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a b s t r a c t

The objective of this work is to establish a generic continuum-based computational
concept for finite growth of living biological tissues. The underlying idea is the
introduction of an incompatible growth configuration which naturally introduces a
multiplicative decomposition of the deformation gradient into an elastic and a growth
part. The two major challenges of finite growth are the kinematic characterization of the
growth tensor and the identification of mechanical driving forces for its evolution.
Motivated by morphological changes in cell geometry, we illustrate a micromechani-
cally motivated ansatz for the growth tensor for cardiac tissue that can capture both
strain-driven ventricular dilation and stress-driven wall thickening. Guided by clinical
observations, we explore three distinct pathophysiological cases: athlete’s heart, cardiac
dilation, and cardiac wall thickening. We demonstrate the computational solution of
finite growth within a fully implicit incremental iterative Newton–Raphson based finite
element solution scheme. The features of the proposed approach are illustrated and
compared for the three different growth pathologies in terms of a generic bi-ventricular
heart model.

& 2010 Elsevier Ltd. All rights reserved.

1. Motivation

Unlike engineering materials, living biological tissues are known to grow and adaptively change their form and function
in response to environmental changes. Almost a century ago, it was recognized that the physical laws of mechanics could
provide a natural framework to characterize relations between form and function of growing biological structures
(Thompson, 1917). Since the classical framework of continuum thermodynamics has originally been developed for non-
living materials, however, we have now come to realize that the traditional kinematic equations, the balance equations,
and the constitutive equations have to be reconsidered in the presence of growth (Cowin and Hegedus, 1976; Hsu, 1968;
Humphrey and Rajagopal, 2002; Kuhl and Steinmann, 2003a, 2003b; Skalak, 1981). Deviations from the classical theory
strongly depend on the particular type of biological adaptation (Cowin, 2004; Taber, 1995). We commonly distinguish
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between density growth common to hard tissues such as bone (Carter and Hayes, 1977; Cowin and Hegedus, 1976; Kuhl
et al., 2003; Kuhl and Steinmann, 2003c), tip growth common to plants (Dumais et al., 2006), surface growth common to
sea shells or horns (Skalak et al., 1997; Thompson, 1917), volume growth common to soft tissues such as arteries or tumors
(Ambrosi and Mollica, 2002; Rodriguez et al., 1994; Taber and Humphrey, 2001), and remodeling common to the
development of soft collageneous tissues (Ciarletta and Ben Amar, 2009; Himpel et al., 2008; Kuhl et al., 2005; Kuhl and
Holzapfel, 2007; Menzel, 2005).

In this manuscript, we shall focus exclusively on volume growth which has experienced its breakthrough in continuum
modeling with the introduction of an incompatible growth configuration and the corresponding multiplicative
decomposition of the deformation gradient into an elastic and a growth part (Rodriguez et al., 1994), a concept that
was originally developed for finite strain plasticity (Lee, 1969). Today, there seems to be a general agreement that the
concept of an incompatible growth configuration is a suitable and effective approach towards finite growth, and a
tremendous amount of research has been devoted to establish continuum theories of finite growth within the last decade
(Ambrosi et al., 2008, under review; Ben Amar and Goriely, 2005; Chen and Hoger, 2000; Epstein and Maugin, 2000;
Goriely and Ben Amar, 2007; Imatani and Maugin, 2002; Lubarda and Hoger, 2002). The theory of finite growth has been
successfully applied to characterize growth of tendon (Garikipati et al., 2004), tumors (Ambrosi and Mollica, 2002),
cartilage (Klisch et al., 2003), vascular tissue (Humphrey, 2002, 2008; Kuhl et al., 2007; Taber and Humphrey, 2001), and,
most recently, cardiac tissue (Kroon et al., 2009; Göktepe et al., 2010a). While initial efforts have mainly been theoretical in
nature (Ambrosi and Mollica, 2002; Garikipati, 2009; Humphrey, 2002; Taber and Humphrey, 2001), we can clearly
observe a trend towards analyzing inhomogeneous finite growth based on computational modeling (Alastrue et al., 2009;
Alford and Taber, 2008; Figueroa et al., 2009; Himpel et al., 2005; Kroon et al., 2009), usually by introducing the growth
tensor as an internal variable within a finite element framework. Despite tremendous research aiming to provide a better
understanding of the mechanics of growth, two fundamental questions still remain unanswered: How do we define an
appropriate kinematic characterization of the growth tensor? And how do we identify mechanical driving forces for
growth?

The main idea of this manuscript is to closely tie the definition of the macroscopic growth tensor and the forces driving
its evolution to microstructural observations. Since the cellular microstructure can vary considerably for different types of
tissue, we focus on one particular model system, the human heart, and tie its growth characterization to morphological
changes in its key characteristic cell type, the cardiomyocyte. Although cardiomyocytes comprise only one-fourth of the
total number of cells in the heart, they account for more than 90% of the volume of the cardiac muscle (Kumar et al., 2005).
The functional contractile unit of the cardiomyocyte is the sarcomere, a 1:622:2mm long parallel arrangement of thick
filaments of myosin that slide along thin filaments of actin. About 50 sarcomeres in series make up a myofibril and about
50–100 myofibrils in parallel make up a cardiomyocyte. Healthy cardiomyocytes have a cylindrical shape with a diameter
of 10225mm and a length of 100mm (Opie, 2003), consisting of approximately 5000 sarcomere units. Unlike most other
cell types in the human body, functional adult cardiomyocytes cannot perform cell division (hyperplasia) such that the
total number of cells, about 6 billion at birth, cannot increase. However, cardiomyocytes can grow in size (hypertrophy),
and they do so by the deposition of new sarcomere units. The muscle fibers of cardiomyocytes are arranged in transmural
layers or sheets which are organized helically around the heart. Fig. 1 illustrates the orthotropic architecture of the
mycoardium in terms of the fiber directions f 0 and sheet plane vectors s0.

We hypothesize that macrostructural maladaptive cardiac growth can be traced to the intrinsic microstructural
architecture of the cardiomyocyte itself. Two classical examples are eccentric and concentric hypertrophy (Libby et al.,
2007; Opie, 2003). In response to chronic volume overload, an increased diastolic wall stress leads to the addition of
sarcomeres in series, resulting in a relative increase in cardiomyocyte length, associated with eccentric hypertrophy and
ventricular dilation. In response to chronic pressure overload, however, an increased systolic wall stress leads to the
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Fig. 1. Normal healthy heart, courtesy of Chengpei Xu (left). Microstructural architecture of the heart (right). The orthogonal unit vectors f 0 and s0
designate the muscle fiber direction and the sheet plane vector in the undeformed configuration. The orthogonal vector n0 completes the local coordinate
system, where the constitutive response of the heart is typically viewed as orthotropic.
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addition of sacromeres in parallel, resulting in a relative increase in myocyte cross sectional area, associated with
concentric hypertrophy and ventricular wall thickening (Emmanouilides et al., 1994; Kumar et al., 2005; Taber, 1995). Both
forms of maladaptive growth are illustrated in Fig. 2 and their mechanical characteristics are summarized in Fig. 3. They
lead to significant changes in phenotype, secondary to the reactivation of portfolios of genes that are normally expressed
post-natally and that are correlated with contractile dysfunction (Hunter and Chien, 1999).

