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SUMMARY

The present contribution is concerned with the design of a family of consistent �uid–structure interac-
tion algorithms based on a unique temporal and spatial discretization of the governing equations. The
characterization of the moving �uid–structure interface is realized by means of the arbitrary Lagrangian
Eulerian technique. The spatial discretization is performed with the �nite-element method, whereby
either a �rst-order upwind scheme or the classical second-order upwind Petrov–Galerkin technique are
used to discretize the linearized �uid equations while the standard Bubnov–Galerkin method is applied
to the structural equations. In order to streamline coupling, the structure is discretized in a velocity-based
fashion. The temporal discretization of both the �uid and the structural equations is embedded in the
generalized-� framework by making use of classical Newmark approximations in time. To quantify the
sources of error of the proposed algorithms, systematic studies in terms of the one-dimensional piston
model problem are presented. Copyright ? 2003 John Wiley & Sons, Ltd.
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1. INTRODUCTION

One of the most challenging problems of modern aircraft design is the accurate prediction of
non-linear aeroelastic phenomena where the aircraft is subjected to aerodynamic forces induced
by the surrounding �uid �ow which itself strongly depends on the motion of the aircraft. The
external aerodynamic forces are functions of the �ow speed. Accordingly, the speed of the
aircraft highly in�uences the damping of �uid–structure oscillations. The necessity to avoid
undamped oscillations throughout the operating range of the aircraft imposes a signi�cant
constraint on the design of the aircraft structure.
The enormous increase in computational power in the past decades has caused a grow-

ing demand for more sophisticated mathematical models allowing for precise aerodynamic
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simulations to correctly predict the conditions at which aeroelastic instabilities occur. The
essential feature of such an aerodynamic simulation is the accurate description of the de-
formable �uid–structure interface and thus the characterization of the �uid �ow in a domain
with moving boundaries. While the geometrically non-linear structure is usually formulated
in a Lagrangian description, the �uid is most often expressed in a Eulerian way allowing
for a convenient description of its convective nature. However, these convective terms can
lead to numerical di�culties, and the characterization of �ows with moving boundaries and
free surfaces can become rather sophisticated in a Eulerian description. There are no con-
vective terms in a Lagrangian description and a precise de�nition of moving boundaries is
straightforward. However, large �ow distortions may lead to element entanglement. In order
to remedy this de�ciency, the arbitrary Lagrangian Eulerian technique was introduced in an
attempt to combine the positive features of both approaches. This strategy was soon recog-
nized to be attractive for compressible inviscid aerodynamic, see References [1–3], as well
as for incompressible viscous hydrodynamic simulations, see References [4–6].
While the hydrodynamic algorithms of Liu [5], Liu and Gvildys [6], Nomura and Hughes

[7], Wall [8] and Braess and Wriggers [9] are based on partitioned implicit predictor-multi-
corrector Newton Raphson type schemes for the �uid or the structural equations, many invis-
cid aerodynamic methods are based on explicit time-stepping procedures, see e.g. References
[2, 3]. Moreover, most existing aerodynamic codes are based on a �nite-volume discretization
of the �uid equations, compare e.g. References [10–13]. In addition, the �uid–structure in-
teraction problem is usually solved in a partitioned way. In a partitioned solution procedure,
the �uid and structure problems are solved sequentially. The �nite-element simulation of the
structure yields the structural velocities as Dirichlet boundary conditions for the �nite-volume-
based �uid calculation which in turn results in the interface tractions as Neumann boundary
conditions for the structural calculation, see References [10, 14, 15]. Although implicit mono-
lithic schemes have gained more interest recently, a monolithic aerodynamic algorithm has
so far only been presented for simple model problems, like for instance the one-dimensional
piston problem with a one-degree-of-freedom structure, see Reference [16].
The basic motivation of this contribution is to design a family of consistent �uid–structure

interaction algorithms based on similar temporal and spatial discretization techniques for the
�uid, the structure and the moving mesh. After brie�y summarizing the ALE kinematics in
Section 2, the governing equations will be given in Section 3. The consistent spatial dis-
cretization with �nite elements is presented in Section 4. The �uid is characterized in terms
of the �uid density and the �uid velocity while the structure and the moving mesh are de-
scribed in terms of the material velocity and the mesh velocity, respectively. The latter choice
proves particularly convenient in a monolithic approach. Section 5 focuses on the consistent
temporal discretization of the semi-discrete equations based on Newmark time approximations
embedded in a generalized-� framework. Partitioned as well as monolithic solution strategies
are addressed in Section 6. They are compared by a systematic analysis in terms of the piston
model problem in Section 7.

2. ALE KINEMATICS

In order to introduce our notation, we brie�y summarize the underlying arbitrary Lagrangian
Eulerian kinematics, see References [2, 4, 6, 17, 18]. According to Figure 1, X , X̃ and x will
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Figure 1. Material, referential and spatial con�guration and related mappings.

denote the material, referential and spatial co-ordinates. Moreover, the related gradients ∇X ,
∇X̃ , ∇x, divergences divX , divX̃ , divx and time derivatives d(•)=dt, @X̃ (•)=@t and @x(•)=@t will
be distinguished by the corresponding subscripts.
Consider a material domain B0⊂Rndim with ndim denoting the number of spatial dimensions.

Let t ∈ ]0; T [ denote a time within the open interval of interest. The spatial domain B, the
image of B0 at time t, is de�ned through the material map ’ with x=’(X ; t) : B0 �→B, the
classical linear tangent map F =∇X’(X ; t) : TB0 �→TB and its Jacobian J =det F . These de-
�ne the classical relations between spatial and material vectorial area elements da= JF−T · dA
and the in�nitesimal volume elements dv= J dV . Let u=’(X ; t)−X denote the material dis-
placement, C=du=dt the material velocity and a=d2u=dt2 the material acceleration, respec-
tively. Note, that the material time derivative of the material determinant J can be expressed
as dJ=dt= J divx C.
Moreover, we introduce an arbitrary third domain B̃ which we will refer to as the reference

domain. Assume that B is the image of B̃ at time t under the mesh map ’̃ with x= ’̃(X̃ ; t) :
B̃ �→B characterizes the mesh motion. The related linear tangent map F̃ =∇X̃ ’̃(X̃ ; t) : T B̃ �→
TB and its Jacobian J̃ =det F̃ yield the following relations between spatial and referential
vectorial area elements da= J̃ F̃−T · dÃ and volume elements dv= J̃ dṼ . Similar to the material
displacement, a mesh displacement ũ= ’̃(X̃ ; t) − X̃ , a mesh velocity C̃= @X̃ ũ=@t and a mesh
acceleration ã= @X̃ ũ

2=@t2 can be introduced. Correspondingly, the referential time derivative
of the mesh motion determinant J̃ is given as @X̃ J̃ =@ t= J̃ divx C̃.

