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Living systems can grow, develop, adapt, and evolve. These phenomena are non-intuitive

to traditional engineers and often difficult to understand. Yet, classical engineering tools

can provide valuable insight into the mechanisms of growth in health and disease. Within

the past decade, the concept of incompatible configurations has evolved as a powerful tool

to model growing systems within the framework of nonlinear continuum mechanics.

However, there is still a substantial disconnect between the individual disciplines, which

explore the phenomenon of growth from different angles. Here we show that the nonlinear

field theories of mechanics provide a unified concept to model finite growth by means of a

single tensorial internal variable, the second order growth tensor. We review the literature

and categorize existing growth models by means of two criteria: the microstructural

appearance of growth, either isotropic or anisotropic; and the microenvironmental cues

that drive the growth process, either chemical or mechanical. We demonstrate that this

generic concept is applicable to a broad range of phenomena such as growing arteries,

growing tumors, growing skin, growing airway walls, growing heart valve leaflets, growing

skeletal muscle, growing plant stems, growing heart valve annuli, and growing cardiac

muscle. The proposed approach has important biological and clinical applications in

atherosclerosis, in-stent restenosis, tumor invasion, tissue expansion, chronic bronchitis,

mitral regurgitation, limb lengthening, tendon tear, plant physiology, dilated and hyper-

trophic cardiomyopathy, and heart failure. Understanding the mechanisms of growth in

these chronic conditions may open new avenues in medical device design and persona-

lized medicine to surgically or pharmacologically manipulate development and alter,

control, or revert disease progression.

& 2013 Elsevier Ltd. All rights reserved.
1. Motivation

Growth is a distinguishing feature of all living things.
Throughout the past century, the growth of living systems
has fascinated plant physiologists, biologists, clinical scien-
tists, mathematicians, physicists, computer scientists, and
engineers alike (Taber, 1995). An intriguing feature of growth
is the interplay of form and function, or, more specifically, the
ability of the growing system to manipulate its microenvir-
onment and, vice versa, the ability of the microenvironment
to manipulate the microstructural architecture of growth
(Ambrosi et al., 2011). The former is typically associated with
growth-induced instabilities and growth-induced stresses, or,
in a more abstract sense, with characterizing the impact
of biology on the mechanics of the system (Li et al., 2012).
The latter is associated with exploring the mechanisms that
cause the system to grow, stretch, strain, or stress, or,
abstractly, with understanding how mechanics can drive
the biology of the system (Menzel and Kuhl, 2012). In the
literature, these classifications go hand in hand with the
notions of biomechanics and mechanobiology.

The first type of phenomena, growth-induced microenvi-
ronmental changes, has been studied intensely in plant
physiology (Atkinson, 1900; Vandiver and Goriely, 2009),
applied mathematics (Dervaux and Ben Amar, 2011; Goriely
and BenAmar, 2007), and theoretical mechanics (Cai et al.,
2010; Jin et al., 2011), and is now recognized to benefit from
computational modeling in various clinical applications.
Fig. 1 shows an example of growth-induced microenviron-
mental changes in a female red-eared slider turtle (Minnesota
Department of Natural Resources, 2013). The turtle was found
wearing a plastic six-pack ring around its shell. At the time of
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Fig. 1 – Growth-induced microenvironmental changes in a nine-year old female red-eared slider turtle trapped in a plastic six-
pack ring. At the time of capture, the turtle had worn the ring for five years. During this time, the ring had constrained the
growth of the outer shell and created growth-induced stresses on the inner organs. X-ray imaging revealed that, except for
the shell and the lung, all organs had grown and developed normally; adopted from Minnesota Department of Natural
Resources (2013).

Fig. 2 – Growth-induced microenvironmental changes in a model turtle trapped in a plastic six-pack ring. The plastic ring
constrains the growth of the shell and triggers growth-induced instabilities, which result in buckling and folding of the outer
shell. Red regions close to the plastic ring are high-stress regions of constrained growth; blue regions away from the ring are
stress-free regions of unconstrained growth. (For interpretation of the references to color in this figure caption, the reader is
referred to the web version of this article.)

j o u r n a l o f t h e m e c h a n i c a l b e h a v i o r o f b i o m e d i c a l m a t e r i a l s 2 9 ( 2 0 1 4 ) 5 2 9 – 5 4 3530
capture, the turtle was a nine years old and had worn the ring
for approximately five years. During this time, the ring had
constrained the growth of the outer shell and created growth-
induced stresses on the inner organs. Fortunately, X-ray imaging
revealed that all organs, except for the shell and the lung, were
able to grow and develop normally. Fig. 2 illustrates a finite
element simulation of the growing turtle. Constraining the
deformation during growth triggers growth-induced instabilities,
which result in buckling and folding of the outer shell (Cai et al.,
2012). The red regions close to the ring are exposed to con-
strained growth and experience growth-induced stresses.
The blue regions away from the ring can grow unboundedly
and are stress free. Finite element simulations have the potential
to predict the formation of growth-induced instabilities and
identify regions of growth-induced stresses (Papastavrou et al.,
2013). Computational modeling of growthmight have immediate
clinical implications in tumor growth during cancer (Narayanan
et al., 2010), airway wall remodeling during asthma and chronic
bronchitis (Moulton and Goriely, 2011), cortical folding during
brain development (Bayly et al., this issue), crypt formation
(Nelson et al., 2011), and gut looping during organogenesis
(Savin et al., 2011). Beyond applications in developmental
biology, understanding the morphogenesis and origin of shape
may have broad applications in the natural sciences such as gap
growth in dynamical systems (van den Bedem, 2001), mineral
growth in geology (Kuhl and Schmid, 2007), or rock folding in
tectonophysics (Jager et al., 2008).

The second type of phenomena, mechanically induced
microstructural changes, has been studied in various types of
soft tissues throughout the past decade. The crucial question
here is not so much how growth induces instabilities or
stress, but rather what it is that drives the growth process
(Menzel and Kuhl, 2012). Research in this field has identified
close correlations between the nature of the mechanical
driving forces and the microstructural appearance of growth
(Menzel, 2005). For example, it seems intuitive to hypothesize
that volume growth, growth that is identical in all three
directions in space, is driven by an isotropic mechanism
such as the pressure (Himpel et al., 2005). Indeed, high blood
pressure, or in clinical terms, hypertension, is a chronic
condition that manifests itself in thickened arterial walls
and thickened heart muscle (Kuhl et al., 2007). Similarly, we
can postulate that area growth, growth that takes place in a
particular plane of interest, is driven by a planar mechanism
such as the area stretch (Socci et al., 2007). And indeed,
plastic surgeons artificially create microenvironments with a
controlled elevated area stretch to grow extra skin for defect
repair (Buganza Tepole et al., 2011). Finally, it seems natural
to assume that longitudinal growth, growth that takes place
along a particular direction, is controlled by a unidirectional
mechanism such as the fiber stretch (Barnett et al., 1980). A
typical example is the controlled longitudinal growth of
muscle fibers in clinical procedures such as limb lengthening
(Zöllner et al., 2012). In all these cases, finite element
simulations may play a crucial role in predicting, manipulat-
ing, and possibly reverting the natural progression of growth.
This could have immediate applications in hypertension
(Rausch et al., 2011), in-stent restenosis (Kuhl et al., 2007),
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tissue expansion (Pamplona et al., this issue), mitral regur-
gitation (Timek et al., 2006), limb lengthening (Zöllner et al.,
2012), tendon tear (Zumstein et al., 2012), myopia (Grytz et al.,
2012), glaucoma (Grytz et al., 2012), and heart failure (Göktepe
et al., 2010). Beyond applications in chronic disease, under-
standing the controlled manipulation of microstructural
architecture could stimulate the design of smart materials
with low stiffness and high responsiveness to mechanical
cues with possible applications in therapeutics, metrology,
sensors, microfluidics, and tissue engineering.

