operations and the derivation of the associated tangents required for the implicit finite
element analysis of initial-boundary-value problems are set out.

5.1. Current source

In phenomenological electrophysiology, it is common to set up the governing equations and parameters in the
dimensionless space. Clearly, this necessitates the appropriate conversion formulas. We use the following relationships to
convert the dimensionless transmembrane potential ϕ and the dimensionless time τ to their physical counterparts

Φ¼ βϕϕ�δϕ and t ¼ βtτ: ð51Þ

Accordingly, the dimensionless potential ϕ is related to the physical transmembrane potential Φ through the factor βϕ and
the potential difference δϕ, which are both in millivolts (mV). Likewise, the dimensionless time τ is transformed into the
physical time t by scaling it with the factor βt in milliseconds (ms). We may thenwrite the following conversion expressions:

Î
ϕ ¼ βϕ

βt
î
ϕ
; H ¼ βϕ

βt
h and H¼ 1

βt
H ð52Þ

between the physical source term Î
ϕ

in (16) and the normalized source term î
ϕ
in (5) and between the tangent terms

defined in (43) and their dimensionless counterparts h≔2∂g î
ϕ
and H≔∂ϕ î

ϕ
.

The additive split of Î
ϕ

introduced in (22) Section 3.3, along with (52)1 implies the equivalent decomposition of

î
ϕ ¼ î

ϕ
e þ î

ϕ
m into the purely electrical part î

ϕ
e and the stretch-induced mechano-electrical part î

ϕ
m. This also leads to the

dimensionless counterpart of (44)

H¼HeþHm with He≔∂ϕ î
ϕ
e ; Hm≔∂ϕ î

ϕ
m: ð53Þ

Similar to Section 2, we use the celebrated two-parameter model of Aliev and Panfilov (1996), which favorably captures the
characteristic shape of the action potential in excitable ventricular cells, see Fig. 3,

î
ϕ
e ¼ cϕðϕ�αÞð1�ϕÞ�rϕ ð54Þ

where c;α are material parameters. In this model, the evolution of the recovery variable r is driven by the specific source
term

î
r ¼ γþ μ1r

μ2þϕ

	 

�r�cϕ ϕ�b�1

� �� �
: ð55Þ

In the algorithmic setting, the recovery variable r is locally stored as an internal variable at each integration point and we use
the backward Euler integration scheme to update the current value of r within a typical time step Δτ, (Göktepe and Kuhl,
2009, 2010). Since the source î

r
in (55) is non-linear, we introduce the residual

Rr ¼ r�rn�Δτf̂
rðϕ; rÞ60; ð56Þ
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which we solve iteratively. Linearization of (56) leads us to the following local update equation:

r’r�Rr=Crr ; ð57Þ
with the scalar local tangent

Crr≔∂rRr ¼ 1þΔτ γþ μ1

μ2þϕ

� �
2rþcϕ ϕ�b�1

� �� �	 

:

Calculation of the modulus He, defined in (53)2, necessitates the knowledge of the derivative of the recovery variable r with
respect to the action potential ϕ. This derivative can be calculated based on the persistency condition
dϕR

r ¼ ∂ϕR
rþ∂rRr dϕr60. We then obtain dϕr¼ �ðCrrÞ�1Crϕ, where Crϕ is defined as

Crϕ≔∂ϕR
r ¼Δτ γþ μ1r

μ2þϕ

	 

c 2ϕ�b�1
� �� μ1r

½μ2þϕ�2 rþcϕ ϕ�b�1
� �� �" #

: ð58Þ

We can then evaluate the tangent modulus:

He ¼ c½�3ϕ2þ2½1þα�ϕþα��r�ϕ dϕr; ð59Þ
and convert it into its physical counterpart He ¼He=βt by using (52)3. We summarize the local Newton iteration for the
update of the internal variable r and subsequent computation of the corresponding source term î

ϕ
e and its linearization dϕ î

ϕ

in Table 1.
Table 1
Local Newton update of the internal variable r.