3. GOVERNING EQUATIONS

In what follows, the governing equations for the �uid will be applied in an arbitrary Lagrangian
Eulerian form while the structural equation is formulated in a Lagrangian way. Transformations
between the di�erent formulations are based on pull-back and push-forward operations in terms
of the material deformation gradient F , the mesh deformation gradient F̃ and their Jacobians
J and J̃ . Thereby, the di�erence of the material velocity C and the mesh velocity C̃ is usually
introduced as the ALE convective velocity c := C− C̃.
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3.1. Governing equations for the �uid

The behaviour of the �uid is characterized through the conservation of mass, the conservation
of momentum and the conservation of internal energy, which in di�erential form can be
expressed as follows:

@X̃
@t
�+∇x� · c+� divx C = 0 in B

�
@X̃
@t
C+�∇xC · c−divx � − �b = 0 in B

�
@X̃
@t
e+�∇xe · c+divx q − r −∇xC : � = 0 in B

(1)

These are formulated in terms of the density �, the velocity C and the internal energy e
as primary variables, compare References [1, 2]. Alternative choices of variables have been
analysed intensively by Hauke and Hughes [19]. Here, � and � b denote the Cauchy stress
tensor and the volume forces while q and r represent the spatial heat �ux vector and the
spatial heat production, respectively. For the sake of transparency, we will assume a negligible
in�uence of body forces, �b≡ 0, and an adiabatic state, q≡ 0, without heat production, r≡ 0.
The �uid, which is assumed to be compressible, divx C �=0, is characterized by the Euler
equations in combination with the equation of state for a thermally and calorically ideal gas

�=−p1 with p=p(�; e)= [�− 1]�e (2)

The ratio of speci�c heats at constant pressure and constant volume, �, is usually chosen as 1:4
in the case of dry air. Through the assumption of a barotropic �ow with p=p(�) the energy
equation decouples from the equations expressing conservation of mass and momentum. In
this case, the restriction to small perturbations around an equilibrium state yields the system
of linearized Euler equations

@X̃
@t
�−∇x� · C̃+�0 divx C = 0 in B

@X̃
@t
C−∇xC · C̃+ c

2

�0
∇x� = 0 in B

(3)

with � and C denoting now the perturbations to the equilibrium state �0 and C0≡ 0. Herein,
the changes in pressure are related to the changes in density through the speed of sound c as
p= c2�.

3.2. Governing equations for the structure

The structural behaviour is governed by the conservation of momentum

�0
d2

dt2
u=divX P + �0 b in B0 (4)

whereby P and �0 b denote the �rst Piola Kirchho� stress tensor and the volume forces on
the material con�guration, respectively. Similar to the �uid, the in�uence of body forces is
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assumed to be negligible, �0 b≡ 0. Moreover, the constitutive equation will be chosen of St.
Venant Kirchho� type

S =E : E with E= �1⊗ 1+ 2�I (5)

giving the relation between the second Piola Kirchho� stress tensor S =F ·P and the Green
Lagrange strain tensor E= 1

2 [F
T ·F − 1].

3.3. Governing equations for the moving mesh

The behaviour of the moving mesh can be characterized through an equation of motion similar
to the one introduced for the structural motion

�̃
@2

@t2
ũ=divX̃ P̃ + �̃b̃ in B̃ (6)

whereby P̃ and �̃b̃ govern the motion of the mesh in the interior domain. Accordingly,
P̃= F̃−1 · S̃ can be related to the corresponding strain measure Ẽ= 1

2[F̃
T · F̃ − 1] through a

constitutive relation of St. Venant Kirchho� type

S̃ = Ẽ : Ẽ with Ẽ= �̃1⊗ 1+ 2�̃I (7)

4. SPATIAL DISCRETIZATION

In contrast to many existing �uid–structure interaction schemes in the literature, see References
[10–12], which apply a �nite-volume discretization for the �uid equations in combination with
a �nite-element discretization for the structural equations, a spatial discretization with �nite el-
ements will be applied throughout. To this end, the domain of interest B is typically discretized
in nel elements Be

0 as B0 =
⋃nel
e=1B

e
0. The primary unknowns {•} will then be interpolated

element-wise by the corresponding shape functions Ni and the discrete node point values {•}i
of the i=1; nen element nodes. The assembly over all e=1; nel element contributions at the
i; j; k=1; nen element nodes to the corresponding global quantity at all I; J; K =1; nnp global
node points will be indicated by the assembly operator Anele=1. Since we want to focus on the
analysis of the �uid–structure interaction rather than on the �uid discretization itself in the
sequel, we will restrict ourselves to the one-dimensional case for which the �uid–discretization
with �nite elements, in particular the choice of appropriate stabilization parameters, is rather
well established.

4.1. Spatial discretization of the �uid equations

In Section 3.1, the ALE formulation of the linearized Euler �ow have been derived. Alterna-
tively, Equations (3) can be summarized in the following system of equations:

@X̃
@t
U+∇xF= @X̃@t U+A∇xU= 0 (8)
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in terms of the primitive variables U and the �ux Jacobian A, which in the one-dimensional
case take the following form:

U=

[
�
v

]
; A=

[
−ṽ �0
c2=�0 −ṽ

]
(9)

It is well known, that the use of the standard Bubnov–Galerkin technique for the �nite-
element discretization of Equation (8) can result in spatial oscillations due to the convective
nature of the governing equations. In order to avoid these numerical artifacts, the streamline
upwind Petrov–Galerkin technique will be applied as suggested by Brooks and Hughes [20],
Hughes and Tezduyar [21] and Hughes and Mallet [22]. For the system of linearized Euler
equations, it has been proven convenient to derive the Petrov–Galerkin formulation through
the decoupled form of the linearized conservation laws

@X̃
@t
Ũ+∇xF̃= @X̃@t Ũ+�∇xŨ= 0 (10)

expressed in terms of the characteristic variables Ũ and the related �ux Jacobian � which in
this case takes the form of a diagonalized matrix in terms of the eigenvectors �1 =+c − ṽ
and �2 =−c − ṽ.

Ũ=

[
1=�0�+ 1=cv

1=�0�− 1=cv

]
; �=

[
+c − ṽ 0

0 −c − ṽ

]
(11)

Based on the diagonalized set of equations, the weak form G̃GG can be derived by weight-
ing Equations (10) with the perturbed weighting functions W̃ and integrating them over the
reference domain B̃.