Table 1 illustrates selected examples of finite growth
categorized by the microstructural type of growth and by
the microenvironmental cues that drive the growth process.
The first column addresses the first type of phenomena,
growth-induced microenvironmental changes, which are pri-
marily driven by chemical cues such as nutrients, hormones,
or growth factors. The second column addresses the second
type of phenomena, mechanically-induced microstructural
Table 1 – Examples of growing matter categorized by the micr
cues that drive the growth process.

Microenvironment Chemical cues
Microstructure

Volume growth Tumors
Nutrient-driven
Ductal carcinoma, tumor spheroids (Ambrosi
and Mollica, 2002; Ciarletta et al., 2013;
Narayanan et al., 2010)

Fruit
Hormone-driven
Fruit growth (Böl et al., this issue)

Area growth Lungs
Growth-factor-driven
Asthma, chronic bronchitis (Jin et al., 2011; Li
et al., 2011; Moulton and Goriely, 2011; Xie et al
this issue)

Brain
Growth-factor-driven
Brain development, cortical folding (Bayly et al.
this issue; Wyczalkowski et al., 2012; Xu et al.,
this issue)

Intestine
Growth-factor-driven
Intestinal villi, crypt formation (Balbi and
Ciarletta, 2013; Nelson et al., 2011)

Fiber growth Plants
Hormone-driven
Plant physiology (Atkinson, 1900; Holland et al
2013; Vandiver and Goriely, 2009)

Gut
Growth-factor-driven
Gut looping, organogenesis (Savin et al., 2011;
Wyczalkowski et al., 2012)
changes, which are primarily driven by mechanical cues such
as stress, strain, or stretch. Depending on the microstructural
architecture of the system, both cues may initiate volume,
area, or fiber growth as indicated in the individual rows.

To systematically compare the individual phenomena of
growth, we briefly summarize the mathematical modeling of
growth within the nonlinear field theories of mechanics in
Section 2. We then specify the three different microstructural
types of growth, volume growth, area growth, and fiber
growth in Sections 3–5. For each type, we discuss selected
examples of chemically-driven growth in Sections 3.1, 4.1,
and 5.1, and of mechanically driven growth in Sections 3.2,
4.2, and 5.2. For illustrational purposes, we also add two
diagnostic examples of pathological area growth and fiber
growth in Sections 4.3 and 5.3 and demonstrate an example
of combined growth in Section 6. We conclude with a
discussion of the opportunities and challenges in modeling
growth of living systems in Section 7.
ostructural type of growth and by the microenvironmental

Mechanical cues

Arteries
Stress-driven
Hypertension, restenosis (Bennett, 2003; Kuhl et al., 2007;
Menzel, 2007; Taber and Humphrey, 2001; Waffenschmidt and
Menzel, this issue)

Skin
Strain-driven

.,
Tissue expansion (Beauchenne et al., 1989; Buganza Tepole
et al., 2011; De Filippo and Atala, 2002; Pamplona et al., this
issue; Socci et al., 2007; Zöllner et al., 2012)

Heart valves
Strain-driven

, Mitral regurgitation (Chaput et al., 2008; Dal-Bianco et al., 2009;
Grande-Allen et al., 2005; Rausch et al., 2012; Timek et al., 2006)

Heart
Stress-driven
Cardiac hypertrophy (Göktepe et al., 2010, 2010; Kroon et al.,
2009; Rausch et al., 2011)

Muscle
Stretch-driven

., Limb lengthening, tendon tear (Barnett et al., 1980; Caiozzo
et al., 2002; Williams and Goldspink, 1978; Zöllner et al., 2012)

Eye
Stretch-driven
Myopia, glaucoma (Grytz et al., 2012, 2012, this issue)

Heart
Stretch-driven
Cardiac dilation, heart failure (Göktepe et al., 2010; Kerckhoffs
et al., 2012; Klepach et al., 2012; Taber, 1995)
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2. Continuum modeling of growth

Before discussing the individual examples of growing matter,
we briefly summarize the continuum modeling of finite
growth. In general, growth of a living system is associated
with an increase in mass (Epstein and Maugin, 2000; Kuhl and
Steinmann, 2003). Most living systems are multiphase mate-
rials that consist of a solid and one or more fluid phases
(Humphrey and Rajagopal, 2003). Within the context of
continuum mechanics, growth of multiphase materials is
nothing but the exchange of mass between the fluid and
the solid phases (Harper et al., this issue; Myers and Ateshian,
this issue). Since the fluid phases are typically difficult to
characterize and play a minor role in the mechanical char-
acterization, simplified models characterize growth exclu-
sively through an increase in solid mass, or, more precisely,
through the kinematic changes associated with the increase
in solid volume (Garikipati, 2009; Rodriguez et al., 1994). Here,
for illustrational purposes, we restrict ourselves to kinematic
changes of growing bodies with a single microstructural
direction n0 (Göktepe et al., 2010).