Cardiac growth can be either healthy and normal (physiologic) or unhealthy and diseased (pathologic), either reversible
or irreversible. Within this manuscript, we model three of the most common cases of mechanically driven cardiac growth:
(i) athlete’s heart characterized by physiological, reversible, stress-driven isotropic growth (Ekblom and Hermansen, 1968;
Mihl et al., 2008; Pluim et al., 2000), (ii) cardiac dilation characterized by pathological, irreversible, strain-driven
transversely isotropic longitudinal growth (Berne and Levy, 2001; Cheng et al., 2006; Kumar et al., 2005; Opie, 2003), and
(iii) cardiac wall thickening characterized by pathological, irreversible, stress-driven transversely isotropic transverse
growth (Kumar et al., 2005; Maron and McKenna, 2003; Opie, 2003). Since the focus of this manuscript is on generic
micromechanically motivated finite growth, we model the baseline properties of cardiac tissue as isotropic and passive.
However, we are currently exploring more physiological orthotropic models for passive myocardial tissue (Göktepe et al.,
2010b; Holzapfel and Ogden, 2009), and the incorporation of an active material response (Göktepe and Kuhl, 2009, 2010;
Kotikanyadanam et al., 2010) in combination with cardiac growth.

This manuscript is organized as follows. In Section 2 we outline the generic continuous equations for finite growth
based on the kinematic equations, the balance equations, and the constitutive equations. Section 3 then addresses the
generic computational realization within a nonlinear finite element setting, with particular focus on the consistent
linearization and the underlying local and global Newton iteration. In Section 4 we briefly summarize a prototype
biventricular heart model that we will utilize to compare the different growth pathologies discussed in the next three
sections. We then specify the generic growth model of Sections 2 and 3 to characterize the adaptation of the heart in three

Fig. 2. Pathophysiology of maladaptive growth of the heart viewed in transverse heart sections, reprinted with permission from Emmanouilides et al.
(1994) and Kumar et al. (2005). Compared with the normal heart (left), eccentric hypertrophy is associated with ventricular dilation in response to
volume overload (center). Concentric hypertrophy is associated with ventricular wall thickening in response to pressure overload (right).
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Fig. 3. Microscopic growth of cardiomyocytes vs. macroscopic growth of the heart. Compared with the normal heart (left), eccentric hypertrophy is
associated with ventricular dilation in response to volume overload (center). Concentric hypertrophy is associated with ventricular wall thickening in
response to pressure overload (right).
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specific microstructurally motivated case studies. Section 5 illustrates stress-driven isotropic growth characteristic for
athlete’s heart. Section 6 documents strain-driven transversely isotropic longitudinal growth characteristic for cardiac
dilation. Section 7 illustrates stress-driven transversely isotropic transverse growth characteristic for cardiac wall
thickening. Finally, Section 8 concludes with a critical discussion of the proposed microstructurally motivated approach
towards finite growth and its potential in life sciences and medicine.

2. Continuous equations of finite growth

In this section, we illustrate the governing equations for finite growth which consist of three basic sets of equations:
(i) the kinematic equations, which utilize the concept of an incompatible growth configuration and the multiplicative
decomposition of the deformation gradient; (ii) the balance equations, which are only indirectly affected by the growth
process and thus take their standard format in the reference or deformed configuration; and (iii) the constitutive
equations, which define the baseline elastic response in the intermediate configuration, supplemented by an appropriate
definition of the growth tensor and its evolution equation to characterize different forms of growth.

2.1. Kinematics of finite growth

Within the framework of finite growth, the key kinematic assumption is the multiplicative decomposition of
deformation gradient F into an elastic part Fe and a growth part Fg (Rodriguez et al., 1994),

F ! Fe " Fg with F !rXu, #1$

adapting a concept first proposed in the context of finite elasto-plasticity (Lee, 1969). The Jacobians of the deformation
gradient and its elastic and growth counterparts will be denoted as J! det#F$, Je ! det#Fe$, and Jg ! det#Fg$, respectively,
such that J! JeJg. We can then introduce the right Cauchy Green tensor C, and, in complete analogy, the elastic right
Cauchy Green tensor Ce as covariant pull backs of the covariant spatial metric g to the undeformed reference configuration
and to the intermediate configuration, respectively.

C ! Ft " g " F , Ce ! Fet " g " Fe ! Fg%t " C " Fg%1: #2$

Recall that in our case of Cartesian coordinates, g is equal to the identity tensor. The spatial velocity gradient l then takes
the following multiplicative representation:

l! _F " F%1 with l!rxv, #3$

in terms of the velocity v! _u, where f_3g! @tf_3gjX denotes the time derivative at fixed material position X. The symmetric
part of the spatial velocity gradient defines the spatial rate of deformation tensor d! #g " l$sym. Recall that the pull back of
the spatial velocity gradient to the intermediate configuration

Fe%1 " l " Fe ! Le&Lg #4$

results in its additive decomposition into the elastic velocity gradient Le and the growth velocity gradient Lg

Le ! Fe%1 " _F
e
, Lg ! _F

g
" Fg%1, #5$

such that the rate of deformation tensor of the intermediate configuration can be expressed as dg ! #g " lg$sym with
lg ! Fe " Lg " Fe%1. Fig. 4 illustrates the kinematics of finite growth in terms of the covariant spatial metric g, the deformation
tensors C and Ce, and the mappings F ! Fe " Fg and F%t ! Fe%t " Fg%t between tangent spaces TB and cotangent spaces T'B in
the material configuration, the intermediate configuration, and the spatial configuration.

Fig. 4. Kinematics of finite growth. Illustration of covariant spatial metric g, deformation tensors C and Ce, stress tensors S, P, Pe and s, and mappings
F ! Fe " Fg and F%t ! Fe%t " Fg%t between tangent spaces TB and cotangent spaces T'B in the material configuration, the intermediate configuration, and
the spatial configuration.
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2.2. Balance equations of finite growth

In the absence of transient terms and external forces, the balance of linear momentum can be expressed in the following
three common formats:

Div#F " S$ ! 0, Div #P$ ! 0, div #J%1s$ ! 0, #6$

where S ! F%1 " P is the second Piola Kirchhoff stress, P is the Piola stress, and s! P " Ft is the Kirchhoff stress, respectively.
In the above expressions, Divf3g! @f3g=@X and divf3g! @f3g=@u denote the material and spatial divergence, i.e., the
derivative with respect to the material and spatial position X and u. Moreover, using standard arguments of
thermodynamics, we can introduce the balance of energy and transform it into the dissipation inequality

D! S : 12
_C% _c%S0 ! ~P : _F% _c%S0 ! s : d% _c%S0Z0, #7$

which, for the sake of completeness, has again been stated in its three most common formats. It should be observed that ~P
denotes the mixed-variant Piola stress tensor, defined by ~P : ! g " P. To account for a potential material strengthening
characteristic for growing biological tissue, we have introduced the extra entropy source S0 in the undeformed
configuration.

2.3. Constitutive equations of finite growth

In general, the constitutive equations for finite growth consist of three assumptions: (i) the definition of the stresses S,
P, or s, which can be conveniently be derived as energetically conjugate to the corresponding total kinematic quantities C,
F , or g via the evaluation of the dissipation inequality; (ii) the definition the growth tensor Fg, which can be either
compressible or incompressible, either isotropic or anisotropic taking into account the characteristic material
microstructure, and (iii) the definition of a set of evolution equations for the internal variables that characterize the
growth process which can be either irreversible or reversible, either stress- or strain-driven. For the sake of transparency,
let us assume an isotropic elastic response that can be characterized exclusively in terms of the right Cauchy Green tensor
of the intermediate configuration Ce ! Fg%t " C " Fg%1, the elastic part of the deformation gradient Fe ! F " Fg%1, or the elastic
right Cauchy Green tensor expressed in the following format Ce ! Fet " g " Fe. Following standard concepts of
thermodynamics, we can then introduce the Helmholtz free energy c,

c! ĉ#C,Fg$, c! ĉ#F ,Fg$, c! ĉ#g,Fe$ #8$

and evaluate the dissipation inequality (7)

D! S :
1
2
_C% _c%S0 ! S%2

@c
@C

! "
:
1
2
_C&Me : Lg%S0Z0,

D! ~P : _F% _c%S0 ! ~P%
@c
@F

! "
: _F&(Fet " ~P ) : _F

g
%S0Z0,

D! s : _d% _c%S0 ! s%2
@c
@g

! "
: d&s : dg%S0Z0 #9$

to obtain the definitions for the second Piola–Kirchhoff stress S, the Piola stress P, and the Kirchhoff stress s as
thermodynamically conjugate quantities to the elastic right Cauchy Green deformation tensor Ce, to the elastic part of the
deformation gradient Fe, and to the spatial metric g, respectively:

S ! 2
@c
@C

! 2
@c
@Ce :

@Ce

@C
! Fg%1 " Se " Fg%tSe :!