G̃GG(w̃1; w̃2;�; v; ṽ)=
∫
B̃

W̃ ·
[
@X̃
@t
Ũ+�∇xŨ

]
dṼ= 0 (12)

The spatial discretization of the perturbed weighting functions W̃ and the characteristic vari-
ables Ũ can be expressed in the following form:

W̃=
nen∑
i=1

[
[Ni + �1�1∇xNi] w̃1i 0

0 [Ni + �2�2∇xNi] w̃2i

]
; Ũ=

nen∑
j=1

[
Nj ũ1j

Nj ũ2j

]
(13)

Herein, w̃1i and w̃2i represent the nodal values of the weighting functions, ũ1j and ũ2j are the
discrete node point values of the characteristic variables and Ni and Nj are the corresponding
shape functions. Note, that for this decoupled one-dimensional formulation, the perturbation
of the weighting functions can be determined analytically. It can thus be expressed in terms
of the eigenvectors �1 and �2, the stabilization parameters �1 = he=2 ‖�1‖ and �2 = he=2‖�2‖ as
functions of the element length he and the spatial gradient. However, the physical interpretation
of the characteristic variables, especially the coupling to the structural equations turns out to
be rather complicated. Therefore, the original form in terms of primitive variables will be
regained by modifying the weak from through the introduction of the additional term S−1 ·S
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into Equation (12) according to Hughes and Mallet [22].

G̃GG(w̃1; w̃2;�; v; ṽ)=
∫
B̃

W̃ ·S−1 ·S ·
[
@X̃
@t
Ũ+�∇xŨ

]
dṼ= 0 (14)

Herein, S denotes the orthogonal matrix of eigenvectors, such that U=S · Ũ. Consequently,
the weak form of the �uid equations G can as well be expressed in terms of the primitive
variables U and the modi�ed weighting functions �W=S · W̃ ·S−1

GGG(%; w;�; v; ṽ)=
∫
B̃

�W ·
[
@X̃
@t
U+A∇xU

]
dṼ= 0 (15)

with the following �nite-element discretization of the Petrov–Galerkin weighting functions

�W=
nen∑
i=1


 [Ni + 1

2 [�1�1 + �2�2]∇Ni] �%i 1
2 [�1�1 − �2�2]∇Ni �%i

1
2 [�1�1 − �2�2]∇Ni �wi [Ni + 1

2 [�1�1 + �2�2]∇Ni �wi


 (16)

the primitive variables U and their time derivatives @X̃U=@t.

@X̃U
@t

=
nen∑
j=1
Nj
@X̃
@t

[
�j

vj

]
; U=

nen∑
j=1
Nj

[
�j
vj

]
(17)

Correspondingly, �%i and �wi represent the nodal values of the weighting functions, �j and
vj are the discrete node point values of the density and the velocity and Ni and Nj are
the corresponding shape functions. Based on the above-described discretizations, the weak
form of the �uid equations (15) can be expressed in terms of the discrete �uid residuals R

�
I

and Rv
J .

R
�
I (�; v; ṽ) =

nel

A
e=1

∫
B̃

Ni 2
1
�0
@X̃
@t
�+Ni[�1 + �2]

1
�0

∇x�+Ni[�1 − �2]1cdivxv

+∇xNi[�1�1 + �2�2] 1�0
@X̃
@t
�+∇xNi[�1�1 − �2�2]1c

@X̃
@t
v

+∇xNi[�1�21 + �2�22]
1
�0

∇x�+∇xNi[�1�21 − �2�22]
1
c
divx v dṼ=0 (18)

Rv
J (�; v; ṽ) =

nel

A
e=1

∫
B̃

Nj 2
1
c
@X̃
@t
v+Nj[�1 − �2] 1�0∇x�+Nj[�1 + �2]

1
c
divx v

+∇xNj[�1�1 − �2�2] 1�0
@X̃
@t
�+∇xNj[�1�1 + �2�2]1c

@X̃
@t
v

+∇xNj[�1�21 − �2�22]
1
�0

∇x�+∇xNj[�1�21 + �2�22]
1
c
divx v dṼ=0 (19)
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4.2. Spatial discretization of the structural equation

The weak form of the structural equation (4) can be derived through the integration over the
material domain B0 and the multiplication with the weighting function w.∫

B0

w
[
�0
d2

dt2
u− divX P

]
dV=0 (20)

The integration by parts of the second term, the application of Gauss’ theorem and the in-
clusion of the weak form of the Neumann boundary condition TP −PN =0 on @Bt

0 yield the
weak form G of the Lagrangian conservation of momentum.

G(w; v)=
∫
B0

w�0
d2

dt2
u dV +

∫
B0

∇XwFS dV −
∫
@Bt

0

wTp dA=0 (21)

For the spatial discretization of the structural equation, a standard Bubnov–Galerkin �nite-
element technique will be applied with equal interpolations of the weighting function w, the
displacements u and the accelerations a.

w=
nen∑
i=1
Niwi; a=

nnn∑
j=1
Njaj; u=

nen∑
j=1
Njuj (22)

In the above equations, wi, uj and aj represent the discrete nodal values of the weighting
function, the acceleration and the displacement, while Ni and Nj denote the corresponding
weighting functions. The discretization of the weak form (21) renders the discrete residual
Rv
J of the balance of momentum for the structural part.

Rv
J (v)=

nel

A
e=1

∫
B0

Nj�0a+∇XNjF(u)S(u) dV −
∫
@Bt

0

NjTp dA=0 (23)

4.3. Spatial discretization of the mesh equation

Similar to the structural equation, the weak form of the equation governing the mesh motion

G(w̃; ṽ)=
∫
B̃

w̃�̃
@2

@t2
ũ dṼ +

∫
B̃

∇w̃ : F̃ S̃ dṼ −
∫
@B̃t
w̃T̃p dÃ=0 (24)

is discretized with the standard Bubnov–Galerkin �nite-element technique with equal interpo-
lations for the weighting function w̃, the mesh displacement ũ and the mesh acceleration ã.

w̃=
nen∑
i=1
Niw̃i; ã=

nen∑
j=1
Njãj; ũ=

nen∑
j=1
Njũj (25)

Herein, w̃i, ũj and ãj denote the discrete nodal values of the corresponding weighting function,
the mesh displacement and the mesh acceleration. The discrete residual Rṽ

K of the mesh motion
can thus be expressed in the following format:

Rṽ
K(ṽ)=

nel

A
e=1

∫
B̃

Nk�̃ã+∇XNkF̃(ũ)S̃(ũ) dṼ −
∫
@B̃t
Nk T̃p dÃ=0 (26)
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5. TEMPORAL DISCRETIZATION

Let us consider a partition T=
⋃nstep
n= 0 [tn; tn+1] of the time interval of interest T and focus

on the typical time subinterval [tn; tn+1] with �t := tn+1 − tn¿0 denoting the corresponding
actual time increment. Assume that all variables are known at tn. In order to reduce the set of
unknowns at the time step tn+1, the classical Newmark approximations in time will be applied.
The original idea of Newmark [23] was to express the structural displacements un+1 and their
�rst time derivatives, the velocities dun+1=dt, in terms of their second time derivatives, the
accelerations d2un+1=dt2, the known values at tn and the two Newmark parameters � and �.