We characterize the motion of these growing bodies
through the deformation φ, which maps material points X
onto spatial points x¼φðX; tÞ at any given time t. The key
kinematic quantity in finite growth is the deformation gra-
dient F, which we decompose multiplicatively (Lee, 1969;
Lubarda, 2004) into a reversible elastic part Fe and an
irreversible growth part Fg,

F¼∇Xφ¼ Fe � Fg : ð1Þ

Here, ∇f○g ¼ ∂Xf○gjt denotes the gradient of a field f○gðX; tÞ with
respect to the material position X at fixed time t. As illu-
strated in Fig. 3, we can interpret this multiplicative decom-
position as a sequence of mappings from the reference
configuration B0, via an incompatible growth configuration,
to the current configuration Bt. The Jacobian J defines the
total change in volume, which we decompose multiplica-
tively into a reversible elastic volume change Je ¼ detðFeÞ and
Fig. 3 – Kinematics of finite growth. Multiplicative
decomposition of the deformation gradient into elastic and
growth parts, F¼ Fe � Fg, and associated mappings of line
elements, λ and λg, of area elements, η and ηg, and of volume
elements, J and Jg.
an irreversible grown volume change Jg ¼ detðFgÞ,
J¼ detðFÞ ¼ JeJg : ð2Þ
Nanson's formula defines the total change in surface area η,
which we decompose into a reversible elastic area change ηe

and an irreversible grown area change ηg ¼ J JgFg� t � n0 J ,

η¼ J JF� t � n0 J ¼ ηeηg : ð3Þ
Here, n0 denotes the unit surface normal in the reference
configuration. Last, we can decompose the stretch λ, the total
change in length along the microstructural direction n0, into a
reversible elastic strech λe and an irreversible growth stretch
λg ¼ JFg � n0 J ,

λ¼ JF � n0 J ¼ λeλg : ð4Þ
We further introduce the right Cauchy–Green deformation
tensor C and its elastic counterpart Ce,

C¼ Ft � F¼ Fgt � Ce � Fg with Ce ¼ Fet � Fe; ð5Þ
along with the left Cauchy–Green deformation tensor b and
its elastic counterpart be,

b¼ F � Ft and be ¼ Fe � Fet: ð6Þ
It proves convenient to also introduce the growth deforma-
tion tensor, Cg ¼ Fgt � Fg, and its inverse Cg�1, which follows
directly from the covariant pullback of the elastic left Cau-
chy–Green deformation tensor be,

Cg�1 ¼ Fg�1 � Fg� t ¼ F�1 � be � F� t: ð7Þ
In what follows, we characterize the material through two
kinematic invariants,

Je ¼ detðFeÞ and Ie1 ¼ Ce : I¼ be : I; ð8Þ

with derivatives ∂Je=∂Ce ¼ 1
2 J

eCe�1 and ∂Ie1=∂C
e ¼ I. On the

smaller time scales of seconds, minutes, or hours, many
living systems display a pronounced viscoelastic response.
On the larger time scales of weeks or months, which are
relevant to biological growth, it seems justified to neglect
viscous effects and approximate the constitutive response as
purely hyperelastic. Here we consider an isotropic hyperelas-
tic material characterized through the Helmholtz free energy
function,

ψ ¼ 1
2 λ ln

2 Je
� �þ 1

2 μ Ie1�3�2 ln Je
� �� �

; ð9Þ

which defines the elastic Piola–Kirchhoff stress associated
with the incompatible grown configuration,

Se ¼ 2
∂ψ
∂Ce ¼ λ ln Je

� ��μ
� �

Ce�1 þ μI: ð10Þ

Through a contravariant pull back to the reference config-
uration, we obtain the total Piola–Kirchhoff stress,

S¼ Fg�1 � Se � Fg� t ¼ ½λ lnðJeÞ�μ�C�1 þ μCg�1: ð11Þ
Through a contravariant push forward to the current config-
uration, we obtain the Kirchhoff stress,

τ ¼ Fe � Se � Fet ¼ ½λ lnðJeÞ�μ�Iþ μbe: ð12Þ
To close the set of constitutive equations, it remains to
specify the format of the growth tensor Fg and the driving
force for growth. In the following sections, we illustrate
different growth tensors and possible driving forces by means
of typical examples of volume growth, area growth, and fiber
growth.



Fig. 4 – Nutrient-driven volume growth of tumors. Similar to
tumors, the muffins shown here grow isotropically. While
tumors grow homogeneously once the nutrient
concentration exceeds the nutrition threshold, muffins grow
homogeneously once the baking temperature exceeds a
critical temperature. Red regions at the sides are high-stress
regions of constrained growth; blue regions at the top are
stress-free regions of unconstrained growth. (For
interpretation of the references to color in this figure caption,
the reader is referred to the web version of this article.)
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3. Volume growth

Volume growth is the simplest type of finite growth, for
which the amount of growth is identical in all directions
(Chen and Hoger, 2000). Its growth tensor is simply the
identity tensor I scaled by a scalar-valued growth multiplier
ϑ1=3,

Fg ¼ ϑ1=3I where ϑ¼ Jg : ð13Þ
In volume growth, the growth multiplier ϑ takes the inter-
pretation of the grown volume Jg. We can directly invert the
growth tensor,

Fg�1 ¼ ϑ�1=3I; ð14Þ
and obtain an explicit representation of elastic tensor,

Fe ¼ ϑ�1=3F: ð15Þ
From this explicit expression, we can immediately calculate
the elastic Jacobian,

Je ¼ J=ϑ; ð16Þ
and the elastic left Cauchy Green tensor,

be ¼ ϑ�2=3b: ð17Þ
to evaluate the Kirchhoff stress τ according to Eq. (12). In the
following subsections, we specify the evolution equation for
the growth multiplier ϑ for two different types of volume
growth, tumor growth and arterial growth.

3.1. Nutrient-driven volume growth of tumors

In tumors, growth is typically not controlled by mechanical
driving forces such as stress or strain, but rather by bio-
chemical driving forces such as nutrient supply (Araujo and
McElwain, 2004). The nutrient concentration n typically dis-
plays regional variations across the tissue, larger outside and
smaller inside the tumor (Ciarletta et al., 2012). This induces
heterogeneous growth. To explore the mechanisms of nutrition-
controlled growth, we propose the following simple exponential
evolution equation for the growth multiplier (Ambrosi and
Mollica, 2002),

_ϑ ¼ 1
τ

ϑmax�1
� �

exp �t=τ
� �� � 1

n
〈n�ncrit〉;

where the first term controls unbounded exponential growth
and the second term 〈n�ncrit〉=n is the Heaviside step func-
tion, which is unity when the nutrient concentration n
exceeds the critical threshold ncrit and zero otherwise. Here,
for illustrative purposes, we assume that there is sufficient
nutrient supply throughout the tissue, n4ncrit, such that
growth is essentially homogeneous (Ciarletta et al., 2012).
Because of this simplification, we can integrate the growth
equation explicitly as ϑ¼ 1þ ½ϑmax�1�½1�expð�t=τÞ�. Three
material parameters govern the growth process, the growth
speed τ, the maximum volume growth ϑmax towards which
the growth multiplier ϑ converges with progressing time t,
and the nutrition threshold ncrit beyond which growth occurs
(Ambrosi and Mollica, 2002).