@c
@Ce ,

~P !
@c
@F

!
@c
@Fe :

@Fe

@F
! ~Pe " Fg%t ~Pe :!

@c
@Fe ,

s! 2
@c
@g

! Fe " Se " Fets :! 2
@c
@g

: #10$

As a side remark, the elastic constitutive moduli Le, Ae, and ee, can be obtained by taking the second derivative of the
Helmholtz free energy c with respect to the corresponding kinematic quantities Ce, Fe, and g:

Le ! 2
@Se

@Ce ! 4
@2c

@Ce * @Ce ,

Ae !
@ ~Pe

@Fe !
@2c

@Fe * @Fe ,
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ee ! 2
@s
@g

! 4
@2c

@g * @g
: #11$

With this set of equations completing the definition of the elastic constitutive response, we would like to re-iterate that the
concept of finite growth resembles finite strain plasticity in the sense that the basic constitutive equations themselves
remain unchanged, however, they are evaluated exclusively in terms of the kinematic quantities of the intermediate
configuration. Next, we define the growth tensor Fg, adopting the common assumption of symmetry, i.e., Fg ! Fgt. Taking
into account the orthotropic nature of most biological tissue, we introduce the growth tensor in the following generic
format:

Fg ! Wf f 0 * f 0&Wss0 * s0&Wnn0 * n0, #12$

where f 0, s0, and n0 are the unit vectors of the orthotropic microstructure in the reference configuration and !g ! (Wf ,Ws,Wn)
denotes the set of internal variables which are often referred to as growth multipliers. These take the value one in the plain
elastic case, are smaller than one for shrinkage and larger than one for growth. To complete the set of constitutive
equations, we need to specify the evolution of the internal variables _!

g
. A common format is to introduce mechanically

driven growth criteria /g which are only activated if a mechanical driving force exceeds a certain physiological threshold
level such that /g40. The growth criteria are typically weighted by a matrix of growth functions kg#!g$ to ensure that the
material does not grow unboundedly. It is worth noting that the matrix kg#!g$ is usually diagonal, meaning that the
evolution equations for the growth multipliers !g would be fully decoupled.

_!
g
! kg#!g$ "/g#Fe$ or _!

g
! kg#!g$ " /g#Me$: #13$

A limiting growth function that has been proposed in the literature (Lubarda and Hoger, 2002),
kg#Wg$ ! ((Wmax%Wg)=(Wmax%1))g=t, is illustrated in Fig. 5. For this function, the growth rate decays smoothly until the
growth multiplier Wg has reached its maximum value Wmax, while the nonlinearity of the growth process and the growth
speed are governed through g and t, respectively. Mechanically driven growth processes can either be strain- or stress-
driven. For the strain-driven case, the growth criterion /g#Fe$ can be expressed in terms of the elastic part of the
deformation gradient, in analogy to finite strain damage. For the stress-driven case, the growth criterion /g#Me$, can be
expressed in terms of the Mandel stress of the intermediate configuration, Me ! Ce " Se, motivated by the dissipation
inequality (9), in analogy to finite strain plasticity. Particular choices of growth tensors (12) and evolution equations (13)
will be specified in the example Sections 5–7.

Remark 1 (Baseline elasticity). To focus on the impact of growth, we assume a generic isotropic Neo-Hookean baseline
elasticity throughout this manuscript, and specify the free energy of Eq. (8) as follows:

c! 1
2 lln

2#Je$&1
2m(C

e : I%3%2ln#Je$):

According to Eq. (10), the elastic second Piola Kirchhoff stress Se ! 2@c=@Ce can then be expressed as

Se ! (lln#Je$%m)Ce%1&mI,

and the elastic constitutive moduli Le ! 2@Se=@Ce introduced in Eq. (11) take the following explicit representation:

Le ! lCe%1 * Ce%1&(m%lln#Je$)(Ce*Ce&Ce*Ce):

However, the incorporation of more sophisticated anisotropic constitutive equations for the baseline elastic response of
cardiac muscle (Göktepe et al., 2010b; Holzapfel and Ogden, 2009) is extremely straightforward as it only affects the
calculation of the elastic stresses Se and the corresponding elastic contributions to the constitutive moduli Le.

Fig. 5. Typical example of growth function kg#Wg$ ! ((Wmax%Wg)=(Wmax%1))g=t. The growth rate decays smoothly until the growth multiplier Wg has reached
its maximum value Wmax, here shown for g! 2:0 and t! 1:0 (left). The nonlinearity of the growth process increases for increasing g, here shown for
Wmax ! 2:5 and t! 1:0, (right).
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Remark 2 (Dissipation). In the present approach, we characterize the growth process through a single growing solid phase
and essentially neglect the biochemical origin of the growing material. To phenomenologically account for the interaction
with other species, we have introduced the extra term S0 in the dissipation inequality (7), which could otherwise be
violated, in particular in the context of material strengthening (Kuhl and Steinmann, 2003a, 2003b). This extra term gains
an illustrative biochemical interpretation in the context of mixture theories (Garikipati et al., 2004; Humphrey and
Rajagopal, 2002; Klisch et al., 2003).

Remark 3 (Rotation). Apart from the theory of finite crystal plasticity, kinematic approaches to the finite inelasticity of
non-crystalline materials are frequently based on the multiplicative decomposition of the deformation gradient. In
contrast to the former, where the multiplicative decomposition has a clear geometric interpretation, the latter kinematic
settings require an additional assumption regarding the symmetry of the elastic part of the deformation gradient or the
plastic spin due to the non-uniqueness of rotation (Boyce et al., 1989; Naghdi, 1990; Xiao et al., 2006). In the present
kinematic formulation of growth, the symmetric growth tensor Fg (12) is motivated by the underlying architecture of the
heart, which has a well-defined orthotropic structure, see Fig. 1. As a consequence, the rotation is lumped into the elastic
part of the deformation gradient, and the plastic spin in the fictitious intermediate configuration vanishes identically. This
is in accordance with common practice in the literature (Boyce et al., 1989).

3. Discrete equations of finite growth

Since the governing equations for finite growth are complex and highly nonlinear, it is virtually impossible to
find analytical solutions. To solve the governing equations for finite growth numerically on a local level, we propose a
finite difference scheme to discretize the evolution equations for the growth multipliers (13) in time. To solve the
overall equations numerically on a global level, we propose the finite element method to discretize the equations for finite
growth (1), (6) and (10) in space. In this section, we first derive the discrete residual and the corresponding tangent
moduli for the local Newton iteration to iteratively determine the growth multipliers !g. Then, we derive the stress
expression and the constitutive moduli which enter the discrete residual and the corresponding tangent of the global
Newton iteration.

3.1. Local Newton iteration—iterative update of growth variables

Our goal is to solve the evolution equations for the growth multipliers (13) to determine the current set of growth
multipliers !g for a given current deformation state F at the current time t, and given growth multipliers !g

n at the end of
the previous time step tn. We introduce the following finite difference approximation of the first order material time
derivative,

_!
g
!

1
Dt

(!g%!g
n), #14$

where Dt :! t%tn40 denotes the actual time increment. In the spirit of implicit time stepping schemes, we now
reformulate the generic evolution equations (13) with the help of the finite difference approximation (14) introducing the
discrete residual R in terms of the unknown growth multipliers !g.