(•)n+1= (•)n+�t ddt (•)n+
1− 2�
2

�t2
d2

dt2
(•)n+��t2 d

2

dt2
(•)n+1

d
dt
(•)n+1= + ddt (•)n +1− ��t d

2

dt2
(•)n +��t

d2

dt2
(•)n+1

(27)

The Newmark family includes several well-known time-integration schemes for special choices
of the parameters � and �, the most famous of which is the classical trapezoidal rule with �= 1

4
and �= 1

2 . This particular scheme is the only representative of the Newmark family which is
second-order accurate in time. For alternative parameterizations, high-frequency dissipation can
be achieved, but the method is then only �rst-order accurate and furthermore too dissipative
in the low-frequency regime.
Alternatively, the generalized-� method has been proposed by Chung and Hulbert [24], see

also Reference [25] for an extended overview. Thereby, any quantity related to the time deriva-
tive of the primary unknowns is evaluated at the generalized midpoint �m while expressions
in terms of the unknown itself are evaluated at �f with

(•)n+1−�m= [1− �m](•)n+1+�m(•)n with 06�m61

(•)n+1−�f= [1− �f](•)n+1+�f(•)n with 06�f61
(28)

While for �m=1 and �f=1 the method is fully explicit, �m �=1 and �f �=1 characterize
implicit schemes, a typical example of which is the classical midpoint rule with �m= 1

2 and
�f= 1

2 . With �m, �f, � and �, four time-integration parameters have been introduced. Chung
and Hulbert [24] and Jansen et al. [26] have expressed this set of parameters in terms of the
spectral radius for an in�nite time step �∞, thereby guaranteeing optimized high-frequency
dissipation in combination with su�ciently low low-frequency dissipation.

5.1. Temporal discretization of the �uid equations

Accordingly, the Newmark approximations for the time derivatives of the nodal values for
the �uid density �n+1 and the �uid velocity vn+1 at time tn+1 are given as follows:

@X̃
@t
�n+1=− 1

��t
�n−1− ��

@X̃
@t
�n+

1
��t

�n+1

@X̃
@t
vn+1=− 1

��t
vn−1− ��

@X̃
@t
vn+

1
��t

vn+1

(29)
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Moreover, the semi-discrete residuals of the linear Euler equations (18) and (19) have to be
evaluated at the generalized �uid midpoints �m and �f.

R
�
I =

nel

A
e=1

∫
B̃

Ni 2
1
�0
@X̃
@t
�n+1−�m

+Ni[�1 + �2]
1
�0

∇x�n+1−�f+Ni[�1 − �2]
1
c
divxvn+1−�f

+∇xNi[�1 �1 + �2�2] 1�0
@X̃
@t
�n+1−�m+∇xNi[�1 �1 − �2�2]

1
c
@X̃
@t
vn+1−�m

+∇xNi[�1 �21 + �2�22]
1
�0

∇x�n+1−�f+∇xNi[�1�21 − �2�22]
1
c
divx vn+1−�f dṼ=0 (30)

Rv
J =

nel

A
e=1

∫
B̃

Nj 2
1
c
@X̃
@t
vn+1−�m

+Nj[�1 − �2] 1�0∇x�n+1−�f+Nj[�1 + �2]
1
c
divx vn+1−�f

+∇xNj[�1�1 − �2 �2] 1�0
@X̃
@t
�n+1−�m+∇xNj[�1�1 + �2 �2]

1
c
@X̃
@t
vn+1−�m

+∇xNj[�1�21 − �2�22]
1
�0

∇x�n+1−�f+∇xNj[�1�21 + �2�22]
1
c
divxvn+1−�f dṼ=0 (31)

A similar strategy has been proposed earlier by Simo and Armero [27] in the context of
incompressible �ow. For �rst-order systems, the optimal choice of the parameters is given as

�m=
1
2
3�∞ − 1
1 + �∞

; �f=
�∞

1 + �∞
; �=

1
2
− �m + �f (32)

according to Jansen et al. [26].

5.2. Temporal discretization of the structural equations

Most existing structural time-integration schemes in the literature are either based on the
structural accelerations or on the structural displacements as primary unknowns. Herein, a
velocity-based formulation will be applied in order to simplify the coupling of the structural
equations to the �uid equations. Thus the Newmark approximations

un+1= un+
�− �
�
�tvn+

�− 2�
2�

�t2an+
�
�
�tvn+1

an+1= − 1
��t

vn −1− �
�
an +

1
��t

vn+1

(33)
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are expressed in terms of the velocity nodal degrees of freedom vn+1 at time tn+1 as primary
unknowns. The corresponding structural residual (23)

Rv
J =

nel

A
e=1

∫
B0

Nj�0an+1−�m +∇XNjF(un+1−�m)S(un+1−�f) dV −
∫
@Bt

0

NjT
p
n+1−�f dA=0 (34)

is thus evaluated in the context of the generalized-� method. Following Chung and Hulbert
[24], the optimal choice of the time-integration parameter for a second-order system reads

�m=
2�∞ − 1
1 + �∞

; �f=
�∞

1 + �∞
; �=

1
2
− �m + �f; �=

1
4
[1− �m + �f]2 (35)

5.3. Temporal discretization of the mesh equations

In order to guarantee at the same time displacement and velocity continuity at the interface,
the temporal discretization of the mesh equations will be chosen identical to the one of the
structural equations. Thus, the discretization of the moving mesh is based on the Newmark
approximations in time (27) in terms of the nodal mesh velocity, ṽn+1, as primary unknown.