Fig. 4 illustrates the mechanism of nutrient-driven volume
growth of tumors by means of growing muffins. Similar to
tumors, muffins typically grow isotropically (Narayanan et al.,
2010). While tumors grow homogeneously once the nutrient
concentration exceeds the nutrition threshold, muffins
grow homogeneously once the baking temperature exceeds
a critical temperature. At the lateral wall, where growth is
constrained, growth induces high stress concentrations
shown in red. At the top, were growth is unconstrained,
the body is stress free shown in blue. This boundary value
problem mimics the early development of ductal carcinoma
in situ, the initial phase of growth in breast cancer (Ambrosi
and Mollica, 2002). At this stage, the growing tumor is non-
invasive since it is spatially confined inside the cylindrical
breast duct. However, it induces significantly elevated wall
stresses, similar to the ones we observe in the muffin wall
(Ciarletta et al., 2012). Here, for illustrative purposes, we have
selected a homogeneous growth model. In reality, tumor
growth is heterogeneous, controlled by regionally varying
nutrient concentrations (Ambrosi and Mollica, 2002) or, more
precisely, by a combination of regionally varying nutrient
concentrations and growth-inhibiting stresses (Ambrosi
and Mollica, 2004). Supplemented by controlled experiments,
computational modeling of tumor growth could help to
explain how local nutrient and stress concentrations can
drive tumor invasion (Araujo and McElwain, 2004). Under-
standing how biochemical and biomechanical forces can
manipulate mechanotransduction pathways in growing mul-
ticellular spheroids would be a major step towards novel
therapeutic treatments for various different types of cancer
(Ciarletta et al., 2013).

3.2. Stress-driven volume growth of arteries

In cardiovascular tissue, growth is typically driven by hyper-
tension, a major risk factor in myocardial infarction, heart
failure, and aneurysms (Taber and Humphrey, 2001). Hyper-
tension is a chronic medical condition associated with ele-
vated blood pressure. It thus seems reasonable to consider
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growth as a stress-driven process governed by the pressure p.
A possible evolution equation for stress-driven volume growth
could take the following format (Himpel et al., 2005),

_ϑ ¼ 1
τ

ϑmax�ϑ

ϑmax�1

� �γ
〈p�pcrit〉 with p¼ tr τð Þ;

where the first term controls unbounded growth and the
second term in the Macaulay brackets represents a stress-
driven growth criterion similar to the yield function in the
theory of plasticity. In this simplified model, four material
parameters govern the growth process, the growth speed τ,
the shape parameter for the growth curve γ, the maximum
volume growth ϑmax, and the physiological pressure level pcrit

beyond which growth occurs (Lubarda and Hoger, 2002).
Fig. 5 illustrates a typical example of stress-driven volume

growth in response to arterial stenting (Kuhl et al., 2007).
To widen the narrowed lumen of an atherosclerotic artery,
vascular surgeons stent the artery by implanting a small
metal-meshed tube. The forces that keep the tube in place
create elevated wall stresses, which induce mechanotrans-
duction pathways that ultimately cause the artery to grow.
This phenomenon is referred to as in-stent restenosis
(Bennett, 2003). In the red regions close to the stent, the
arterial wall has doubled its initial wall volume to sustain the
elevated wall stress. In the unstented blue regions, the wall
volume remains unchanged. Here, for illustrative purposes,
we have selected isotropic constitutive models for both the
elastic arterial wall and its growth. In reality, arterial growth
and remodeling are complex anisotropic, multiphase phe-
nomena, which are elaborated in detail in Roccabianca et al.
(this issue) and Waffenschmidt and Menzel (this issue) of this
special issue. Understanding the progression of arterial
growth in response to elevated wall stresses is critical to
prevent disease and improve treatment options. For example,
drug-eluting stents have been proposed to manipulate the
mechanotransduction pathways in response to stenting with
the goal to suppress undesired wall thickening (Bennett, 2003).
Mathematical modeling and computational simulations could
help to optimize stent shapes, stent coating, stent placement,
and stent timing (Mortier et al., 2010).
Fig. 5 – Stress-driven volume growth of arteries.
Atherosclerotic arteries are stented to widen their lumen.
The forces of the stent create elevated wall stresses, which
cause the artery to grow, a phenomenon known as in-stent
restenosis. In red regions, the arterial wall has doubled its
volume; in blue regions, the wall volume remains
unchanged. (For interpretation of the references to color in
this figure caption, the reader is referred to the web version
of this article.)
4. Area growth

Area growth is a type of finite growth, for which growth is
isotropic in a plane characterized through the unit normal n0,
while there is no growth in the out-of-plane direction (Buganza
Tepole et al., 2011),

Fg ¼
ffiffiffi
ϑ

p
Iþ ½1�

ffiffiffi
ϑ

p
�n0 � n0 where ϑ¼ ηg : ð18Þ

In area growth, the growth multiplier ϑ takes the interpreta-
tion of the grown surface area ηg. Since there is no growth in
the normal direction, the amount of area growth is identical
to the total amount of volume growth, Jg ¼ ϑ. The growth
tensor for area growth has a simple rank-one update struc-
ture and we can invert it directly using the Sherman–
Morrison formula,

Fg�1 ¼ 1ffiffiffi
ϑ

p Iþ 1� 1ffiffiffi
ϑ

p
� �

n0 � n0; ð19Þ

to obtain the an explicit representation of elastic tensor,

Fe ¼ 1ffiffiffi
ϑ

p F þ 1� 1ffiffiffi
ϑ

p
� �

n � n0: ð20Þ

Here n¼ F � n0 denotes the spatial normal as illustrated in
Fig. 3. To evaluate the Kirchhoff stress τ according to Eq. (12),
we calculate the elastic Jacobian,

Je ¼ J=ϑ; ð21Þ
and the elastic left Cauchy–Green tensor,

be ¼ 1
ϑ
bþ 1� 1

ϑ

� �
n � n: ð22Þ

In the following subsections, we specify the evolution equa-
tion for the growth multiplier ϑ for three different types
of area growth, airway wall growth, skin growth, and heart
valve leaflet growth.

4.1. Growth-factor-driven area growth of airway walls

In chronic obstructive pulmonary disease, growth is primarily
controlled by biochemical driving forces such as growth
factor concentrations (Moulton and Goriely, 2011). Here, we
propose the following simple exponential evolution equation
for the growth multiplier (Papastavrou et al., 2013),

_ϑ ¼ 1
τ

ϑmax�1
� �

exp �t=τ
� �� � 1

g
〈g�gcrit〉:

The first term controls unbounded exponential growth and the
second term, 〈g�gcrit〉=g, is the Heaviside step function. The
Heaviside function is unity when the concentration of growth
factors g exceeds the critical threshold gcrit and is zero otherwise.
For simplicity, we assume that the growth factor concentration
is larger than this threshold throughout the entire airway wall,
g4gcrit. This implies that growth is homogeneous, and we
can explicitly integrate the growth equation in time to obtain
the following explicit expression ϑ¼ 1þ ½ϑmax�1�½1�expð�t=τÞ�.
Here, τcharacterizes the speed of growth and ϑmax limits the
maximum amount of growth towards which the growth multi-
plier ϑ converges with progressing time t.