R! !g%!g
n%kg "/gDt60: #15$

Its linearization renders the local tangent moduli for local Newton iteration,

K!
@R

@!g ! I% kg "
@/g

@!g &/g "
@kgt

@!g

" #
Dt, #16$

which define the iterative update !g’!g%K%1 " R of the growth multipliers. Recall that in the simplified case of only one
growth multiplier Wg, both the residual R and the tangent K are scalar-valued.

3.2. Global Newton iteration—consistent linearization of finite growth

Once we have iteratively determined the set of growth multipliers !g for the given deformation state F and the given
history !g

n, we can successively determine the growth tensor Fg from Eq. (12), the elastic tensor Fe ! F " Fg%1 from Eq. (1),
the elastic stress Se from Eq. (10), and lastly, the second Piola Kirchhoff stress S

S ! 2
@c
@C

! 2
@c
@Ce :

@Ce

@C
! Fg%1 " 2

@c
@Ce " F

g%t ! Fg%1 " Se " Fg%t #17$

which enters the equilibrium equation (6), or in the notion of the finite element method, the global discrete residual. Its
linearization with respect to the total right Cauchy Green tensor renders the Lagrangian constitutive moduli L which are
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essential for the global Newton iteration.

L! 2
dS#F ,Fg$

dC
! 2

@S
@C

####
Fg
&2

@S
@Fg :

@Fg

@!g

! "
*

@!g

@C

####
F
: #18$

The constitutive moduli take a characteristic structure consisting of four terms. While the first two terms are generic, the
third and fourth terms depend on the choice of the growth tensor (12) and on the choice of the evolution equation (13),
respectively. The first term 2@S=@C is nothing but the pull back of the elastic moduli Le onto the reference configuration,

2
@S
@C

! 2
@(Fg%1 " Se " Fg%t)

@C
! (Fg%1*Fg%1) : Le : (Fg%t*Fg%t), #19$

where Le ! 2@Se=@Ce are the constitutive moduli of the elastic material model as introduced in Eq. (11). The second term
@S=@Fg consists of two contributions that resemble a geometric and a material stiffness contribution known from nonlinear
continuum mechanics:

@S
@Fg !

@(Fg%1 " Se " Fg%t)
@Fg !%(Fg%1*S&S*Fg%1)%(Fg%1*Fg%1) :

1
2
Le : (Fg%t*Ce&Ce*Fg%t): #20$

The third term @Fg=@!g and the fourth term @!g=@C depend on the particular choice for the growth tensor Fg and on the
evolution equation for the growth multipliers !g, respectively. Particular formats will be specified in the example Sections
5–7.

Remark 4 (Non-symmetry). From Eq. (18), we can conclude that the generic growth formulation is in general non-
symmetric. Only for very special cases, in which growth is driven by its thermodynamically conjugate force, the
constitutive moduli, and, accordingly, the entire global iteration matrix, turn out to be symmetric:

Remark 5 (Push forward). Most finite strain based finite element programs are formulated in a spatial setting and require
the calculation of the Kirchhoff stresses

s! F " S " Ft #21$

and the Kirchhoff moduli

e! (F*F) : L : (Ft*Ft) #22$

which can be obtained through a straightforward push forward with the total deformation gradient F.

4. Generic biventricular heart model: discretization, boundary conditions, and loads

Before we illustrate the features of the proposed algorithmic framework for stress-driven isotropic growth in Section 5,
strain-driven transversely isotropic growth in Section 6, and stress-driven transversely isotropic growth in Section 7, we
will briefly introduce the generic biventricular heart model (Göktepe et al., 2010b), that we will use to compare all three
algorithms. In this prototype model illustrated in Fig. 6, left, the left and right ventricles, the lower chambers of the heart,
are represented through two truncated ellipsoids with heights of 70 and 60mm, and radii of 30 and 51mm, respectively,
connected such that the right ventricle blends smoothly into the left ventricle from apex to base. The left ventricle which
pumps oxygenated blood into the body operates at a higher pressure and typically has a larger wall thickness than the
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Fig. 6. Generic biventricular heart model generated from two truncated ellipsoids (Göktepe et al., 2010b), with heights of 70 and 60mm, radii of 30 and
51mm, and wall thicknesses of 12 and 6mm, respectively (left). The left ventricle is subjected to cycles of the experimentally measured left ventricular
pressure (Göktepe et al., 2010c), while one-fifth of this pressure is applied to the right ventricle (right).
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right ventricle which pumps deoxygenated blood into the lungs. We therefore assume an initial left ventricular wall
thickness of 12mm while the right ventricular wall is assumed to be 6mm thick. The left ventricular endocardium is
subjected to cycles of the experimentally measured left ventricular pressure illustrated in Fig. 4, right (Göktepe et al.,
2010c). One-fifth of this pressure is applied to the right ventricular endocardium. For the lack of better knowledge, we
apply homogeneous Dirichlet boundary conditions to all nodes on the basal plane. In addition, to mimic the boundary
conditions imposed by the surrounding tissue, we support all nodes of the epicardium by linear springs with a stiffness of
k=10%3N/mm both in the radial and tangential directions. The generic biventricular heart model is discretized with 3910
linear tetrahedral elements connected at 1028 nodes. In the healthy heart, cardiomyocytes are arranged helically around
the ventricles. Here, we assume that the fiber directions f 0 vary transmurally from an inclination of %551 in the
epicardium, the outer wall, to +551 in the endocardium, the inner wall, measured with respect to the basal plane. The fiber
angle is assumed to decay gradually from base to apex towards a final value of 01, see Fig. 6, left. For the sake of simplicity,
the myocardial sheet directions s0 are assumed to be oriented normal to the endocardium and epicardium. Following the
literature (Himpel et al., 2005; Menzel, 2005), the material parameters for the baseline elastic response are chosen to
l! 0:577MPa and m! 0:385MPa. However, the extension of the model to a more physiological orthotropic baseline
elasticity along the fiber, sheet, and sheet plane normal directions is straightforward and part of current research activities
(Göktepe et al., 2010b; Holzapfel and Ogden, 2009). At this point, the choice of the time parameter t! 3:2MPa s and the
nonlinearity parameter g! 2:0 are relatively generic since they only affect the speed of growth, but not the end result, see
Fig. 5. In the future, however, we will use these two parameters to calibrate our model against clinical observations. All the
above features will be the basis for the examples in Sections 5.4, 6.4, and 7.4, to allow for a direct comparison of the three
different growth models.

5. Example athletic heart: stress-driven isotropic growth

5.1. Physiology of athlete’s heart

Athlete’s heart syndrome, also commonly known as athlete’s heart, is a medical condition in which the heart grows
beyond its normal size due to a significant amount of exercise (Sedehi and Ashley, 2010). The enlargement of the heart
reflects a physiological adaptation in response to both elevated pressure and increased filling. A typical example is the
cardiac output of high performance athletes, which may increase from approximately 6 l/min at rest to 40 l/min during
exercise (Ekblom and Hermansen, 1968). On the microscopic scale, training has been reported to significantly affect
cardiomyocyte size with an increase of up to 40% (Garciarena et al., 2009). It is typically associated with a proportional
increase in cardiomyocyte length and width (Hunter and Chien, 1999). On the macroscopic scale, these cellular changes
manifest themselves in an increase in cardiac mass of up to 50% (Pluim et al., 2000). Pressure overload triggers ventricular
wall thickening, with reported posterior wall thickening from 8.8 to 10.3mm in endurance training and to 11.0mm in
strength training. Volume overload on the contrary, induces an enlargement of the heart with a reported increase of the left
ventricular end diastolic inner diameter from 49.6 to 52.1mm in strength training and to 53.7mm in endurance training
(Pluim et al., 2000). These studies support the hypothesis that strength training such as weight lifting preliminary triggers
concentric left ventricular hypertrophy, i.e., heart muscle thickening, to withstand higher stress levels, whereas endurance
training such as cycling primarily triggers eccentric left ventricular hypertrophy, i.e., cavity growth, to increase cardiac
output (Mihl et al., 2008). Fortunately, the adaptive cardiac changes stimulated by frequent training are typically reversible
and the features of the athlete heart usually decrease upon detraining.

