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Abstract

The loss of ellipticity indicated through the rank-one-convexity condition is elaborated for the spatial and material motion
problem of continuum mechanics. While the spatial motion problem is characterized through the classical equilibrium equations
parametrised in terms of the deformation gradient, the material motion problem is driven by the inverse deformation gradient. As
such, it deals with material forces of configurational mechanics that are energetically conjugated to variations of material place-
ments at fixed spatial points. The duality between the two problems is highlighted in terms of balance laws, linearizations including
the consistent tangent operators, and the acoustic tensors. Issues of rank-one-convexity are discussed in both settings. In particu-
lar, it is demonstrated that if the rank-one-convexity condition is violated, the loss of well-posedness of the governing equations
occurs simultaneously in the spatial and in the material motion context. Thus, the material motion problem, i.e. the configurational
force balance, does not lead to additional requirements to ensure ellipticity. This duality of the spatial and the material motion
approach is illustrated for the hyperelastic case in general and exemplified analytically and numerically for a hyperelastic material
of Neo-Hookean type. Special emphasis is dedicated to the geometrical representation of the ellipticity condition in both settings.
 2005 Elsevier SAS. All rights reserved.
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1. Introduction

Continuum motion can be described via a Lagrangian or a Eulerian description. In the former, material particles are
followed in space, whereas in the latter, material flow along fixed spatial positions is tracked. This is closely related
to spatial and material settings of continuum mechanics. In the spatial setting, spatial (or physical) forces are dealt
with that are energetically conjugated to spatial variations of fixed material points. This is the viewpoint of classical,
Newtonian mechanics. Conversely, in the material setting, material (or configurational) forces are encountered that
are energetically conjugated to material variations at fixed spatial positions. The latter formalism is also known as
the viewpoint due to Eshelby, see Eshelby (1951, 1975). The material setting of continuum mechanics or rather
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configurational mechanics has received considerable attention in recent years, cf. Chadwick (1975), Maugin and
Trimarco (1992), Maugin (1999a, 1999b), Gurtin (1995), Gurtin and Podio-Guidugli (1996), Dascalu and Maugin
(1995), Silhavý (1997), Kienzler and Herrmann (2000), Podio-Guidugli (2002) or the extended monographs (Maugin,
1993, 1995; Gurtin, 2000). In particular, the duality between the spatial and the material setting is elucidated for
various cases and applications in Maugin (1993), Steinmann (2002a, 2002b, 2002c), Kuhl and Steinmann (2003).

In the context of configurational mechanics, material force residuals arise as a result of inhomogeneities. Thus, the
study of the material motion problem is relevant for problems involving propagating discontinuities such as cracks,
voids and inclusions. Especially when the two problems, i.e. spatial motion and material motion, are studied in parallel,
it is enlighting to analyse the ellipticity of either problem, see e.g. Ball (1977a, 1977b). In the infinitesimal context,
the convexity condition is strongly related to the classical criterion of uniqueness in terms of the positive definiteness
of the second order work (Drucker, 1950; Hill, 1958). The general convexity condition, however, is typically too
restrictive from a physical point of view and moreover too difficult to evaluate from a mathematical point of view.
A weaker condition, yet having a well-established mathematical status is the condition of rank-one-convexity. In the
infinitesimal sense, rank-one-convexity corresponds to the classical Legendre–Hadamard condition which dates back
to the early work of Hadamard on the propagation of waves, see e.g. Hadamard (1903), Hill (1958, 1962), Truesdell
and Noll (1965), Ogden (1984). For the class of non-transient problems considered herein, the loss of rank-one-
convexity is one-to-one related to the loss of ellipticity which is typically accompanied by the loss of well-posedness
of the governing equations. The elaboration of the ellipticity condition is thus of fundamental interest, not only for the
spatial but also for the material motion problem.