Fig. 6 illustrates area growth of the mucous membrane, the
inner layer of the airway wall (Papastavrou et al., 2013). Once
the growth factor concentration exceeds a critical threshold, the



Fig. 6 – Growth-factor-driven area growth of airway walls.
The inner layer, the mucous membrane, grows
homogeneously once the growth factor concentration
exceeds a critical threshold, while the outer layer does not
grow. Red regions at the inner wall are regions of high
growth-induced deviatoric stress; blue regions at the outer
wall are non-growing and almost stress-free. (For
interpretation of the references to color in this figure caption,
the reader is referred to the web version of this article.)
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inner layer grows homogeneously, while the outer layer does
not grow (Li et al., 2011). In the red regions, membrane growth
induces folding associated with local stress concentrations
(Wiggs et al., 1997). In the blue regions, the airway wall is non-
growing and almost stress-free. Here, we have modeled the
mucous membrane as a truly three-dimensional material
volume. For phenomena like airway wall remodeling, in which
the growing layer is significantly thinner than the remaining
non-growing tissue, recent studies suggest to model the mem-
brane as a growing two-dimensional material surface equipped
with its own potential energy (Papastavrou et al., 2013). To trigger
the formation of folds, we have introduced five, six, seven,
and eight infinitesimal perturbations. One of the contributions
of this special issue elaborates the critical number of folds
in airway wall remodeling using energetic considerations
(Xie et al., this issue). The computational modeling of area
growth has immediate biomedical applications in the diagnosis
and treatment of asthma, gastritis, and obstructive sleep
apnoea (Moulton and Goriely, 2011). Beyond biomedical appli-
cations, the scientific understanding of growth-induced mor-
phological instabilities and surface wrinkling has important
implications in material sciences, manufacturing, and micro-
fabrication, with applications in soft lithography, metrology,
and flexible electronics (Li et al., 2012).
Fig. 7 – Strain-driven area growth of skin. Upon tissue
expansion, spherical, square, rectangular, and crescent-
shaped expanders are subcutaneously implanted and
gradually inflated. The controlled over-stretch causes skin to
grow. In red regions, skin has tripled its area; in blue
regions, skin area remains unchanged. (For interpretation of
the references to color in this figure caption, the reader is
referred to the web version of this article.)
4.2. Strain-driven area growth of skin

In skin, growth is primarily driven by mechanical strain
(De Filippo and Atala, 2002). Tissue expansion capitalizes on
this phenomenon and induces controlled overstretch to
create new skin for local defect repair in plastic and
reconstructive surgery (Baker, 1991). A possible evolution
equation for strain-driven area growth of skin could take
the following format (Buganza Tepole et al., 2011),

_ϑ ¼ 1
τ

ϑmax�ϑ

ϑmax�1

� �γ
〈ηe�ηcrit〉 with ηe ¼ J JF� t � n0 J

ϑ
:

The first term controls unbounded growth and the second
term in the Macaulay brackets represents a strain-driven
growth criterion similar to the damage loading function in
continuum damage mechanics (Socci et al., 2007). Four
material parameters govern the growth process, the growth
speed τ, the shape parameter for the growth curve γ, the
maximum area growth ϑmax, and the physiological area
stretch ηcrit beyond which growth occurs (Zöllner et al., 2012).

Fig. 7 illustrates a typical example of strain-driven area
growth of skin (Buganza Tepole et al., 2011). Upon tissue
expansion, expanders of different shapes, spherical, square,
rectangular, and crescent-shaped, are subcutaneously
implanted and gradually inflated (van Rappard et al., 1988).
The elevated strain causes the skin to grow. In the center of
the expanded region shown in red, the area stretch is highest
and skin gradually triples its initial area. In the periphery
shown in blue, the area stretch is close to zero and the skin
area remains unchanged (Buganza Tepole et al., 2012). These
regional variations in skin growth agree nicely with experi-
mental observations of controlled skin growth in rodents
(Beauchenne et al., 1989).

Fig. 8 illustrates the clinical example of strain-driven area
growth in plastic and reconstructive surgery (Gosain et al.,
2009). In this example of pediatric forehead reconstruction,
three tissue expanders are subcutaneously implanted and
gradually inflated to create skin flaps for defect repair in situ
(Zöllner et al., in press). Over a period of multiple weeks, the
increased strain causes skin to grow (Rivera et al., 2005).
In the center of the expanded regions shown in red, the area
stretch is highest and skin triples its initial areal. In the



Fig. 8 – Strain-driven area growth of skin. In pediatric forehead reconstruction, tissue expanders are subcutaneously
implanted and gradually inflated for defect repair in situ. The controlled over-stretch causes skin to grow. In red regions, skin
has tripled its area; in blue regions, skin area remains unchanged. (For interpretation of the references to color in this figure
caption, the reader is referred to the web version of this article.)
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periphery shown in blue, the area stretch is close to zero and
the skin area remains unchanged (Zöllner et al., 2012). For
simplicity, we have selected an isotropic constitutive model
for the baseline elastic response of skin. In reality, skin is
incompressible (Pamplona and Carvalho, 2012) and anisotro-
pic (Buganza Tepole et al., 2012), and its growth is closely
associated with other phenomena such as capillary network
formation (Ciarletta and Ben Amar, 2012). One of the con-
tributions of this special issue illustrates the potential of
computational simulations in skin expansion (Pamplona
et al., this issue). Computational models for skin growth
could serve as valuable tools to rationalize clinical process
parameters such as expander geometry, expander size, filling
volume, filling pressure, and inflation timing to minimize
tissue necrosis and maximize patient comfort in plastic and
reconstructive surgery (Zöllner et al., in press).

4.3. Pathological area growth of heart valve leaflets

In mitral regurgitation, the heart valves no longer seal properly
(Yiu et al., 2000). If untreated, mitral regurgitation can become
life threatening, since it is associated with a severe back flow
and a gradual increase in work load. Only recently, heart valve
leaflets in diseased individuals were found to be significantly
larger than those in normal patients (Chaput et al., 2008). This
motivates the hypothesis that leaflets can chronically adapt in
response to microenvironmental changes and increase their
area to close properly and prevent back flow (Dal-Bianco et al.,
2009). While it is not entirely clear, whether leaflet growth
is primarily driven by biochemical or biomechanical factors
(Grande-Allen et al., 2005), characterizing the amount of growth
in an in vivo setting might provide valuable insight into the
mechanisms of leaflet growth. To quantify the amount of
surface area growth in response to myocardial infarction, con-
trolled experiments were performed in five sheep (Rausch et al.,
2012). Leaflet coordinates before and after infarction were
reconstructed from implanted markers using bi-plane video-
fluoroscopy (Rausch et al., 2011). From these leaflet coordinates,
we can quantify the amount of infarct-induced area growth,

ηg ¼ J JgFg� t � n0 J ;
and the amount of infarct-induced growth along the circumfer-
ential and radial directions ncc and nrr,

λgcc ¼ JFg � ncc J and λgrr ¼ JFg � nrr J :

For simplicity, this characterization assumes that the elastic
deformation between the baseline state and the chronically
grown state is negligible, Fe6I, such that the measured defor-
mation between both states can be attributed exclusively to
pathological leaflet growth, Fg ¼ F.