ũn+1= ũn+
�− �
�
�tṽn+

�− 2�
2�

�t2ãn+
�
�
�tṽn+1

ãn+1= − 1
��t

ṽn −1− �
�
ãn +

1
��t

ṽn+1

(36)

The corresponding residual of the mesh equation (26) evaluated in the context of the general-
ized-� method is given as follows:

Rṽ
K =

nel

A
e=1

∫
B̃

Nk�̃ãn+1−�m +∇XNkF̃(ũn+1−�f)S̃(ũn+1−�f) dṼ −
∫
@B̃t
Nk T̃

p
n+1−�f dÃ=0 (37)

Remark 5.1
Note, that unconditional stability of the generalized-� method in the linear regime does not
necessarily imply an unconditionally stable behaviour in the context of non-linear structural
dynamics. In order to guarantee unconditional structural stability, see Reference [28], it is nec-
essary to introduce the constitutive relation into Equation (35) in terms of the average Green
Lagrange strain tensor En+1−�f instead of the Green Lagrange strain tensor of the average con-
�guration E (un+1−�f). When doing so, for �m=

1
2 and �f=

1
2 structural energy conservation

and for 06�m¡ 1
2 and 06�f¡

1
2 a controlled energy decay and thus unconditional structural

stability can be guaranteed, see Reference [25].

Remark 5.2
Recall, that only for the choice of �∞=1, the proposed time integration schemes are en-
ergy conserving for both the �uid and the structure. Only in this undamped case, the time-
integration parameters for the �uid and the structure take identical values as �m= 1

2 , �f=
1
2 ,

�= 1
2 and �=

1
4 . In the presence of damping with �0¡1:0, the �m coe�cient of the �uid

integration will take larger values than the �m coe�cient of the structural integration thus
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introducing a mismatch of the corresponding acceleration terms, although the velocity terms
evaluated at the same �f take identical values.

6. SOLUTION STRATEGIES

The temporal and spatial discretization of the �uid, the structure and the moving mesh yields
three sets of equations which are coupled through kinematic compatibility and equilibrium
requirements at the �uid–structure interface. This coupling can either be taken into account
through a monolithic solution scheme or through a partitioned procedure. Both strategies will
be discussed in the sequel. The underlying sets of equations for the �uid, the structure and
the moving mesh are highly non-linear. We therefore suggest an incremental iterative solution
strategy based on a Newton–Raphson iteration scheme which is supplemented by the consistent
linearization of the underlying sets of equations.

6.1. Partitioned solution

Partitioned solution strategies were introduced in the early eighties Park and Felippa [29].
With the recent improvements of sub-cycling and improved structural predictors, they are
still attractive nowadays because of their modular structure allowing for di�erent temporal
and spatial discretization techniques for the individual components, see References [8, 10, 11].
Basically, all partitioned schemes are based on a Dirichlet Neumann partitioning manifesting
itself in a sequential solution of the structural, the mesh and the �uid equations. Thereby, the
linearized structural equations

Rv
J
k+1
n+1 =Rv

J
k
n+1 + dR

v
J =0; dRv

J =
nnp∑
M=1

KvvJMdvM ∀J =1; nnp (38)

are solved with the �uid pressure resulting from (40) on the interface as Neumann boundary
condition. The solution of the above system of equations yields the iterative update dvJ for
the increments �vJ of the global vector of the structural unknowns as �vJ =�vJ +dvJ . The
structural velocities at the interface de�ne the Dirichlet boundary conditions for the linearized
mesh equations.

Rṽ
K
k+1
n+1 =Rṽ

K
k
n+1 + dR

ṽ
K =0; dRṽ

K =
nnp∑
N=1

KṽṽKN dṽN ∀K=1; nnp (39)

Accordingly, their solution renders the iterative update dṽJ for the increments �ṽJ of the
global mesh velocity vector as �ṽJ =�ṽJ +dṽJ . Once the structural velocities at the interface
and the mesh velocities ṽ within the �uid domain have been determined, the set of linear
�uid equations

R
�
I
k+1
n+1 =R

�
I
k
n+1+dR

�
I =0; dR�

I =
nnp∑
L=1
K��IL d�L+

nnp∑
M=1

K�vIM dvM ∀I=1; nnp

Rv
J
k+1
n+1 =Rv

J
k
n+1+dR

v
J =0; dRv

J =
nnp∑
L=1
Kv�JL d�L+

nnp∑
M=1

KvvJM dvM ∀J=1; nnp
(40)

can then be solved in a straightforward way to yield the iterative updates d�I and dvJ of the
increments ��I =��I + d�I and �vJ =�vJ + dvJ of the global vector of the �uid density
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�I and the �uid velocity vJ . In the algorithm derived above, we have introduced the iteration
matrices KvvJM for the structure and KṽṽKN for the moving mesh as well as the submatrices K

��
IL ,

K�vIM , K
v�
JL and K

vv
JM for the �uid. Their evaluations are brie�y sketched in the sequel. The

iteration matrix for the structural part, the global sti�ness matrix KvvJM introduced in Equation
(38), is de�ned through the partial derivative of the discrete structural residual Rv

J introduced
in Equation (34) with respect to the nodal degrees of freedom vM .

KvvJM =
@Rv

J

@vM
=

nel

A
e=1

∫
B0

Nj[1− �m]�0 1��t Nm+∇XNj[1− �f]Sn+1−�f
�
�
�t∇XNm

+F(un+1−�f)∇XNj[1− �f]E
�
�
�t∇XNmFn+1 dV

The iteration matrix for the mesh equation (39) can be evaluated as the partial derivative of
the discrete residual Rṽ

K of the mesh motion equation (37) with respect to the global vector
of the mesh velocities ṽN .

KṽṽKN =
@Rṽ

K

@ṽN
=

nel

A
e=1

∫
B̃

Nk[1− �m]�̃ 1
��t

Nn+∇XNk[1− �f]S̃n+1−�f
�
�
�t∇XNn

+F̃(ũn+1−�f)∇XNk[1− �f]Ẽ
�
�
�t∇XNnF̃n+1 dṼ

Finally, the partial derivatives of the discrete residuals R
�
I and Rv

J of the �uid equations (30)
and (31) with respect to the nodal degrees of freedom �L and vM de�ne the iteration matrices
of the �uid introduced in Equations (40).

K��IL =
@R�

I

@�L
=

nel

A
e=1

∫
B̃

Ni[1− �m] 2 1�0
�
��t

Nl+Ni[1− �f][�1 + �2] 1�0∇xNl

+∇xNi[1− �m][�1�1 + �2�2] 1�0
�
��t

Nl+∇xNi[1− �f][�1�21 + �2�22]
1
�0

∇xNl dṼ

K�vIM =
@R�

I

@vM
=

nel

A
e=1

∫
B̃

Ni[1− �f][�1 − �2]1c∇xNm+∇xNi[1− �m][�1�1 − �2�2]
1
c
�
��t

Nm

+∇xNi[1− �f][�1�21 − �2�22]
1
c
∇xNm dṼ

Kv�JL=
@Rv

J

@�L
=

nel

A
e=1

∫
B̃

Nj[1− �f][�1 − �2] 1�0∇xNl+∇xNj[1− �m][�1�1 − �2�2]
1
�0

�
��t

Nl

+∇xNj[1− �f][�1�21 − �2�22]
1
�0

∇xNl dṼ

KvvJM =
@Rv

J

@vM
=

nel

A
e=1

∫
B̃

Nj[1− �m] 2 1c
�
��t

Nm+Nj[1− �f][�1 + �2]1c∇xNm

+∇xNj[1− �m][�1�1 + �2�2]1c
�
��t

Nm+∇xNj[1− �f][�1�21 + �2�22]
1
c
∇xNm dṼ
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Remark 6.1
Note, that for the sake of consistency, an incremental iterative solution strategy supplemented
by a consistent linearization has been suggested throughout. Nevertheless, in the case of the
linearized Euler �ow, Equations (40) could, of course, be solved directly.