Although the notions of convexity, uniqueness, monotony, stability, rank-one-convexity, ellipticity and well-
posedness are well-established in the spatial motion context, see e.g. Rice (1976), Rice and Rudnicki (1980), Benallal
(1992), Benallal and Comi (1996), Benallal and Bigoni (2004), Bigoni (2000), Petryk (1992, 2000) amongst others,
the appropriate classification within what we shall call the material motion context has not been considered to the
same extend. As an exception the relations between the spatial and material motion convexity and rank-one-convexity
condition have been elaborated in a completely different spirit within the framework of functional analysis in Ball
(1977b). Here we want to illustrate those rather abstract results within the spatial and material settings of hyperelas-
ticity in order to highlight the connection of these fundamental results to the notion of configurational mechanics.
In particular, a difference between the two settings in this respect would be significant, for instance if the material
motion problem would lose ellipticity or rather rank-one-convexity at an earlier stage of loading than the spatial mo-
tion problem, or vice versa. Recall, that aspects of uniqueness, monotony or convexity can either be studied on the
global/structural level or on the local/constitutive level. Within this study, we restrict ourselves to the constitutive
level.

After reiterating the governing equations in both settings in Section 2, relevant tangent operators are derived
through a consistent linearisation of both problems in Section 3. Next, in Section 4, we elaborate the issue of elliptic-
ity which can be expressed in terms of the acoustic tensors. For illustration purposes, the corresponding localisation
analysis is exemplified in Section 5 for a Neo-Hookean material, whereby the eigenvalues of both acoustic tensors are
analysed. Finally, some conclusions will be drawn in Section 6. For the sake of completeness, we shall reiterate the
classical Legendre–Hadamard condition in Appendix A.

2. Governing equations

To set the stage, let us briefly summarise the relevant kinematic relations, the underlying variational principle and
its linearisation and the corresponding stress measures of the spatial and the material motion problem.

2.1. Spatial motion problem

The familiar spatial motion problem is characterised through the nonlinear spatial deformation map x =
ϕ(X, t) :B0 → Bt mapping placements from the material configuration B0 to the spatial configuration Bt . The cor-
responding linear tangent map from the material tangent space TB0 to the spatial tangent space TBt can then be
expressed in terms of the spatial motion deformation gradient F = ∇Xϕ(X, t) :TB0 → TBt and its determinant
J = detF > 0 which is required to be strictly positive. Moreover, the right and left spatial motion Cauchy–Green
strain tensors C = F t · F and b = F · F t can be introduced as typical strain measures of the spatial motion problem.
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Recall that C can be interpreted as the pull back of the covariant spatial metric whereas b is the push forward of the
contravariant material metric. In what follows, we shall restrict ourselves to hyperelastic conservative systems which
can essentially be characterised through a variational principle of Dirichlet type. We thus introduce the internal po-
tential energies W0 and Wt , in this case the strain energy densities per unit volume in B0 and Bt , respectively. For the
sake of simplicity, we shall assume that the external potential energy vanishes identically such that the total energy I
can be introduced as the integral of either of the strain energies density over the corresponding domain.

I(ϕ) =
∫

B0

W0 dV0 =
∫

Bt

Wt dVt → stat. (1)

Its stationary point obviously corresponds to a vanishing variation of the total energy density I with respect to the
spatial deformation ϕ.

δϕI(ϕ) =
∫

B0

∇Xδϕ : DF W0 dV0 =
∫

Bt

∇xδϕ : [WtI − f t · df Wt ]dVt = 0. (2)

Herein, f denotes the deformation gradient of the material motion problem, which will be discussed in detail later in
the following subsection. Moreover, we could formally introduce the linearisation of the above spatial variation δϕI
with respect to the spatial motion deformation ϕ.

∆ϕδϕI(ϕ) =
∫

B0

∇Xδϕ : D2
FF W0 : ∇X∆ϕ dV0. (3)

The particular format of Eq. (2) motivates the introduction of the spatial motion stresses Πt and σ t = jΠt · F t,

Πt = DF W0, σ t = WtI − f t · df Wt (4)

whereby the former denotes the classical two-point Piola stress tensor while the latter is typically referred to as Cauchy
stress. With these abbreviations at hand, the familiar Euler–Lagrange field equations of the spatial motion problem

divX Πt = 0, divx σ t = 0 (5)

follow directly form the evaluation of the spatial variation of the total potential energy (2). For further reference, it
proves convenient to additionally introduce the following stress tensors.