5.2. Governing equations athlete’s heart

In what follows, we model the effects of combined endurance and strength training, i.e., the proportional increase in
cardiomyocyte length and width, resulting in a combined thickening of the left ventricular wall and an increasing chamber
size, common to many high performance athletes (Hunter and Chien, 1999; Pluim et al., 2000). Accordingly, we
characterize the athlete’s heart through a pressure-driven, isotropic, volumetric, reversible growth process, introducing
one single growth multiplier Wg,

Wf ! Ws ! Wn ! Wg #23$

such that the growth tensor is purely volumetric and can be expressed as a scaled unit tensor I:

Fg ! WgI: #24$

This simplified assumption introduces an explicit expression for the inverse growth tensor Fg%1,

Fg%1 !
1

Wg I #25$
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and for the derivative of growth @Fg=@Wg in terms of the unity tensor,

@Fg

@Wg ! I, #26$

which will later allow a significant simplification of the discrete stress (17) and constitutive moduli (18). We shall assume that
growth of athlete’s hearts is primarily stress-driven, introducing the following specification of the evolution equation (13):

_W
g
! kg#Wg$fg#Me$: #27$

The growth process is scaled by a function kg that prevents unbounded growth (Lubarda and Hoger, 2002):

kg !
1
t

Wmax%Wg

Wmax%1

! "g
with

@kg

@Wg !%
g

(Wmax%Wg)
kg: #28$

Motivated by thermodynamic considerations (Himpel et al., 2005), growth is driven by the trace of the Mandel stress
Me ! Ce " Se which reflects the ventricular pressure. Growth is activated once the ventricular pressure during physical activity
exceeds the physiological threshold level Me crit:

fg ! tr#Me$%Me crit with
@fg

@Wg !%
1

Wg (2 tr#M
e$&Ce : Le : Ce): #29$

As proposed in Section 3.1, we apply an unconditionally stable implicit Euler backward scheme with _W
g
! (Wg%Wg

n)=Dt, to
specify the discrete residual introduced in Eq. (15):

R! Wg%Wg
n%

1
t

Wmax%Wg

Wmax%1

! "g
(tr#Me$%Mecrit)Dt60: #30$

Its linearization renders the tangent moduli for local Newton iteration as introduced in Eq. (16):

K!
@R

@Wg ! 1% kg
@fg

@Wg &fg @kg

@Wg

! "
Dt #31$

to iteratively update the isotropic growth multiplier Wg’Wg%R=K. Having determined the growth multiplier Wg, we can
calculate the growth tensor Fg ! WgI and the elastic tensor Fe ! Wg%1F to determine the elastic stress Se and the total second
Piola Kirchhoff stress S from Eq. (17), which takes the following simple representation:

S !
1

Wg2
Se: #32$

To determine the overall constitutive moduli of isotropic growth, we can then evaluate the generic constitutive moduli from
Eq. (18), with the second and third term collectively given as follows:

@S

@Wg !
@S
@Fg :

@Fg

@Wg !%
2

Wg3
Se&

1
2
Le : Ce

! "
#33$

and the fourth term taking the following expression:

@Wg

@C
!

@Wg

@Ce :
@C
@C

e

!
1

Wg2

kg

K
Dt

! "
1
2
Ce : Le&Se

! "
: #34$

Summarizing all terms of Eq. (18), with (19), (33), and (34) we obtain the remarkably simple Lagrangian constitutive moduli
for isotropic pressure-driven growth:

L!
1

Wg4
Le%

4

Wg5

kg

K
Dt Se&

1
2
Le : Ce

! "
*

1
2
Ce : Le&Se

! "
: #35$

Remark 6 (Symmetry for isotropic growth). Although the constitutive moduli L! 2dS=dC of finite growth can in general be
non-symmetric, for the case of Mandel stress-driven isotropic growth discussed here, the overall tangent moduli given in
Eq. (35) turn out to be symmetric. Symmetry holds, since we have suggested a growth criterion fg ! tr#Me$%Mecrit in terms
of the Mandel stress of the intermediate configuration Me ! Ce " Se, i.e., the thermodynamically conjugate variable to the
growth velocity gradient Lg ! _F

g
" Fg%1, as the driving force for growth.

Remark 7 (Simplified push forward for isotropic growth). In case the finite element program requires the calculation of the
Kirchhoff stress

s! F " S " Ft ! Fe " Se " Fet ! Wg2Fe " S " Fet #36$

and the Kirchhoff moduli

e! (F*F) : L : (Ft*Ft) ! Wg4(Fe*Fe) : L : (Fet*Fet) #37$

we can perform push forward operations which take a simplified format in the isotropic case through a simple scaling with
the growth multiplier Wg.
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5.3. Algorithmic treatment of athlete’s heart

Table 1 illustrates the algorithmic flowchart for stress-driven isotropic growth. Remarkably, throughout the entire
algorithm, we never have to calculate or store the growth tensor Fg. Instead, the algorithm manifests itself in a simple
scalar scaling with 1=Wg and is therefore extremely straightforward and easy to implement. Recall that in our model, the
growth process is driven by the Mandel stress, such that the overall constitutive moduli for isotropic growth are symmetric
and a symmetric finite element solver can be applied.

5.4. Example of athlete’s heart

To simulate stress-driven isotropic growth using the model illustrated in Section 4, we have to specify two additional
growth parameters, the physiological pressure thresholdMe crit=0.012MPa and the maximum growth threshold Wmax ! 1:75.
Fig. 7 documents the result of our simulation of stress-driven isotropic growth. The illustrated time sequence displays the
deformed configuration at end systole for four consecutive load cycles. Characteristic for athlete’s heart, isotropic growth
manifests itself in left ventricular dilation together with left ventricular wall thickening. The isotropic growth multiplier W
gradually increases from its baseline value W! 1:00 to its maximum value Wmax ! 1:75 in response to elevated pressures. The
growth process is activated when the driving force, the trace of the Mandel stress tr#Me$, locally exceeds the critical
physiological threshold Me crit = 0.012MPa. During cyclic loading with the pressure function shown in Fig. 6, the growth
process is only activated at peak pressures during systole, while it is dormant at low pressures during diastole. On the
macroscopic scale, the athlete’s heart manifests itself in a progressive apical growth with a considerably increase in left
ventricular cavity size to enable increased cardiac output during exercise. To withstand higher blood pressure levels during
training, the heart muscle grows and the wall becomes thicker. Although there is a general agreement in the literature that
endurance training is associated with elevated filling volumes which trigger cardiac dilation to increase cardiac output,
while strength training is associated with elevated pressures which trigger ventricular wall thickening to withstand higher
stress levels, high performance training typically stimulates both forms of physiological growth (Hunter and Chien, 1999;
Maron and Pelliccia, 2006; Sedehi and Ashley, 2010). Accordingly, in our simulation, both ventricular dilation and wall
thickening appeared simultaneously characterized through an isotropic cardiomyocyte growth. As such, the simulation
documented in Fig. 7 is excellent qualitative agreement with the physiological characteristics of athlete’s heart summarized
in Section 5.1: (i) physiological adaptation of the ventricular volume and (ii) physiological adaptation of the wall thickness.