Remark 6.2
In the de�nition of the structural sti�ness matrix, the �rst term is typically referred to as
the dynamic sti�ness matrix. The second term, the so-called geometric sti�ness matrix, is
symmetric, while the third term, the material sti�ness matrix, is generally non-symmetric due
to the application of the energy momentum method, compare also References [28, 30].

6.2. Monolithic solution

Although the above-described partitioned solution strategy appears attractive from a compu-
tational point of view, it su�ers signi�cantly from destabilizing e�ects introduced through the
interface discretization. Moreover, due to the obvious time lag between the structural and
the �uid evaluation, sequential staggered solution techniques are only �rst-order energy ac-
curate in time when no predictors are used, although the individual components may be of
second-order accuracy. Alternatively, iterative staggered schemes, see e.g. Reference [15] or
monolithic schemes [16] can be applied. In combination with an implicit solution based on an
incremental iterative Newton Raphson technique, unconditional stability in combination with
second-order accuracy can be achieved. The resulting set of linearized equations of the �uid
and the moving mesh

R
�
I
k+1
n+1 =R

�
I
k
n+1+dR

�
I =0 ∀I =1; nnp

Rv
J
k+1
n+1 =Rv

J
k
n+1+dR

v
J =0 ∀J =1; nnp

Rṽ
K
k+1
n+1 =Rṽ

K
k
n+1+dR

ṽ
K =0 ∀K =1; nnp

(41)

with the incremental updates of the individual residuals dR�
I , dR

v
J and dR

ṽ
K

dR�
I =

nnp∑
L=1
K��IL d�L+

nnp∑
M=1

K�vIMdvM+
nnp∑
N=1

K�ṽIN dṽN ∀I=1; nnp

dRv
J =

nnp∑
L=1
Kv�JLd�L+

nnp∑
M=1

KvvJMdvM+
nnp∑
N=1

KvṽJN dṽN ∀J=1; nnp

dRṽ
K =

nnp∑
L=1
Kṽ�KLd�L+

nnp∑
M=1

KṽvKMdvM+
nnp∑
N=1

KṽṽKN dṽN ∀K=1; nnp

(42)

and the linearized structural equations with the incremental residual updates dRv
J

Rv
J
k+1
n+1 =Rv

J
k
n+1 + dR

v
J =0; dRv

J =
nnp∑
M=1

KvvJMdvM ∀J =1; nnp (43)

are thus solved simultaneously. Accordingly, the increments of the density ��I , the �uid
velocity �vJ , the mesh velocity �ṽK and the structural velocity �vJ are updated at the same
time. In addition to the iteration matrices de�ned in the previous section, the four submatrices
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K�ṽIN , K
vṽ
IN , K

ṽ�
IN and K

ṽv
IN have to be evaluated. While the former can be expressed as

K�ṽIN =
@R�

I

@ṽN
=

nel

A
e=1

∫
B̃

Ni[1− �f][−2] 1�0∇X̃ �n+1−�fNn+∇xNi[1− �f]he[−2c]
1
�0
@X̃
@t
�n+1−�mNn

+∇xNi[1− �f]he[2ṽ]1c
@X̃
@t
vn+1−�mNn+∇xNi[1− �f]he[−3c2 − 3ṽ2]

1
�0

∇X̃ �n+1−�fNn

+∇xNi[1− �f]he[6cṽ]1cdivX̃ vn+1−�fNn dṼ

KvṽJN =
@Rv

J

@ṽN
=

nel

A
e=1

∫
B̃

Nj[1− �f][−2]1cdivX̃ vn+1−�fNn+∇xNj[1− �f]he[2ṽ]
1
�0
@X̃
@t
�n+1−�mNn

+∇xNj[1− �f]he[−2c]1c
@X̃
@t
vn+1−�mNn+∇xNj[1− �f]he[6cṽ]

1
�0

∇X̃ �n+1−�fNn

+∇xNj[1− �f]he[−3c2 − 3ṽ2]1cdivX̃ vn+1−�fNn dṼ

the latter vanish identically as Kṽ�IN =0 and K
ṽv
IN =0 since the motion of the mesh is not

in�uenced by the �uid density and the �uid velocity.

Remark 6.3
In the above-described monolithic solution algorithm, a coupling of both domains is realized
through introducing only one single variable v for the interface velocity which is also iden-
tical to the mesh motion ṽ at the interface. Kinematic compatibility at the interface is thus
guaranteed by construction. Moreover, at each iteration step k + 1 of the Newton–Raphson
iteration, the current iterate of the �uid density �k+1n+1 de�nes the actual loading on the struc-
ture as Tpk+1n+1 = c

2=�0�k+1n+1 − pa. Consequently, once an equilibrium state is reached, not only
kinematic compatibility in terms of equivalent velocities but also the equilibrium in terms of
equivalent pressures on both sides of the interface is satis�ed.

Remark 6.4
For the one-dimensional problem considered herein, we encounter a conservative loading
situation based on a constant direction of the external forces transmitted from the �uid to the
structure. For multidimensional problems, however, the change of the direction of the pressure
loads typically manifests itself in additional contributions to the structural sti�ness matrix.

Remark 6.5
It should be mentioned, that in the case of damping, with �∞¡1:0, kinematic compatibility
only holds for the velocities, while the accelerations at the interface will in general be di�erent
due to the di�erent �m coe�cients.

7. EXAMPLE: PISTON PROBLEM

The behaviour of the di�erent solution techniques is studied by means of the classical piston
problem, compare References [10, 16]. The piston has a length of l=1 m and is �lled with
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a gas characterized through the density �=1:3 kg=m2 and the sound speed c=328:17 m=s.
The atmospheric pressure Pa is equal to 100 000 N=m

2. The eigenfrequency of the structure
is chosen as !=100=s and its mass is m=0:8 kg. When discretized with �nite elements, the
structural representation of the piston is assumed to have a length of l=1m.
Four di�erent test cases are considered here, namely the monolithic and the partitioned

solution of a �uid motion described by the linearized Euler equations coupled either to a
one-degree-of-freedom piston or to a �nite-element structural representation. We will focus
particularly on the analysis of the individual discretization errors caused by the:

• spatial discretization of the structure,
• spatial discretization of the �uid,
• temporal discretization,
• discretization of the interface.