τ t = Πt · F t, M t = F t · Πt, Y t = F t · Πt · F t. (6)

Hereby, τ t = Jσ t denotes the Kirchhoff stress tensor which is typically given in spatial description, M t is the classical
Mandel stress tensor in material description and Y t is another two-point stress tensor of the spatial motion problem.

2.2. Material motion problem

The material motion problem is the appropriate setting of configurational mechanics. Thereby, in analogy to the
spatial motion map ϕ, we could introduce a material motion map X = Φ(x, t) :Bt → B0 which essentially defines the
mapping of placements from the spatial configuration Bt to the material configuration B0. Accordingly, the material
motion deformation gradient f = ∇xΦ(x, t) :TBt → TB0 defines the linear tangent map from the spatial tangent
space TBt to the material tangent space TB0, whereby j = detf > 0 denotes the corresponding Jacobian. Moreover,
we introduce the right and left material motion Cauchy–Green strain tensors c = f t · f and B = f · f t which can
be interpreted as the push forward of the covariant material metric and as the pull back of the contravariant spatial
metric, respectively. In the case of configurational equilibrium, the Euler–Lagrange equations of the material motion
problem follow from the appropriate evaluation of the related Dirichlet principle in terms of the stationarity of the
total energy I , however, now parametrised in terms of the material motion map Φ .

I(Φ) =
∫

Wt dVt =
∫

W0 dV0 → stat. (7)
Bt B0
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Accordingly, for the material motion problem, the minimum of the total energy density I corresponds to a vanishing
variation with respect to the material deformation Φ .

δΦI(Φ) =
∫

Bt

∇xδΦ : df Wt dVt =
∫

B0

∇XδΦ : [W0I − F t · DF W0]dV0 = 0. (8)

Again, we could formally introduce the linearisation of the material variation δΦI with respect to the material defor-
mation Φ .

∆ΦδΦI(Φ) =
∫

Bt

∇xδΦ : d2
f f Wt : ∇x∆Φ dVt . (9)

Next, we introduce the material motion stresses π t and Σ t = Jπ t · f t,

π t = df Wt, Σ t = W0I − F t · DF W0 (10)

the former denoting a two-point stress tensor of Piola type and the latter being the classical Eshelby stress, a stress
tensor in material description. Accordingly, the Euler–Lagrange field equations of the material motion problem which
follow straightforwardly from Eq. (8)

divxπ t = 0, divX Σ t = 0 (11)

take a formally dual structure to the Euler–Lagrange equations of the spatial motion problem, compare Eqs. (5).
Moreover, it proves convenient to introduce the following stress tensors of the material motion problem,

T t = π t · f t, mt = f t · π t, yt = f t · π t · f t (12)

whereby T t = jΣ t denotes a stress measure of Kirchhoff type in material description, mt is typically addressed as
the stress tensor of the chemical potential in spatial description and yt denotes another two-point stress of the material
motion problem.

2.3. Spatial vs. material motion stresses

Obviously, the spatial and the material motion problem are related through the identity map in B0 as idB0 =
Φ(ϕ(X, t), t) and in Bt as idBt

= ϕ(Φ(x, t), t), such that the spatial and the material deformation gradient are simply
inverses of one another, i.e. f = F−1 and F = f −1, compare Fig. 1. Accordingly, the spatial Cauchy–Green tensors C

and b are also related to their material motion counterparts B and c via their inverses as C−1 = B and b−1 = c. Recall
that scalar- or tensor-valued quantities with material reference {•}0 = J {•}t and corresponding quantities with spatial
reference {•}t = j{•}0 are related via the Piola transforms in terms of the Jacobians J and j . Moreover, material
surface flux terms {�} = J {�} · f t are related to their spatial counterparts {�} = j{�} · F t through the well-known
Nanson’s formula. For the hyperelastic case considered herein, we can set up the following useful relations between
the spatial stress measures Πt, τ t, M t and Y t and the material stress measures π t, T t, mt and yt as introduced in
Eqs. (6) and (12)

Πt = W0f
t − Jyt, τ t = W0I − Jmt,

M t = W0I − JT t, Y t = W0F
t − Jπ t (13)

Fig. 1. Spatial vs. material kinematics. Fig. 2. Spatial vs. material stresses.
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and vice versa

π t = WtF
t − jY t, T t = WtI − jM t,

mt = WtI − jτ t, yt = Wtf
t − jΠt (14)

by making use of the definitions given in Eqs. (4) and (10), compare Fig. 2.