Fig. 9 illustrates the pathological area growth of heart valve
leaflets in chronic ischemic cardiomyopathy (Rausch et al., 2012).
The first row displays the initial leaflet geometry of five animals.
The second, third, and fourth rows illustrate the amount of area
growth ηg, circumferential growth λgcc, and radial growth λgrr. In
the red regions, the leaflets grow by þ30% in area and by þ10%
in length. In the blue regions, the leaflets shrink by �30% in
area and by �10% in length. The average leaflet surface area
increases by 16% (Rausch et al., 2012). The phenomenon of
adaptive leaflet growth was confirmed by three other studies,
which reported a radial leaflet lengthening (Timek et al., 2006),
and an increase in leaflet area (Chaput et al., 2009; Dal-Bianco
et al., 2009). This study demonstrates that mechanical stretch,
induced by annular dilation and papillary muscle tethering, can
trigger leaflet growth. While this study is primarily diagnostic
with a focus on quantifying changes in leaflet area, another
study in this special issue focusses on quantifying changes
in leaflets microstructure in response to microenvironmental
changes (Soares et al., this issue). Understanding the mechan-
isms of leaflet adaptation may open new avenues in pharmacol-
ogy or surgery to manipulate mechanotransduction pathways
with a goal to increase leaflet area and reduce the degree of
regurgitation (Gillam, 2008; Rausch and Kuhl, 2013).
5. Fiber growth

Fiber growth is a type of finite growth, for which growth takes
place exclusively along the fiber direction n0, while there is no
growth in the cross-fiber direction (Zöllner et al., in press),

Fg ¼ Iþ ½ϑ�1� n0 � n0 where ϑ¼ λg : ð23Þ



Fig. 9 – Pathological area growth of heart valve leaflets.
Implanted videofluoroscopic markers reveal heterogeneous
and anisotropic changes in leaflet area in chronic ischemic
cardiomyopathy. Initial leaflets of five ischemic sheep (first
row), and their growth in area (second row), growth in
circumferential direction (third row), and growth in radial
direction (fourth row) demonstrate regional and directional
variations. In red regions leaflets grow by þ30% in area and
by þ10% length; in blue regions leaflets shrink by �30% in
area and by �10% in length. (For interpretation of the
references to color in this figure caption, the reader is
referred to the web version of this article.)

Fig. 10 – Hormone-driven fiber growth of plant stems. The
epidermal cells of the outer surface grow slower than the
parenchyma cells of the inner core. Differential growth
creates a state of longitudinal tissue tension. The balanced
interplay between surface tension, shown in red, and bulk
compression, shown in green, gives the stem its
characteristic rigidity. When the surface layers are peeled off,
they contract and bend outward, while the inner core
expands as tissue tension is released. (For interpretation of
the references to color in this figure caption, the reader is
referred to the web version of this article.)
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In fiber growth, the growth multiplier ϑ takes the interpreta-
tion of the chronic fiber lengthening λg. Since there is no
cross-fiber growth, this fiber lengthening is identical to
the total amount of volume growth, Jg ¼ ϑ. The growth tensor
has a simple rank-one update structure and we can invert it
directly using the Shermann–Morrison formula,

Fg�1 ¼ Iþ 1
ϑ
�1

� �
n0 � n0; ð24Þ

to obtain an explicit representation of the elastic tensor,

Fe ¼ F þ 1
ϑ
�1

� �
n � n0: ð25Þ

This expression allows us to evaluate the Kirchhoff stress τ

according to Eq. (12), by means of the elastic Jacobian,

Je ¼ J=ϑ; ð26Þ

and the elastic left Cauchy–Green tensor,

be ¼ bþ 1

ϑ2
�1

� �
n � n: ð27Þ

In the following subsections, we specify the evolution equa-
tion for the growth multiplier ϑ for three different types of
fiber growth, plant stem growth, skeletal muscle growth, and
heart valve annulus growth.
5.1. Hormone-driven fiber growth of plant stems

In plant stems, growth is primarily controlled by biochemical
driving forces such as plant hormones (Thimann and
Schneider, 1938). Typical examples are auxin or gibberellins.
We propose the following simple exponential evolution for
hormone controlled plant growth (Holland et al., 2013):

_ϑ ¼ 1
τ

ϑmax�1
� �

exp �t=τ
� �� � 1

h
〈h�hcrit〉:
The first term controls unbounded exponential growth and
the second term, 〈h�hcrit〉=h, is the Heaviside step function,
which is unity when the hormone concentration h exceeds
the critical threshold hcrit and zero otherwise. To initiate
homogeneous growth, we assume that the hormone concen-
tration is larger than this threshold throughout the entire
plant stem, h4hcrit. We can then explicitly integrate the
growth equation in time to obtain the following explicit
expression ϑ¼ 1þ ½ϑmax�1�½1�expð�t=τÞ�. Here, τcharacterizes
the speed of growth and ϑmax is maximum stem lengthening
towards which the growth multiplier ϑ converges with progres-
sing time t.

Fig. 10 illustrates the phenomenon of hormone-driven
fiber growth of a rhubarb stem (Holland et al., 2013). During
plant growth, the densely packed, brick-shaped epidermal
cells of the outer surface shown in red grow slower than the
thin-walled parenchyma cells of the inner core shown in
green. Differential growth creates a state of longitudinal
tissue tension or residual stress (Atkinson, 1900). The
balanced interplay between surface tension and bulk com-
pression gives the stem its characteristic rigidity (Gager,
1916). When the surface layers are peeled off, they contract
and bend outward, while the inner core expands as tissue
tension is released (Goldstein and Goriely, 2006). In plant
physiology, the petiole of rhubarb serves as a widely used
model system to visualize and quantify the effects of growth
of thin surface layers (Vandiver and Goriely, 2009). While
stem growth is typically unidirectional, growth of fruit as
discussed in one of the contributions of this special issue (Böl
et al., this issue), can be a truly tridirectional phenomenon.
Thin film phenomena as discussed here are inherent to
applications in material sciences, manufacturing, and micro-
fabrication (Li et al., 2012). Modeling of growing thin films
such as the epithelial layer can provide insight into the
complex interplay between thin films and the bulk (Nelson
et al., 2011), which might be particularly valuable when
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designing novel functionalized surfaces with distinct user-
defined properties (Holland et al., 2013).
5.2. Stretch-driven fiber growth of skeletal muscle

In skeletal muscle, longitudinal growth is primarily driven by
mechanical stretch (Barnett et al., 1980). Typical applications
are controlled muscle growth in limb lengthening, tendon
lengthening, tendon transfer, and tendon reattachment after
tendon tear. A possible evolution equation for stretch-driven
longitudinal fiber growth of skeletal muscle could take the
following format (Zöllner et al., 2012),

_ϑ ¼ 1
τ

ϑmax�ϑ

ϑmax�1

� �γ
〈λe�λcrit〉 with λe ¼ JF � n0 J

ϑ
:

The first term controls unbounded growth and the second
term in the Macaulay brackets represents a stretch-driven
growth criterion. The growth process is governed by four
material parameters, the growth speed τ, the shape para-
meter for the growth curve γ, the maximum fiber lengthening
ϑmax, and the physiological stretch limit λcrit beyond which
growth occurs.