Since the structural equations can be discretized in an energy-conservative way guaranteeing
unconditional structural stability, an instability can only be caused by the discretization of
the �uid or the �uid–structure interface. In what follows, di�erent spatial and temporal dis-
cretization techniques for the �uid equations will be described. In order to analyse the error
of the discretization of the interface, the monolithic solution will be compared to a partitioned
scheme with and without structural predictor.

7.1. In�uence of the spatial discretization of the �uid

First we will analyse the monolithic solution of the linearized Euler equations representing the
�uid discretized by �nite elements coupled to a one-degree-of-freedom structure as depicted
in Figure 2. Unless stated otherwise, the underlying time step is chosen according to the
Courant criterion �t=�tCFL = he=c with he denoting the element length. Moreover, the time-
integration parameter �∞ is generally chosen to �∞=1.
Recall, that the linearized Euler equations are non-conservative by construction. However,

since the error introduced by the linearization can be classi�ed as a ‘model error’ that is
independent of the spatial discretization, it will not be the subject of this study. Instead, we
shall focus on the discretization errors due to the application of di�erent upwinding schemes.
To this end, the �uid equations are either solved by a �rst-order upwind scheme, see e.g.
Reference [16], or by the second-order streamline upwind Petrov–Galerkin technique, see e.g.
Reference [22]. Figures 3 and 4 reveal the di�erence of both techniques. The results of the
simulation with 10 and 100 �rst-order upwind �nite elements are depicted on the left while
the corresponding results of the second-order upwind Petrov–Galerkin technique are given on
the right. Clearly, for the current implicit time-integration procedure, the �rst-order upwind
scheme is more dissipative than the Petrov–Galerkin technique. The damping in�uence of the
stabilization terms typically vanishes upon mesh re�nement. Thus the e�ect of dissipation due
to the spatial discretization becomes less pronounced for �ner �nite-element meshes.

fluid

Figure 2. Monolithic scheme—�uid coupled to one-degree-of-freedom structure.
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Figure 3. Spatial discretization—10 �rst—vs second-order upwind elements.
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Figure 4. Spatial discretization—100 �rst—vs second-order upwind elements.

7.2. In�uence of the temporal discretization

The in�uence of the temporal discretization can be seen in Figures 5 and 6. Figure 5 reveals
the e�ect of controlled high-frequency dissipation through the parameter �∞. While in Fig-
ure 5(left) with �∞=1:0 no additional dissipation has been introduced through the temporal
integration and higher modes remain present, Figure 5(right) shows the e�ect of controlled
high-frequency dissipation introduced through �∞=0:0. Recall, that in the presence of damp-
ing as �∞¡1:0, an additional error is introduced at the interface for the monolithic scheme.
This error is caused by the mismatch of the interface acceleration terms in the �uid and the
structure caused by di�erent �m coe�cients. However, this error does not seem to destabilize
the overall solution depicted in Figure 5(right). Figure 6 shows the temporal discretization with
two di�erent time steps, �t=1�tCFL on the left and �t=100�tCFL on the right. Obviously,
the monolithic scheme allows for relatively large time steps without signi�cant deviations of
the results.

7.3. In�uence of the spatial discretization of the structure

Similar e�ects can be found when the monolithic solution scheme is applied to a �nite-
element-based �uid formulation coupled to a �nite-element-based discretization of the piston,
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Figure 5. Temporal discretization—damping parameter �∞=1:0 vs �∞=0:0 at �t=1�tCFL.
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Figure 6. Temporal discretization—time step �t=1�tCFL vs �t=100�tCFL at �∞=1:0.

fluid structure

Figure 7. Monolithic scheme—�uid coupled to �nite-element structure.

as indicated in Figure 7. In comparison to the one-degree-of-freedom structure analysed before,
the overall eigenfrequency has increased due to the increase of the eigenfrequency of the
structural subsystem. However, Figures 8 and 9 demonstrate that the spatial discretization
of the structure does not signi�cantly in�uence the overall behaviour as long as the mesh
is �ne enough to capture the basic structural characteristics. The �uid discretization with
10 second-order upwind elements yields identical results when coupled monolithically to a
structure with 10 and with 100 elements, see Figure 8. The same holds for the 100-element
�uid discretization depicted in Figure 9.
Similar to the one-degree-of-freedom structure, controlled numerical damping can be in-

troduced through the parameter �∞ as illustrated in Figure 10. This numerical damping
mainly a�ects the higher modes, thus leading to a more pronounced damping e�ect for the
�nite-element structure than for the one-degree-of-freedom piston. Figure 10 illustrates the
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Figure 8. Spatial discretization—�uid with 10, structure with 10 vs 100 elements.
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Figure 9. Spatial discretization—�uid with 100, structure with 10 vs 100 elements.
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Figure 10. Temporal discretization—damping parameter �∞=1:0 vs �∞=0:0 at �t=1�tCFL.

numerical damping of higher modes for �∞=0:0 on the right compared to the undamped
case with �∞=1:0 on the left. Again, the resulting kinematic mismatch of the �uid and the
structural acceleration terms at the interface for the heavily damped case with �∞=0:0 does
not seem to have a destabilizing in�uence on the overall solution.
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Figure 11. Partitioned scheme—�uid coupled to one-degree-of-freedom structure.
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Figure 12. Partitioned scheme—spatial discretization—10 �rst—vs second-order upwind elements.
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Figure 13. Partitioned scheme—spatial discretization—100 �rst—vs second-order upwind elements.