Given are rn and Φ

(i) Calculate ϕ¼ ðΦþδϕÞ=βϕ (51)1
(ii) Set r’rn
(iii) Compute Rr (56) and Crr (57)
(iv) Update recovery r’r�ðCrrÞ�1Rr

(v) Check if jRr jo tol, if no goto (iii), continue otherwise
(vi) Update history for rn
(vii) Compute Crϕ and dϕr (58)
(viii) Compute î

ϕ

e (54) and He (53)2
(ix) Compute Î

ϕ

e ¼ βϕ
βt
î
ϕ

e and He ¼ βϕ
βt
He from (52)2
For the stretch-induced current generation î
ϕ
m, we adopt the formula proposed by Panfilov et al. (2005) and Keldermann

et al. (2007)

î
ϕ
m ¼ϑGsðλ�1Þðϕs�ϕÞ ð60Þ

where Gs and ϕs denote the maximum conductance and the resting potential of the stretch-activated channels, respectively.
The variable λ≔

ffiffiffiffiffiffiffi
I4m

p
is the stretch in the fiber direction and the invariant I4m is defined in (64)2. This contribution to the

current source term represents the stretch-induced action of ion channels and is active only when myofibers are under
tension. This condition is enforced through the coefficient ϑ, which is ϑ¼ 1 if I4m41, ϑ¼ 0 otherwise. The tangent terms
Hm, h can be immediately obtained as

Hm ¼ϑGsðλ�1Þ and h¼ϑGsðϕ�ϕsÞλ
�1

m; ð61Þ

and converted to their counterparts Hm and H (44) and (43), through the conversion rules given in (52).
5.2. Passive stress response

The ventricular myocardium can be conceived as a continuum with a hierarchical anisotropic architecture where uni-
directionally aligned muscle fibers are interconnected in the form of sheets. These approximately four-cell-thick sheets that
are loosely connected by perimysial collagen can easily slide along each other while being stiffest in the direction of the
large coiled perimysial fibers aligned with the long axes of the cardiomyocytes, as depicted in Fig. 9. This heterogeneous but
well-organized architecture is of fundamental importance for the successful transduction of the essentially one-dimensional
excitation-contraction of individual cardiac cells to the overall pumping function of the heart. It is thus critical that the
constitutive equations describing the passive and active tissue stress response, as well as the one controlling the
conductivity, have to account for this inherently anisotropic micro-structure.

For the passive response of myocardium (19), we employ the orthotropic model of hyperelasticity proposed by Holzapfel
and Ogden (2009), see also Göktepe et al. (2011) for its three-dimensional algorithmic finite element implementation and its
extension to compressible hyperelasticity. The specific form of this model can be expressed through the following free



Fig. 9. Anisotropic architecture of the myocardium. The orthogonal unit vectors f 0 and s0 designate the preferred fiber and sheet directions in the
undeformed configuration, respectively. The third direction n0 is orthogonal to the latter by its definition n0≔ðf 0 
 s0Þ=jf 0 
 s0j.
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energy function:

Ψ̂
pðg; F;M;N;KÞ ¼UðJÞþ ~Ψ ðI1; I4m; I4n; I4kÞ ð62Þ

where U(J) is the purely volumetric part depending on the volume map J≔detðFÞ and the orthotropic part is denoted by
~Ψ ðI1; I4m; I4n; I4kÞ. The latter is defined as

~Ψ I1; I4m; I4n; I4kð Þ ¼ a1
2b1

exp b I1�3ð Þ� �þ ∑
i ¼ m;n

ai
2bi

fexp biðI4i�1Þ2
h i

�1gþ ak
2bk

exp bkI
2
4k

� �
�1

h i
ð63Þ

in terms of the material parameters a1; b1; am;bm; an; bn; ak; bk and the invariants I1; I4m; I4n, and I4k