6. Example cardiac dilation: strain-driven transversely isotropic growth

6.1. Pathophysiology of cardiac dilation

Cardiac dilation is a chronic medical condition in which the pumping efficiency of the heart may be gradually reduced
as the heart becomes progressively enlarged and successively weaker. It is amongst the most common causes of heart
failure with less than 50% survival after 10 years. A typical cause of dilated cardiac growth is myocardial infarction, after
which the infarcted ventricle might dilate in response to volume overload in an attempt to maintain cardiac output at a
physiological level (Cheng et al., 2006). Maladaptive ventricular dilation can be the origin of further unfavorable
pathologies such as functional mitral regurgitation, a condition in which the valves of the heart tend to leak because of

Table 1
Algorithmic treatment of stress-driven isotropic growth.

given F and Wg
n

initialize Wg’Wg
n

local Newton iteration

calculate elastic tensor Fe ! F=Wg (1)

calculate elastic right Cauchy Green tensor Ce ! Fet " Fe (2)

calculate second Piola Kirchhoff stress Se ! 2@c=@Ce (10)

check growth criterion fg ! tr#Ce " Se$%MecritZ0 ? (29)

calculate growth function kg ! ((Wmax%Wg)=(Wmax%1))g=t (28)

calculate residual R! Wg%Wg
n%kgfgDt (30)

calculate tangent K! @R=@Wg (31)

update growth multiplier Wg’Wg%R=K
check convergence Rrtol ?

calculate second Piola Kirchhoff stress S ! 1=Wg2Se (32)

calculate Lagrangian moduli L (35)

push forward to Kirchhoff stresses s! F " S " Ft (36)

push forward to Eulerian moduli e! (F*F) : L : (Ft*Ft) (37)
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chronic changes in cardiac geometry (Göktepe et al., 2010c). On the microscopic scale, volume overload triggers the
assembly of new sarcomeres which are deposited in series with the existing sacromeres units. This causes the
cardiomyocytes to lengthen (Kumar et al., 2005). On the macroscopic scale, these maladaptive alterations of cardiomyocyte
shape manifests themselves in the dilation of the left ventricle, a change in ventricular shape from elliptical to spherical
(Cheng et al., 2006), and a decrease in ejection fraction (Berne and Levy, 2001), while the wall thickness typically remains
unaltered, see Fig. 8. The mass of the heart, however, may increase drastically up to 1000g, which is about three times the
weight of a normal heart (Kumar et al., 2005). This pathological adaptation of the heart muscle is usually progressive and
there is an ongoing debate to which extend it may be reversible.

6.2. Governing equations of cardiac dilation

In our continuum growth model, we represent cardiac dilation as a strain-driven, transversely isotropic, irreversible
growth process. It is characterized through one single growth multiplier Wg that reflects serial sarcomere deposition and
induces an irreversible cardiomyocyte stretch along the cell’s long axis f 0:

Wf ! Wg and Ws ! Wn ! 1: #38$

In cardiac dilation, growth is actually one dimensional, and the total cardiomyocyte stretch l!
$$$$$$$$$$$$$$$$$$$$$$$$$$$$
f 0 " F

t " F " f 0
q

obeys a
multiplicative decomposition similar to the deformation gradient itself. It can thus be expressed as the product of the
elastic stretch le, i.e., the healthy cardiomyocyte stretch during diastole, and the growth stretch lg ! Wg, i.e., the
pathological cardiomyocyte stretch during eccentric growth,

l! lelg, #39$

whereby the latter is identical to the growth multiplier:

lg ! Wg: #40$

The growth tensor Fg can thus be expressed exclusively in terms of the eccentric cardiomyocyte stretch lg

Fg ! I&(lg%1)f 0 * f 0 #41$

and its inverse can be given explicitly using the Sherman–Morrison formula:

Fg%1 ! I%
lg%1

lg
f 0 * f 0: #42$

Fig. 7. Athlete’s heart, stress-driven isotropic eccentric and concentric growth, left ventricular dilation and wall thickening. The isotropic growth
multiplier W gradually increases from 1.00 to 1.75 as the individual cardiomyocytes grow both eccentrically and concentrically. On the macroscopic scale,
the athlete’s heart manifests itself in a progressive apical growth with a considerably increase in left ventricular cavity size to enable increased cardiac
output during exercise. To withstand higher blood pressure levels during training, the heart muscle grows and the wall thickens.
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Its derivative with respect to the growth multiplier which defines the third term for the constitutive moduli in Eq. (18),
takes the following simple representation:

@Fg

@Wg ! f 0 * f 0: #43$

Motivated by physiological observations of volume overload induced dilation, we introduce a strain-driven evolution law
for the pathological cardiomyocyte stretch lg:

_l
g
! kg#lg$fg#le$: #44$

It is based on a weighting function kg

kg !
1
t

lmax%lg

lmax%1

! "g
with

@kg

@lg
!%

g
(lmax%lg)

kg #45$

with parameters that have a clear micromechanical interpretation: t denotes the adaptation speed, g calibrates the shape
of the adaptation curve, and lmax denotes the maximum pathological cardiomyocyte stretch. The growth criterion fg is
expressed in terms of the elastic overstretch le%lcrit,

fg ! le%lcrit !
l
lg

%lcrit with
@fg

@Wg !%
1

lg2
l #46$

such that growth is activated only if the elastic stretch le ! l=lg exceeds a critical physiological threshold value lcrit. Again,
we combine a classical implicit Euler backward scheme with the finite difference approximation _l

g
! (lg%lng)=Dt, to

obtain the specification of the discrete residual (15):

R! lg%lgn%
1
t

lmax%lg

lmax%1

! "g l
lg

%lcrit
! "

Dt60: #47$

Its linearization renders the local tangent operator (16),

K!
@R

@lg
! 1&

1
t

lmax%lg

lmax%1

! "g g
lmax%lg

l
lg

%lcrit
! "

&
l
lg2

! "" #
Dt #48$

which defines the iterative update of the pathological cardiomyocyte stretch lg’lg%R=K. After convergence, we can
determine the growth tensor Fg ! I&(lg%1)f 0 * f 0 from Eq. (41), the elastic tensor Fe ! F " Fg%1 from Eq. (1), and the elastic
stress Se and the overall stress S from Eq. (17). Lastly, we can determine the fourth term of the consistent constitutive
moduli (18) using the final equilibrium value for the pathological cardiomyocyte stretch lg:

@Wg

@C
!
@W
@l

g @l
@C

!
kg

K
Dt

! "
1
2l

f 0 * f 0

! "
: #49$

Fig. 8. Cardiac dilation, strain-driven eccentric growth, and increase in cavity size at constant wall thickness. The heart is usually enlarged, rounded,
flabby, and heavy with a weight of up to three times its normal weight (left), reprinted with permission from Kumar et al. (2005). Heart specimen from a
patient with cardiac dilation who died in end-stage heart failure. The ventricles are significantly dilated while the wall thickness has remained unaltered,
courtesy of Allen P. Burke.
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6.3. Algorithmic treatment of cardiac dilation

Table 2 summarizes the algorithmic treatment of strain-driven transversely isotropic growth. In contrast to stress-
driven growth, the local Newton iteration is now purely kinematic. In our case, where we have introduced a single growth
multiplier lg, the local Newton iteration does not even involve tensorial operations but is just scalar-valued. After the
iterative computation of the growth multiplier, all other quantities can be post-processed. Recall that the overall
constitutive moduli for anisotropic strain-driven growth are non-symmetric and a non-symmetric finite element solver is
required to fully benefit from the quadratic convergence of the Newton Raphson scheme.