7.4. In�uence of the interface discretization

This section considers the errors introduced by a partitioned solution procedure. Thereby,
the �uid force at the interface is applied as Neumann boundary condition for the structural
calculation. The resulting piston velocity is used as Dirichlet boundary condition for the
�uid and the mesh calculation of the next time step, compare with Figure 11. Figures 12
and 13 represent the partitioned counterpart of the analysis of the spatial discretization error
as shown in Figures 3 and 4 for the monolithic scheme. Figure 12 shows the partitioned
solution of a one-degree-of-freedom structure coupled to a �uid discretized by 10 �rst- and
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Figure 14. Partitioned scheme—temporal discretization—�t=0:1�tCFL—20
�rst vs second-order upwind elements.
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Figure 15. Partitioned scheme—temporal discretization—�t=0:01�tCFL—20
�rst vs second-order upwind elements.

second-order upwind elements, respectively. Unlike in the monolithic case, the second-order
upwind scheme leads to an unstable solution, while the �rst-order upwind scheme is dissipative
in both cases. Owing to the obvious time lag between the calculation of the �uid and the struc-
ture an algorithmic energy production takes place at the �uid–structure interface representing
a potential source of instability, see Reference [10]. If this additional energy is compensated
by a dissipative scheme like the �rst-order upwind method, the overall calculation remains
stable. However, Figure 13 demonstrates, that even though a �rst-order upwind scheme is
applied, the overall response might still become unstable since the additional dissipation is
not su�cient to compensate the energy generated at the interface. For the streamline upwind
Petrov–Galerkin scheme depicted on the right, this e�ect becomes even more pronounced.
Figures 14 and 15 demonstrate the in�uence of the time step on the overall response. In

contrast to the monolithic scheme, extremely small time steps are needed to reduce the O(�t)
energy created at the interface. While for �t=0:1�tCFL in Figure 14, both, the �rst- and
second-order upwind scheme yield an overall unstable response, for �t=0:01�tCFL depicted
in Figure 15 at least the �rst-order scheme results in an overall stable behaviour. In general,
the discretization error at the interface tends to zero with a decreasing time step size. However,
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Figure 16. Partitioned scheme—without structural prediction—100 �rst vs second-order upwind elements.
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Figure 17. Partitioned scheme—with structural prediction—100 �rst vs second-order upwind elements.

in this case the time step needs to be reduced far below the Courant criterion in order to
guarantee an overall stable behaviour.
In the previous analysis, the structural velocity vs of the last time step n has been chosen as

interface velocity vi for the calculations at the new time step n+1. The results of the partitioned
scheme can be improved remarkably by applying a structural prediction as proposed e.g. by
Piperno [10], see also Reference [15]. In Figures 16 and 17, the discretization error at the
interface is analysed by comparing the results of the partitioned scheme without structural
predictor given in Figure 16 to the partitioned scheme with structural predictor shown in
Figure 17. Thereby, the interface velocity vn+1i has been predicted according to the following
equations:

without structural predictor vn+1i = vns O(�t)

with structural prediction vn+1i = vns +
1
2�t[3v̇

n
s − v̇n−1s ] O(�t3)

The deviation of the partitioned solutions depicted in Figures 16 and 17 from the monolithic
solution of Figure 18 represents the error of the interface discretization.
The partitioned solution of a �uid coupled to a �nite-element structure as depicted in Figure

19 yields similar results. The corresponding diagrams are not depicted here because for the
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Figure 18. Monolithic scheme—100 �rst vs second-order upwind elements.
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Figure 19. Partitioned scheme—�uid coupled to �nite-element structure.

monolithic case have shown that the discretization of the structure has been performed in an
energy-conserving way.

8. CONCLUSIONS

The design of a class of consistent �uid–structure interaction algorithms has been presented.
The moving �uid–structure interface has been described within the arbitrary Lagrangian Eu-
lerian framework. By applying unique temporal and spatial discretization techniques, the cou-
pling of the compressible �uid, the structure and the moving mesh turns out to be rather
straightforward. A velocity-based formulation has been proposed for the �uid, the structure
and the moving mesh to further simplify the coupling procedure. Partitioned as well as mono-
lithic strategies have been discussed. A systematic analysis of the di�erent schemes in terms
of the piston model problem has been performed.
The study illustrates the relative in�uence of the four sources of error present in the current

approach: the spatial discretization of the structure and the �uid, the temporal discretization,
and the �uid–structure coupling. The results have implications for the common task of com-
puting neutral-stability points for �uid–structure dynamic interactions.
The spatial discretization of the �uid can have a marked in�uence on the computation

of a neutral-stability point. In general, �uid spatial discretizations must be designed to dis-
sipate high-frequency disturbances (this is particularly true when applied to non-linear �ow
equations). Even when such a discretization is total-energy-conservative, its dissipation of
high-frequency transients will remove energy from the dynamic �uid–structure interaction and
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transfer it to a change in the state of the �uid and mean position of the structure. A choice
of a coarse mesh or �rst-order spatial discretization combined with an implicit temporal dis-
cretization will amplify the dissipation of transients, resulting in a strong bias towards the
prediction of stability for a given �uid–structure dynamic interaction.
In contrast, the current energy-conserving structural discretization ensures that the level of

re�nement of the structural mesh has minimal impact on the prediction of �uid–structure
interaction stability. All that is required for an accurate prediction is su�cient re�nement
for an adequate representation of the sti�ness at the �uid–structure interface. The energy-
conserving property of the structural discretization is only satis�ed, however, for speci�c
choices of the parameters of the temporal discretizations considered. Other choices can lead
to methods which will add dissipation to both the �uid and structural domains.
In general, the use of a partitioned solution procedure introduces an arti�cial production

of energy. For the simplest partitioned procedure, this production is of order O(�t). When
an extrapolation of the structural displacements is used, the energy production is reduced to
order O(�t3), see Reference [10]. In both cases, however, the false energy production results
in a bias towards the prediction of instability for �uid–structure dynamic interactions. The
present results illustrate that it is possible to counter this energy production by using more
dissipative spatial or temporal discretizations. This approach is not recommended, however, as
the net results are not predictable in general. Furthermore, the presence of competing sources
of error makes the interpretation of re�nement studies used to establish relative accuracy more
complex.
In contrast, the results of the monolithic solution procedure are much less sensitive to

the value of the time step, provided that it is chosen small enough to reasonably resolve the
wavelength of the dynamic response. In practice such a time step may be orders of magnitude
larger than that corresponding to a unit Courant number, while the computation of comparable
results using partitioned solution procedures require time steps corresponding to a fraction of
that for a unit Courant number.
Of the approaches compared in this paper, it appears that the least ambiguous results are

obtained by using the energy-conserving structural space and time discretization, combined
with a low-dissipation �uid spatial discretization and a monolithic solution procedure. When
using this approach, the accuracy of neutral-stability point calculations could can be estimated
primarily through re�nement studies of the �uid domain. The large time steps a�orded by
the monolithic solution procedure also indicates that the proposed approach can be e�cient
in terms of computational e�ort.
Finally, it should be mentioned, that although the suggested monolithic approach appears

promising from the numerical results presented in this contribution, its applicability to real
three-dimensional problems is still far from being fully understood. Nevertheless, the derived
monolithic approach in combination with the systematic study of the di�erent sources of
error at the interface is believed to give further insight into the complex task of modeling
�uid–structure interaction phenomena.
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