I1≔g:b; I4m≔g:m; I4n≔g:n; and I4k≔g:k: ð64Þ
where b≔FG�1FT denotes the left Cauchy–Green tensor, defined as the push-forward of the inverse reference metric G�1.
The Eulerian structural tensors m;n, and k are defined as the push-forward of the Lagrangian structural tensors

m≔FMFT ; n≔FNFT ; and k≔FKFT ; ð65Þ
and the Lagrangian structural tensors

M≔f 0 	 f 0; N≔s0 	 s0; K≔symðf 0 	 s0Þ ð66Þ
reflect the underlying orthotropic micro-structure of the myocardium through the vectors f 0 and s0 that denote the
preferred fiber and sheet directions of the material micro-structure in the undeformed configuration as depicted in Fig. 9.
The explicit form of the passive Kirchhoff stress tensor τ̂p and the corresponding passive tangent moduli Cp can be readily
obtained through the Doyle–Ericksen (1956) formula:

τ̂pðg; FÞ ¼ Jp̂g�1þ ~τpðg; FÞ ð67Þ
where the orthotropic part of the passive stress is defined as ~τpðg; FÞ≔2∂g ~Ψ and p̂≔U0ðJÞ ¼ dU=dJ. With the definitions of the
invariants (64), the orthotropic part of the passive Kirchhoff stress tensor can be written as

~τpðg; FÞ ¼ 2Ψ 1bþ2Ψ 4mmþ2Ψ 4nnþ2Ψ 4kk ð68Þ
where the deformation-dependent scalar stress coefficients Ψ 1;Ψ 4m;Ψ 4n, and Ψ 4k are the scalar derivatives of the passive
free energy (63) with respect to the invariants

Ψ 1≔∂I1
~Ψ ¼ a1

2
exp b1 I1�3ð Þ� �

;

Ψ 4m≔∂I4m
~Ψ ¼ amðI4m�1Þ exp½bmðI4m�1Þ2�;

Ψ 4n≔∂I4n
~Ψ ¼ anðI4n�1Þ exp½bnðI4n�1Þ2�;

Ψ 4k≔∂I4k
~Ψ ¼ akI4k exp½bkI24k�: ð69Þ

Analogously, the passive part of the Eulerian tangent moduli can be expressed as

Cp ¼ Jðp̂þ Jκ̂Þg�1 	 g�1�2Jp̂Ig � 1 þ ~C
p ð70Þ

in terms of the volumetric modulus κ̂≔U″ðJÞ ¼ d2UðJÞ=dJ2, the fourth order identity tensor Ig � 1≔�∂gg�1, and the
orthotropic part of the passive moduli ~C

p
≔2∂g ~τp. The specific form of the anisotropic Kirchhoff stresses ~τp in (68) defines

the following anisotropic part of the passive moduli ~C
p
:

~C
p ¼ 4Ψ 0

1b 	 bþ4Ψ 0
4mm 	 mþ4Ψ 0

4nn 	 nþ4Ψ 0
4kk 	 k ð71Þ

in terms of the second derivatives of the free energy ~Ψ with respect to the invariants

Ψ 0
1≔∂I1

~Ψ 1; Ψ 0
4m≔∂I4mΨ 4m; Ψ 0

4n≔∂I4nΨ 4n; and Ψ 0
4k≔∂I4kΨ 4k: ð72Þ
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5.3. Active stress and active contraction

For the active part of the free energy function (19), we assume the following transversely isotropic function:

Ψ a g; Fe; ~M
� �

¼ 1
2
ηðIe4m�1Þ2 ð73Þ

in terms of the active modulus η and the invariant Ie4m≔g:me with me≔Fe ~MFeT . Here, we have introduced the structural
tensor ~M≔ ~f 0 	 ~f 0 in the intermediate space Ba (Fig. 7) in terms of ~f 0≔ðFaf 0Þ=‖Faf 0‖ATXBa. This leads us to the active part
of the Kirchhoff stress tensor (20)