6.4. Example of cardiac dilation

The following example documents our attempts to simulate strain-driven transversely isotropic growth using our
generic biventricular heart model. In addition to the specifications in Section 4, we have to specify two additional growth
parameters, the physiological threshold lcrit ! 1:001 and the maximum growth threshold lmax ! 1:50. The simulation of
cardiac dilation is illustrated in Fig. 9 in terms of the deformed configurations at end systole for four consecutive load

Table 2
Algorithmic treatment of strain-driven transversely isotropic growth.

given F and lgn
initialize lg’lgn
local Newton iteration

check growth criterion fg ! le%lcritZ0 ? (46)

calculate growth function kg ! ((lmax%lg)=(lmax%1))g=t (45)

calculate residual R! lg%lgn%kgfgDt (47)

calculate tangent K! @R=@Wg (48)

update growth stretch lg’lg%R=K
check convergence Rrtol ?

calculate growth tensor Fg ! I&(lg%1)f 0 * f 0 (41)

calculate elastic tensor Fe ! F " Fg%1 (1)

calculate elastic right Cauchy Green tensor Ce ! Fet " Fe (2)

calculate elastic second Piola Kirchhoff stress Se ! 2@c=@Ce (10)

calculate second Piola Kirchhoff stress S ! Fg%1 " Se " Fg (17)

calculate Lagrangian moduli L (18) with (19), (20), (43), (49)

push forward to Kirchhoff stress s! F " S " Ft (21)

push forward to Eulerian moduli e! (F*F) : L : (Ft*Ft) (22)

Fig. 9. Cardiac dilation, strain-driven eccentric growth, and increase in cavity size at constant wall thickness. The eccentric growth multiplier W gradually
increases from 1.00 to 1.50 as the individual cardiomyocytes grow eccentrically. On the macroscopic scale, cardiac dilation manifests itself in a
progressive dilation of the chambers to maintain cardiac output at a physiological level while the thickness of the ventricular wall remains constant.
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cycles. Characteristic for cardiac dilation, strain-driven eccentric growth manifests itself in a significant increase in cavity
size at constant wall thickness. The eccentric growth multiplier l gradually increases from its baseline value l! 1:00 to its
maximum value lmax ! 1:50 as the individual cardiomyocytes grow eccentrically. On the macroscopic scale, cardiac
dilation manifests itself in a progressive dilation of the chambers to maintain cardiac output at a physiological level while
the thickness of the ventricular wall remains constant. In summary, the simulation illustrated in Fig. 9 is excellent
qualitative agreement with the pathophysiological characteristics of cardiac dilation summarized in Section 6.1 and
illustrated in Fig. 8: (i) progressive increase in cardiac diameter and mass, (ii) alteration of cardiac form from elliptical to
spherical, (iii) relatively constant wall thickness, and (iv) potential development of mitral regurgitation through
pronounced ventricular dilation.

7. Example cardiac wall thickening: stress-driven transversely isotropic growth

7.1. Pathophysiology of cardiac wall thickening

Cardiac wall thickening is a chronic medical condition in which the heart muscle grows transmurally in response to
pressure overload while the overall size of the heart remains virtually unchanged. Downstream occlusions, e.g., caused by a
calcified stenotic aortic valve, might increase the downstream resistance and induce hypertension which causes the wall to
adaptively change its thickness in an attempt to maintain wall stresses at a physiological level (Opie, 2003), see Fig. 10. On
the microscopic scale, increased systolic wall stresses stimulate the addition of new sacromeres in parallel to the existing
sarcomere units, resulting in a relative increase in transverse cardiomyocyte diameters from 15mm up to 40mm (Kumar
et al., 2005). On the macroscopic scale, these morphological changes result in concentric hypertrophy and the wall
thickness can increase to more than 3 cm (Maron and McKenna, 2003). As such, the driving force of ventricular wall
thickening is conceptually similar to wall thickening in arteries driven by hypertension (Kuhl et al., 2007). Potentially
unfavorable consequences of thick ventricular walls are insufficient blood supply and impaired filling due to an increased
wall stiffness. Hypertrophic obstructive wall thickening is a pathological adaptation of the heart muscle that is usually
progressive and irreversible.

7.2. Governing equations of cardiac wall thickening

In our continuum growth model, we assume cardiac wall thickening to be a stress-driven, transversely isotropic,
irreversible growth process. Motivated by physiological observations, we introduce a single scalar-valued growth
multiplier Wg,

Ws ! Wg and Wf ! Wn ! 1 #50$

that reflects the parallel deposition of sarcomeres associated with transverse cardiomyocyte growth on the microscopic
scale. The growth tensor can thus be expressed as a simple rank one-update of the identity tensor in the direction of the

Fig. 10. Cardiac wall thickening, stress-driven concentric growth, and transmural muscle thickening at constant cardiac size, reprinted with permission
from Emmanouilides et al. (1994) and Kumar et al. (2005). Left ventricular outflow obstruction has caused pressure-overload hypertrophy associated
with a significant wall thickening (left). A pronounced septal hypertrophy has caused the significantly thickened septal muscle to bulge into the left
ventricular outflow tract (right).
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sheet vector s0:

Fg ! I&(Wg%1)s0 * s0: #51$

Accordingly, its inverse can be expressed explicitly using the Sherman–Morrison formula

Fg%1 ! I%
Wg%1

Wg s0 * s0 #52$

and its derivative with respect to the growth multiplier Wg, which is essentially required for the constitutive moduli in Eq.
(18), is nothing but the structural tensor s0 * s0:

@Fg

@Wg ! s0 * s0: #53$

Motivated by clinical observations, we introduce a stress-driven evolution equation for eccentric hypertrophic growth:

_W
g
! kg#Wg$fg#Me$: #54$

To ensure that the cardiomyocytes do not thicken unboundedly, the evolution of the growth multiplier Wg is scaled by the
function kg:

kg !
1
t

Wmax%Wg

Wmax%1

! "g
with

@kg

@Wg !%
g

(Wmax%Wg)
kg: #55$

In fact the parameters of this function all have a clear physical interpretation: t denotes the adaptation speed, g calibrates
the shape of the adaptation curve, i.e., the degree of nonlinearity of the growth process, and Wmax denotes the area fraction
of maximum parallel sarcomere deposition, e.g., Wmax ! 8

3 for a maximum cardiomyocyte width of 40mm. Lastly, we
introduce a growth criterion fg, similar to the athlete’s heart, in a stress-driven fashion. We choose the overstress
tr#Me$%Me crit, i.e., the difference of the trace of the Mandel stress of the intermediate configuration Me ! Ce " Se and the
baseline pressure level Mcrit as the driving for growth:

fg ! tr#Me$%Me crit with
@fg

@Wg !
@Ce

@Wg : Se&Ce :
@Se

@Wg : #56$

However now, unlike in the isotropic growth example of the athlete’s heart (29), the sensitivities

@Ce

@Wg !%Fg%t "
@Fg

@Wg

t

" Ce%Ce "
@Fg

@Wg " F
g%1 and

@Se

@Wg !
1
2
Le :

@Ce

@Wg #57$

become slightly more complex, since the growth tensor Fg is now anisotropic. Again, we apply an implicit Euler backward
scheme with _W

g
! (Wg%Wg

n)=Dt, to obtain the following expression for the discrete residual:

R! Wg%Wg
n%

1
t

Wmax%Wg

Wmax%1

! "g
(tr#Me$%Me crit)Dt60: #58$

The iterative update Wg’Wg%R=K of the growth multiplier can then be expressed in terms of the linearization of discrete
residual (58)

K!
dR

dWg ! 1% kg
@fg

@Wg &fg @kg

@Wg

! "
Dt #59$

within a local Newton iteration, to calculate the multiplier of concentric growth Wg for the current time step. Last, to
complete the calculation of the tangent moduli (18), we determine the partial derivative of the converged growth
multiplier Wg with respect to the right Cauchy Green deformation gradient of the reference configuration C,

@Wg

@C
!

@Wg

@Ce :
@C
@C

e

!
kg

K
Dt

! "
1
2
C : L0&S

! "
, #60$

where we have introduced the abbreviation

L0 ! (Fg%1*Fg%1) : Le : (Fg%t*Fg%t) #61$

for the pull back of the elastic moduli Le ! 2 @Se=@Ce from the grown intermediate configuration to the undeformed
reference configuration. Again, this update has structure similar to Eq. (34), but is slightly more complex due to the
underlying anisotropy.