Fig. 11 illustrates fiber growth of skeletal muscle in a
retracted biceps brachii muscle after tendon tear (Zöllner
et al., 2012). To surgically reattach the torn tendon, the
shortened, retracted muscle needs to re-lengthen. Muscle
re-lengthening can be induced by applying controlled chronic
over-stretch (Zumstein et al., 2012). When stretched beyond
the physiological limit, skeletal muscles responds through
sarcomerogenesis (Caiozzo et al., 2002), the creation and serial
deposition of new sarcomere units, to gradually lengthen
and return to its optimal operating range (Williams and
Fig. 11 – Stretch-driven fiber growth of skeletal muscle. To
reattach a torn tendon, the retracted and shortened biceps
brachii muscle is gradually re-lengthened. Chronic over-
stretch causes the muscle to grow. In red regions, the
muscle has increased its length by 14%; in blue regions,
muscle length remains unchanged. (For interpretation of the
references to color in this figure caption, the reader is
referred to the web version of this article.)
Goldspink, 1978). Proximally, at the shoulder side, where the
muscle-tendon interface is relatively sharp, the muscle length-
ens by 14% and more, shown in red. Distally, at the elbow side,
where the stiff tendon branches into the soft muscle tissue, the
muscle lengthens by 4% and less, shown in blue. Regional
variations in muscle stretch, shorter close to and longer away
from the muscle-tendon interface, are caused by the stiff
tendon, which locally enhances the resistance to stretch
(Goldspink, 1968). Modeling the time sequence of muscle
lengthening may help surgeons to prevent muscle overstretch
and make informed decisions about optimal stretch incre-
ments, stretch timing, and stretch amplitudes in controlled
limb and tendon lengthening (Gerber et al., 2009).
5.3. Pathological fiber growth of heart valve annuli

In mitral regurgitation, the heart valve dilates and pulls the
leaflets apart to no longer seal the valve properly (Levine
et al., 2002). A common repair technique is to implant a tight
ring around the heart valve annulus to bring the leaflets back
together (Bothe et al., 2012). Fig. 12 displays an annuloplasty
ring designed specifically for patients with chronic ischemic
mitral regurgitation (Daimon et al., 2005). While it is not clear
to date whether annular dilation in these patients is primar-
ily driven by biochemical or biomechanical factors, charac-
terizing the amount of growth in an in vivo setting might
provide valuable insight into the mechanisms of annular
growth. To quantify the amount of fiber growth and annular
dilation, controlled experiments were performed in nine
sheep (Tibayan et al., 2003). Annular coordinates of healthy
and dilated annuli were reconstructed from implanted mar-
kers before infarction and five weeks after infarction using bi-
plane videofluoroscopy. From these coordinates, we can
quantify the infarct-induced annular stretch as the relative
change in tangent vector length (Rausch et al., 2012),

λg ¼ JdscJ=Jdsc0 J :

Here, c0 and c denote the parametric representation of the
healthy and dilated annulus. Their derivatives with respect to
Fig. 12 – Pathological fiber growth of heart valve annuli.
Implanted videofluoroscopic markers reveal heterogeneous
annular dilation in chronic ischemic cardiomyopathy.
Healthy annuli of nine sheep underlaid in black and their
grown counterparts overlaid in color demonstrate significant
regional variations in growth. In red regions, annuli
lengthened up to 40%; in blue regions, annuli remained
unchanged. Implanting annuloplasty rings (bottom right)
can help to re-establish the healthy baseline state. (For
interpretation of the references to color in this figure caption,
the reader is referred to the web version of this article.)
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the arc length s define the corresponding tangent vectors dsc0
and dsc. For simplicity, the study assumes that the elastic
annulus stretch between the healthy and dilated states
is negligible, λe ¼ 1, such that the measured deformation
between both states can be attributed exclusively to patho-
logical annular dilation, λg ¼ λ.

Fig. 12 illustrates the pathological annular lengthening in
chronic ischemic cardiomyopathy (Rausch et al., 2013). The
underlaid black contours show the healthy annuli of nine
sheep. The overlaid colorcoded contours characterize chronic
annular dilation. In the red regions, the annuli lengthen up to
40%. In the blue regions, the annuli remain unchanged.
Implanting annuloplasty rings, as shown on the bottom right,
can help to re-narrow the valvular lumen and re-establish the
healthy baseline state (Carpentier et al., 2010). The challenge
in modern annuloplasty is to restore a physiological annular
configuration while preserving native annular dynamics
(Cosgrove et al., 1995). The pronounced heterogeneity in
annular dilation suggests that this can be best achieved
through individualized rings with regionally varying stiff-
nesses (Rausch et al., 2012). While this study is primarily
diagnostic with a focus on quantifying the kinematics of
annular dilation, a recent study focusses on quantifying the
dynamics associated with growing rings (Moulton et al.,
2013). Computational modeling of annular dilation can play
a crucial role in the rational design of novel smart annulo-
plasty devices. More importantly, it may provide mechanistic
insight to establish surgical guidelines for personalized
device selection (Rausch et al., 2013).
6. Combined growth

Combined fiber and cross-fiber growth is a type of growth, for
which growth may take place along the fiber direction n0 and
in the plane orthogonal to it (Göktepe et al., 2010),

Fg ¼
ffiffiffiffiffiffiffi
ϑ?

p
Iþ ϑ J �

ffiffiffiffiffiffiffi
ϑ?

ph i
n0 � n0 where

ϑ? ¼ ηg

ϑ J ¼ λg :
ð28Þ

To model this combined type of growth, we introduce two
independent growth multipliers, the cross-fiber growth as the
change in area ϑ? ¼ ηg and the fiber growth as the change in
length ϑ J ¼ λg. This implies that the total amount of volume
growth is equal to the product of the two, Jg ¼ ϑ?ϑ J . Although
the growth tensor looks slightly more complex than in
the previous sections, it has preserved its rank-one update
structure for its explicit inversion,

Fg�1 ¼ 1ffiffiffiffiffiffiffi
ϑ?p Iþ 1

ϑ J � 1ffiffiffiffiffiffiffi
ϑ?p

� �
n0 � n0: ð29Þ

which provides an explicit representation of elastic tensor,

Fe ¼ 1ffiffiffiffiffiffiffi
ϑ?p F þ 1

ϑ J � 1ffiffiffiffiffiffiffi
ϑ?p

� �
n � n0: ð30Þ

To evaluate the Kirchhoff stress according to Eq. (12), we
determine the elastic Jacobian,

Je ¼ J=½ϑ Jϑ? �; ð31Þ
and the elastic left Cauchy–Green tensor,

be ¼ 1
ϑ? bþ 1

ϑ J2 �
1
ϑ?