τ̂ aðg; Fe; ~M Þ ¼ 2ηðIe4m�1Þme ð74Þ
and the active part of the Eulerian tangent moduli

Ca ¼ 4ηme 	 me: ð75Þ
such that Cφφ ¼CpþCa. To calculate the active stress tensor τ̂ a we need to know the elastic part of the deformation
gradient, which depends on the active part of the deformation gradient. Here we assume that Fa implicitly depends on the
transmembrane potential Φ through the following ansatz:

Fa≔1þðλ̂aðcÞ�1ÞM: ð76Þ
We can then express the elastic part of the deformation gradient through Fe ¼ FFa�1 yielding the following closed-form
expression:

Fe ¼ F�½1�ðλ̂aðcÞÞ�1�Ff 0 	 f 0: ð77Þ
The sensitivity of the active stress tensor τ̂ a to the transmembrane potential Cφϕ in (34)2 depends on the derivative of the

active stretch λ
aðcÞ and through the normalized calcium concentration c implicitly on the transmembrane potential Φ. For

this purpose, the evolution equation of the normalized calcium concentration c in (6) is integrated locally by using the
implicit Euler scheme for the current value of c within a typical time step Δτ:

c ¼ ðcnþΔτqϕÞ=ð1þΔτkÞ: ð78Þ
The derivative dλa=dΦ can be expressed as

dλa

dΦ
¼ ðξ�1�1ÞðλaÞ2f 0ðcÞ

λamax

" #
Δτq

1þΔτk

� �
β�1
ϕ : ð79Þ

where f 0ðcÞ denotes the total derivative of the function f ðcÞ in (8)1 with respect to the calcium concentration. Inserting the
derivative (79) into (34)2, we obtain

Cφϕ ¼ 4ηðλaÞ�1dλ
a

dΦ
1�2Ie4m
� �

me: ð80Þ

5.4. Spatial potential flux

We have already introduced the spatial potential flux q̂ in (21) as a function of the conduction tensor D and the potential
gradient ∇xΦ. For the model problem, we decompose the second-order conduction tensor D into isotropic and anisotropic
parts

D¼ disog�1þdanim ð81Þ
in terms of the scalar conduction coefficients diso and dani, where the latter accounts for the faster conduction along the
myofiber directions.
Table 2
Material parameters of the specific model.

Parameter Description Equation

a1 ;b1 Isotropic passive stress response (63)
am ; bm ; an;bn; ak ; bk Anisotropic passive stress response (63)
η Active stress response (73)
q; k; β; λamax Evolution of active contraction (7, 8)
α; b; c Dynamics of the AP model (54) and (55)
γ; μ1 ; μ2 Restitution properties (54) and (55)
Gs;ϕs Stretch-induced excitation (60)
diso; dani Conduction speed (81)



Fig. 10. The geometry and discretization of a generic heart model generated by truncated ellipsoids. All dimensions are in millimeters (left). The position-
dependent orientation of the myofibers f 0ðXÞ (middle) and the sheets s0ðXÞ (right) in B.
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Note that the material parameters of the specified model problem are summarized in Table 2 along with their
constitutive descriptions and the equation numbers where they appear.

6. Numerical example: excitation-contraction of the heart

This section is devoted to the coupled electromechanical analysis of a biventricular generic heart model that favorably
illustrates the main physiological features of the overall response of the heart. The solid model of a biventricular generic
heart is constructed by means of two truncated ellipsoids as suggested by Sermesant et al. (2005) and Göktepe and Kuhl
(2010). The generic heart model whose dimensions and spatial discretization are depicted in Fig. 10 (left) is discretized into
13,348 four-node coupled tetrahedral elements connected at 3059 nodes. Fig. 10 (middle) illustrates the heterogeneous
orientation of the fiber direction f 0 varying gradually from �701 in the epicardium to þ701 in the endocardium. The
position-dependent orientation of sheets, in which the myofibers are organized as schematically shown in Fig. 9, is depicted
in Fig. 10 (right). Displacement degrees of freedom on the top base surface are restrained and the whole surface of the heart
is assumed to be flux-free.
Table 3
Values of the material parameters used the analysis.