3. Linearization

The present section is dedicated to the appropriate linearization of the stress strain relations of both, the spatial
and the material motion problem. They lend themselves to the introduction or several fourth order tangent operators.
Useful relations between spatial and material motion tangent operators will be derived.

3.1. Spatial motion problem

The fourth order tensor A denotes the familiar spatial motion tangent operator in two-point description, i.e. the
second derivative of the internal potential energy density W0 with respect to the spatial motion deformation gradient
F as introduced earlier in Eq. (3).

A = D2
FF W0 = DF Πt. (15)

For a particular free energy function W0, e.g. the hyperelastic Neo-Hookean free energy to be elaborated in Section 5,
we can express the tangent operator A in terms of the derivatives of the Jacobians J and j

DF J = Jf t, DF j = −jf t (16)

and of the derivatives of the deformation gradients F and f

DF F = I ⊗I , DF F t = I ⊗ I , DF f = −f ⊗f t, DF f t = −f t ⊗f (17)

with respect to the spatial motion deformation gradient F itself. In the above equations, we have introduced the
abbreviations [•⊗◦]ijkl = [•]ik ⊗ [◦]jl and [•⊗◦]ijkl = [•]il ⊗ [◦]jk for the non-standard dyadic products of two
second order tensors. With these considerations at hand, we can straightforwardly introduce the pull back and push
forward of the two-point tensor A. To this end, we make use of the following operation

[•t ⊗◦] : A : [•⊗◦t] with [•], [◦] ∈ {I ,F } (18)

whereby the choice of first tensor [•] = F corresponds to a covariant pull back of the first and third index of A and
[◦] = F denotes a contravariant push forward of the second and fourth index. Obviously, for [•] = I and [◦] = I the
corresponding indices remain unaffected. With the above considerations, we can easily generate the pull back and
push forward of the spatial motion tangent operator A.

b = [I t ⊗F ] : A : [I ⊗F t],
C = [F t ⊗I ] : A : [F ⊗I t],
d = [F t ⊗F ] : A : [F ⊗F t].

(19)

Accordingly, the fourth order tensor b is expressed in the spatial description similar to the left Cauchy–Green strain
tensor b while the fourth order tensor C is denoted in the material description according to the right Cauchy–Green
strain tensor C. The fourth order tangent operator d is denoted in the two-point description, however, with pairwise
opposite indices compared to A, compare Fig. 3.

Fig. 3. Spatial vs. material tangent operators.
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3.2. Material motion problem

The, to our knowledge up to now never considered, fourth order tangent operator a of the configurational problem
is a tensor in two-point description, characterising the second derivative of the internal potential energy density Wt

with respect to the material motion deformation gradient f which was introduced earlier in Eq. (9).

a = d2
f f Wt = df π t. (20)

In Section 5, we will evaluate the above equation for a particular hyperelastic free energy function Wt(f ) of Neo-
Hooke type. To this end, we will require the derivatives of the Jacobians j and J

df j = jF t, df J = −JF t (21)

and of the deformation gradients f and F

df f = I ⊗I , df f t = I ⊗ I , df F = −F ⊗F t, df F t = −F t ⊗F (22)

with respect to the material motion deformation gradient f . Based on these preliminary considerations, we can intro-
duce the following push forward and pull back operations

[•t ⊗◦] : a : [•⊗◦t] with [•], [◦] ∈ {I ,f } (23)

whereby now [•] = f denotes the covariant push forward of the first and third index of a and [◦] = f indicates the
contravariant pull back of its second and fourth index, respectively. Again, the identity maps [•] = I and [◦] = I do
not change the corresponding index. We thus introduce the following abbreviations for the material motion tangent
operators,

B = [I t ⊗f ] : a : [I ⊗f t],
c = [f t ⊗I ] : a : [f ⊗I t],
D = [f t ⊗f ] : a : [f ⊗f t]

(24)

whereby B is obviously a fourth order tensor in material description, c is denoted in spatial description and D is a
tensor in two-point description similar to the spatial motion tangent operator A with pairwise opposite indices as a.