� �
n � n: ð32Þ

In the following subsection, we specify the evolution equa-
tions for the growth multipliers ϑ? and ϑ J for the case of
cardiac growth.

6.1. Stretch- and stress-driven fiber and cross-fiber
growth of cardiac muscle

In cardiac muscle, fiber growth is primarily driven by mechan-
ical stretch, while fiber thickening is driven by mechanical
stress (Opie et al., 2006). The former is associated with volume-
overload induced cardiac dilation, while the latter is associated
with pressure-overload induced wall thickening (Hunter and
Chien, 1999). We suggest the following evolution equations for
fiber and cross-fiber growth (Göktepe et al., 2010),

_ϑ
? ¼ 1

τ?
ϑ?max�ϑ

ϑ?max�1

� �γ?
〈p�pcrit〉 with p¼ tr τð Þ

_ϑ
J ¼ 1

τ J
ϑ Jmax�ϑ

ϑ Jmax�1

� �γ J
〈λe�λcrit〉 with λe ¼ JF � n0 J

ϑ
:

The first terms control unbounded growth and the second
terms in the Macaulay brackets represent pressure- and
stretch-driven growth criteria. Both growth processes are
governed by a total of eight material parameters, the growth
speeds τ? and τ J , the shape parameters γ? and γ J , the
maximum fiber and cross-fiber growth ϑ?max and ϑ Jmax, and
the physiological growth limits ϑ?crit and ϑ Jcrit beyond which
growth occurs.

Fig. 13 illustrates the effects of stretch- and stress-driven
fiber and cross-fiber growth of cardiac muscle (Göktepe et al.,
2010). The top rows show how the wall of the heart thickens
as the muscle fibers grow in cross-fiber direction in response
to pressure overload or hypertension (Kumar et al., 2005). In
the lateral wall of the left ventricle shown in red, the heart
muscle fibers have increased their thickness by 200% causing
the wall to thicken from 1 cm to 3 cm, while the right
ventricle is virtually unaffected by hypertension (Rausch
et al., 2011). The bottom rows show how the heart dilates
as the muscle fibers grow along the fiber direction in response
to volume overload or hyperstretch (Gerdes, 2002). In the
equatorial regions of the left ventricle shown in red, the heart
muscle fibers have lengthened by 50% causing the ventricle to
dilate, while the apical and basal regions of the left ventricle
and the entire right ventricle remain unaffected by volume
overload (Göktepe et al., 2010). Here, for illustrational pur-
poses, we have treated wall thickening and ventricular dila-
tion as independent phenomena although experiments have
demonstrated that both may occur simultaneously in cardiac
disease (Tsamis et al., 2012). Early models approximate
cardiac growth as plain isotropic (Kroon et al., 2009), while
more advanced models treat both thickening and dilation in a
single unified approach (Kerckhoffs et al., 2012). Growth of
the heart is typically progressive and may lead to heart
failure, a chronic condition for which there is currently no
cure. Stem cells offer promising new therapies targeted at



Fig. 13 – Stretch- and stress-driven fiber and cross-fiber
growth of cardiac muscle. In response to pressure overload
or hypertension, the wall of the heart thickens as the muscle
fibers grow in cross-fiber direction (top). In response to
volume overload or hyperstretch, the heart dilates as the
muscle fibers grow along the fiber direction (bottom). In red
regions, the heart muscle has increased its thickness by
200% (top) and its length by 50% (bottom); in blue regions the
heart muscle remains unchanged. (For interpretation of the
references to color in this figure caption, the reader is
referred to the web version of this article.)
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replacing the dysfunctional heart muscle with healthy, fully
functional tissue. However, despite intense research, stem
cell therapies are still associated with many unknowns. Com-
putational modeling has the potential to identify required cell
volumes, optimal injection sites, and most effective injection
timing (Wenk et al., 2011). Computational modeling of cardiac
growth can also be crucial to provide guidelines in more
conservative surgical procedures such as surgical ventricular
restoration (Klepach et al., 2012).
7. Discussion

Living systems can undergo a continuous turnover in response
to microenvironmental cues. Alterations in these cues, in
particular during development and disease, may cause the
system to grow. Here we have illustrated the phenomenon of
growth in arteries, tumors, lungs, plants, skin, muscle, and
the heart. From a biological point of view, these types of
growth are intrinsically different and entirely unrelated.
From a mechanical point of view, however, they have a lot
in common: They all fall within the same nonlinear field
theories of mechanics, supplemented by the concept of
incompatible configurations. Irrespective of the nature of
growth, the incompatible configuration is uniquely defined
in terms of a single tensorial internal variable, the second
order growth tensor. Here we have reviewed different formats
of the growth tensor and systematically categorized existing
growth models by means of two criteria, the microstructural
appearance of growth and the microenvironmental cues that
drive the growth process.

We have introduced the generic mathematical backbone
for growing systems and illustrated its computational reali-
zation. Computational modeling has the potential to provide
mechanistic insight into the causes and effects of growth.
It can uniquely integrate information from multiple length
and time scales towards providing a holistic view of various
phenomena in development and disease progression. Yet,
despite intense efforts, computational modeling of growth is
still in its infancy. While there is a general agreement on the
underlying mathematical equations and their computational
realization, an urgent need remains for more sophisticated
experiments to calibrate and validate these models. To
convert current reproductive models into truly predictive
tools, we need controlled experiments that acquire quantita-
tive biochemical and biomechanical information across mul-
tiple spatial scales at multiple points in time. Once calibrated
and validated, growth models have immediate applications
in biologically and clinically relevant fields such as atherosclero-
sis, in-stent restenosis, tumor invasion, tissue expansion,
chronic bronchitis, mitral regurgitation, limb lengthening, tendon
tear, plant physiology, dilated and hypertrophic cardiomyopathy,
and heart failure. Understanding the fundamental mechanisms
of growth in living systems is a challenging but rewarding task. It
may inspire improved medical devices design and optimize
personalized treatment options.
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