Stress response a1 ¼ 0:496 kPa; b1 ¼ 7:209 ½��; am ¼ 15:193 kPa,
bm ¼ 20:417 ½��; an ¼ 3:283 kPa;bn ¼ 11:176 ½��,
ak ¼ 0:662 kPa; bk ¼ 9:466 ½��; η¼ 30 kPa

Active contraction q¼ 0:1 ½��; k¼ 0:1 ½��; β¼ 10 ½��; λamax ¼ 0:3 ½��
Excitation α¼ 0:01 ½��; b¼ 0:15 ½��; c¼ 8½��

γ ¼ 0:002 ½��; μ1 ¼ 0:2 ½��; μ2 ¼ 0:3½��
Gs ¼ 0 ½��;ϕs ¼ 0:6½��

Conduction diso ¼ 1 mm2=ms;dani ¼ 0:1 mm2=ms
The values of the material parameters used in the coupled analysis of the generic heart model are given in Table 3. Note
that the parameters governing the electrical excitation and the active contraction are dimensionless. This is consistent with
the non-dimensional setting introduced through the conversion formulas (51) and (52). In the conversion, we use the
factors βϕ ¼ 100 mV, δϕ ¼ �80 mV and βt ¼ 12:9 ms. These are calibrated to obtain the physiological action potential
response ranging from �80 mV to þ20 mV as suggested in Aliev and Panfilov (1996).

The material parameters controlling the passive stress response have been obtained by fitting the passive shear
experiments on pig hearts by Dokos et al. (2002), see also Göktepe et al. (2011) for details of the parameter identification.
The active stress and active contraction parameters have been calibrated to generate about 50% volume reduction during
systole. The parameters governing the electrical excitation have been adopted from Kotikanyadanam et al. (2010). The
conduction parameters have been calibrated to limit the total simulation time to nearly 450 ms, which corresponds to the
duration of the systolic phase and the part of the diastolic phase of the heart beat. For the sake of simplicity, we neglect the
mechano-electrical coupling term by setting Gs ¼ 0 in our numerical analysis. The initial transmembrane potential
throughout the model is set to the resting value Φ0 ¼ �80 mV except for the nodes located at the top base of the dividing
wall, the septum. The elevated initial value Φ0 ¼ �10 mV of the transmembrane potential is assigned to the nodes in this
region to trigger the excitation of the heart. We have used a uniform step size of Δt ¼ 3 ms throughout the analysis.



Fig. 11. Coupled excitation-induced contraction of the generic heart model. Snapshots of the deformed model depict the action potential contours at
different stages of depolarization. The lines denote the spatial orientation f of contractile myofibers (first row). The two cross-sectional slices in the
translucent images in the second row favorably demonstrate the wall thickening and the twisting motion of the heart. The panels in the third and fourth
rows illustrate the active τaff and passive τpff stress components in the deformed fiber directions, respectively.
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The results of the numerical calculations have been depicted in Fig. 11 for the systolic contraction phase and in Fig. 12 for
the diastolic relaxation phase. The snapshots taken at different instants of the simulation and depicted in the first and
second rows of Figs. 11 and 12 illustrate the action potential contours in the solid model and the two cross-sectional slices,
respectively. The excitation at the top of the septum generates a depolarization front, which travels from the location of
stimulation throughout the entire heart, initiating the contraction of the myocytes, see the snapshots in Fig. 11. We observe