7.3. Algorithmic treatment of cardiac wall thickening

Table 3 illustrates the algorithmic treatment of stress-driven transversely isotropic growth. The algorithm is somewhat
similar to the stress-driven growth algorithm for athlete’s heart in Table 1, however, it is slightly more elaborate since the
pull back and push forward operations are now fully tensorial. Similar to the transversely isotropic growth in cardiac
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dilation, our constitutive moduli now become non-symmetric such that a non-symmetric finite element solver is required
to ensure quadratic convergence and maximize computational efficiently.

7.4. Example of cardiac wall thickening

Our last example illustrates the performance of the growth algorithm in the context of stress-driven transversely
isotropic growth using our generic biventricular heart model. Again, the geometry, boundary conditions, and loading are
adopted from Section 4. The two additional growth parameters are the physiological threshold Me crit = 0.012MPa and the
maximum growth threshold Wmax ! 3:00. Fig. 11 documents the resulting deformed configurations at end systole for four
consecutive load cycles. Cardiac wall thickening is characterized through stress-driven concentric growth, and transmural
muscle thickening at constant cardiac size. The concentric growth multiplier W gradually increases from W! 1:00 to
Wmax ! 3:00 as the individual cardiomyocytes grow concentrically. On the macroscopic scale, wall thickening manifests
itself in a progressive transmural muscle growth to withstand higher blood pressure levels while the overall size of the
heart remains constant. Accordingly, there are two mechanisms that can potentially slow down the accumulation of
further growth, one is rather algorithmic and associated with the growth multiplier having reached its prescribed value of
Wmax, the other one is rather physiological and associated with the reduction of the wall stresses tr#Ce " Se$ below the critical
threshold Me crit = 0.012MPa. The heterogeneous stress profile triggers a heterogeneous progression of growth: since the
septal wall receives structural support through the pressure in the right ventricle, wall thickening is slightly more
pronounced at the free wall where the wall stresses are higher. In summary, the simulation illustrated in Fig. 11 is
excellent qualitative agreement with the pathophysiological characteristics of cardiac wall thickening discussed in Section
7.1 and illustrated in Fig. 10: (i) progressive wall thickening, (ii) relatively constant heart size, and (iii) potential occlusion
of the outflow tract through pronounced septal growth.

8. Discussion

Adopting the concept of an incompatible configuration to characterize volumetric growth of biological tissue is a
commonly accepted approach in the biomechanics community. Within the last decade, a tremendous amount of research
has been devoted to better understand the kinematics of growth, to reformulate the underlying balance equations, and to
introduce appropriate constitutive equations for growing tissue (Ambrosi et al., under review). Yet, two fundamental
problems remain unanswered: the kinematic definition of the growth tensor and the identification of the mechanical
driving forces for growth. In this manuscript, we have presented an attempt to closely tie both quantities to
the microstructural architecture of the underlying tissue. We have illustrated this concept for one particular type of tissue,
the myocardial muscle. After establishing the continuous and discrete equations for finite growth, we have specified
different growth tensors and driving forces for three distinct pathophysiological cases: athlete’s heart, cardiac dilation, and
cardiac wall thickening. For each case, we have introduced the appropriate growth tensor, either isotropic or anisotropic,
and the mechanical driving force, either stress or strain. We have shown how the underlying equations can be embedded
within the concept of internal variables, and have solved the evolution equations of growth using a local Newton Raphson
iteration. Simulations related to all three cases have been in excellent qualitative agreement with the corresponding
pathophysiological observations, and have been able to capture characteristic effects such as volume overload induced
dilation, pressure overload induced wall thickening, and combinations thereof.

Table 3
Algorithmic treatment of stress-driven transversely isotropic growth.

given F and Wg
n

initialize Wg’Wg
n

local Newton iteration

calculate growth tensor Fg ! I&(Wg%1)s0 * s0 (51)

calculate elastic tensor Fe ! F " Fg%1 (1)

calculate elastic right Cauchy Green tensor Ce ! Fet " Fe (2)

calculate second Piola Kirchhoff stress Se ! 2@c=@Ce (10)

check growth criterion fg ! tr#Ce " Se$%MecritZ0 ? (56)

calculate growth function kg ! ((Wmax%Wg)=(Wmax%1))g=t (55)

calculate residual R! Wg%Wg
n%kgfgDt (58)

calculate tangent K! @R=@Wg (59)

update growth multiplier Wg’Wg%R=K
check convergence Rrtol ?

calculate second Piola Kirchhoff stress S ! Fg%1 " Se " Fg (17)

calculate Lagrangian moduli L (18) with (19), (20), (53), (60)

push forward to Kirchhoff stress s! F " S " Ft (21)

push forward to Eulerian moduli e! (F*F) : L : (Ft*Ft) (22)
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Despite the tremendous potential of the proposed approach, we would like to point out several limitations related to
the transformative nature towards a reliable, predictive, clinically applicable model. First, in our models system, growth is
attributed exclusively to kinematic changes of one particular cell type. This approach seems reasonable for the heart, since
its volume is made up almost exclusively of cardiomyocytes which are unable to divide and can only grow in size. The
heart therefore represents an extremely unique and elegant model system to study volumetric growth. Second, to focus on
the impact of growth, we have used a relatively simple and easily reproducible finite element prototype model with
several conceptual limitations: (i) The baseline elasticity has been assumed to be isotropic of Neo-Hookean type. However,
the incorporation of a more physiological anisotropic baseline elasticity is straightforward and part of our current research
efforts (Göktepe et al., 2010b). (ii) The choice of boundary conditions might have a significant impact on the growth profile.
For the lack of better knowledge, we have fixed the entire basal plane, and thereby prevented the annulus from dilating. In
a more realistic model, more physiological boundary conditions should be incorporated to allow us to predict the impact of
cardiac dilation on functional mitral regurgitation (Göktepe et al., 2010c). (iii) For the sake of simplicity, we have only
modeled the passive effects of ventricular filling. In order to clearly distinguish between systolic and diastolic heart
diseases, it is important to incorporate the effects of active cardiomyocyte contraction (Göktepe and Kuhl, 2010). This will
also allow us to more precisely distinguish between the effects of pressure and volume overload. (iv) The present study has
been based on a generic biventricular geometry in which the fiber orientation can be specified parametrically. Replacing
this geometry by more realistic patient specific geometries in itself is relatively straightforward (Kotikanyadanam et al.,
2010). A current challenge, however, is the incorporation of realistic fiber geometries, acquired, for example, with the help
of diffusion tensor MRI. (v) This manuscript is mainly a proof of concept and we have not yet addressed the issue of
calibrating the time parameters of the model. We envision first utilizing chronic animal models to characterize the
evolution of growth over time and then compare the findings with long term studies of cardiac growth in humans (Cheng
et al., 2006).

In summary, in this manuscript, we have established a novel generic approach towards finite growth in which growth is
directly related to the underlying cellular microstructure. When calibrated appropriately, this approach will allow us to
better understand the microscopic and macroscopic mechanisms of chronic cardiac disease related to the maladaptation of
the heart muscle. Current therapies for cardiac repair seek to structurally support the failing heart through passive support
devises. Stem cell therapies have demonstrated the potential to not only provide passive support, but to also restore active
mechanical function. A computational model based on the proposed framework for finite growth could help to
systematically improve passive support devices or optimize injection sites for stem cell delivery. Overall, the continuum
modeling and computational simulation of growing biological tissue represents an exciting and challenging field through
which classical mechanics could have a tremendous impact on shaping quantitative, predictive research in life sciences
and medicine.

Fig. 11. Cardiac wall thickening, stress-driven concentric growth, and transmural muscle thickening at constant cardiac size. The concentric growth
multiplier W gradually increases from 1.00 to 3.00 as the individual cardiomyocytes grow concentrically. On the macroscopic scale, cardiac wall
thickening manifests itself in a progressive transmural muscle growth to withstand higher blood pressure levels while the overall size of the heart
remains constant. Since the septal wall receives structural support through the pressure in the right ventricle, wall thickening is slightly more
pronounced at the free wall where the wall stresses are higher.
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