Fig. 12. Coupled excitation-induced contraction of the generic heart model. Snapshots of the deformed model depict the action potential contours at
different stages of repolarization. The lines denote the spatial orientation f of contractile myofibers (first row). The two cross-sectional slices in the
translucent images in the second row favorably demonstrate the wall thickening and the twisting motion of the heart. The panels in the third and fourth
rows illustrate the active τaff and passive τpff stress components in the deformed fiber directions, respectively.
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that the contraction of myocytes gives rise to the upward motion of the apex. This upward motion is accompanied by the
physiologically observed wall thickening and the overall twisting of the heart. To appreciate these phenomena better,
the two cross-sectional slices are presented in the complementary images shown in the second rows of Figs. 11 and 12.
Undoubtedly, it is the heterogeneous distribution of myocyte orientation that yields this physiological response through the
non-uniform contraction of myofibers. Apart from the action potential contours depicted in the first and second rows
of Figs. 11 and 12, the panels in the third and fourth rows of Figs. 11 and 12 illustrate the active τaff and passive τpff stress
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components in the deformed fiber directions, respectively. Comparing the active stress (third rows) and the passive stress
(fourth rows) contours with the excitation contours (first rows), we observe the physiological delay in contraction during
systole (Fig. 11) and in relaxation during diastole (Fig. 12). Moreover, we also note that the active fiber stresses are
predominantly tensile, while the passive stresses are mostly compressive. As expected, stresses concentrate at base where
the displacement degrees of freedom are restrained. Since we do not account for the ventricular pressure evolution within
the chambers, the passive stress response is mainly restricted to compression. The incorporation of the ventricular pressure
within the chambers might result in the tensile passive stress regions especially during diastole.

7. Concluding remarks

In this contribution, we have proposed a micro-structurally based new kinematic and energetic approach to cardiac
electromechanics that combines the active-stress and the active-strain models under a unified framework. Hence, the
proposed formulation can be considered as generalization of the active-stress and active-strain models where the pros of
the distinct approaches have been incorporated. For this purpose, the deformation gradient has been multiplicatively
decomposed into the active and passive parts. The active part of the deformation gradient has been considered to be
dependent upon the intracellular calcium concentration that is assumed to evolve with the transmembrane potential
through an ordinary differential equation. Thus, the calcium concentration enters the formulation as an internal variable.
Moreover, the intrinsically anisotropic, active micro-structure of cardiac tissue has been incorporated through the
anisotropic representation of the active part of the deformation gradient. In contrast to the active-strain models suggested
in the literature, stress-producing free energy function has been additively decomposed into passive and active parts
thereby recovering the additively split stress representation of the active-stress models. In this context, the proposed
formulation can be conceived as the generalization of the active-stress and active-strain models hitherto suggested in the
literature. As opposed to the most of the models of cardiac electromechanics where the operator splitting methods have
been devised, the proposed constitutive model has been numerically treated within the recently proposed, fully implicit,
entirely finite-element-based coupled framework. It has been shown that the proposed formulation can be successfully used
to simulate the fully coupled three-dimensional excitation-contraction of a generic heart model. With only minor, modular
modifications in the particular mechanism of excitation and the muscle organization, our generalized Hill model is broadly
applicable to simulate not only cardiac muscle but also smooth muscle and skeletal muscle. Calibrated kinematically
through actin–myosin cross bridging, the proposed model can provide fundamental insight into dysregulated excitation-
contraction coupling in various diseases such as gastrointestinal track disorders, vascular disorders, neuromuscular diseases,
spasticity, or heart disease. Note that the more unified or more dispersed organization of different muscle types can be
readily accounted for in the proposed kinematic framework by means of fiber distribution functions with parameters tuned
for a particular muscle type of interest. Similarly, the different excitation mechanisms and distinct types of passive response
of the specific muscle tissue can be incorporated in the proposed model by adapting the constitutive equations, specified in
Section 5. However, the general structure of the proposed approach is so modular that these changes involve only local
modifications within the constitutive driver. We leave these extensions out of the current work and plan to elaborate on
them in our follow-up works.
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