3.3. Spatial vs. material tangent operators

In the previous section, we have set up relations between the different spatial and material stress measures. By
making use of Eqs. (13) and (14) in particular, we can rewrite the spatial motion tangent operator A in terms of the
material stress π t whereas the material motion tangent operator a can be expressed in terms of the spatial stress Πt.

A = DF Πt = DF [JWtf
t − Jf t · π t · f t],

a = df π t = df [jW0F
t − jF t · Πt · F t]. (25)

The thorough evaluation of the above equation renders as a new result the following useful relations between the
spatial motion tangent operators A, b, C and d and their material counterparts a, B, c and D

A = Πt ⊗ f t − f t ⊗Π − Πt ⊗f + f t ⊗ Πt − W0f
t ⊗ f t + W0f

t ⊗f + JD,

b = τ t ⊗ I − I ⊗τ − τ t ⊗I + I ⊗ τ t − W0I ⊗ I + W0I ⊗ I + Jc,

C = M t ⊗ I − I ⊗M − M t ⊗I + I ⊗ M t − W0I ⊗ I + W0I ⊗ I + JB,

d = Y t ⊗ F t − F t ⊗Y − Y t ⊗F + F t ⊗ Y t − W0F
t ⊗ F t + W0F

t ⊗F + Ja

(26)

and vice versa,

a = π t ⊗ F t − F t ⊗π − π t ⊗F + F t ⊗ π t − WtF
t ⊗ F t + WtF

t ⊗F + jd,

B = T t ⊗ I − I ⊗T − T t ⊗ I + I ⊗ T t − WtI ⊗ I + WtI ⊗ I + jC,

c = mt ⊗ I − I ⊗m − mt ⊗I + I ⊗ mt − WtI ⊗ I + WtI ⊗ I + jb,

D = yt ⊗ f t − f t ⊗y − yt ⊗f + f t ⊗ yt − Wtf
t ⊗ f t + Wtf

t ⊗f + jA

(27)

compare Fig. 3. Recall the practical relevance of the fourth order tangent operators within a Newton–Raphson based
solution strategy in a finite element scheme. In this context, the tangent operators A and a are of particular importance,
see Kuhl et al. (2004) and Askes et al. (2004). Their relevance in the context of rank-one-convexity is illustrated in the
following section.
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4. Ellipticity

In the previous section, we have introduced the spatial and the material tangent operators A and a. Their positive
semi-definiteness is typically analysed to study the convexity of the underlying motion problem. In what follows, we
shall relax the classical condition of convexity to the in some cases less restrictive requirement of rank-one-convexity.
Following arguments of duality, we discuss the rank-one-convexity condition or rather ellipticity condition for both the
spatial and the material motion problem. By setting up relations between the spatial and the material motion acoustic
tensor, we will show that both are simply related via weighted pull back/push forward operations. A relation to the
classical Legendre–Hadamard condition in terms of the acoustic tensors is given in Appendix A.

4.1. Spatial motion problem

The rank-one-convexity condition of the spatial motion problem can be expressed as follows.

[m ⊗ N] : A : [m ⊗ N] � 0. (28)

For [m ⊗ N ] : A : [m ⊗ N] > 0, it ensures that the underlying quasi-static spatial motion problem remains elliptic. By
introducing the contravariant pull back of the spatial unit tangent m and the covariant push forward of the material
unit normal N as

�M = f · m = m · f t, n̄ = f t · N = N · f (29)

we can reformulate the above equation in terms of the four different tangent operators A, b, C and d introduced in
Eq. (19).

[m ⊗ n̄] : b : [m ⊗ n̄] � 0,

[�M ⊗ N ] : C : [�M ⊗ N ] � 0,

[�M ⊗ n̄] : d : [�M ⊗ n̄] � 0.

(30)

Alternatively, the above equations could be formulated as a requirement of positive semi-definiteness

m · q · m � 0, q = [I ⊗ N ] : A · N = [I ⊗ n̄] : b · n̄,

�M · �Q · �M � 0, �Q = [I ⊗ N ] : C · N = [I ⊗ n̄] : d · n̄ (31)

in terms of the second order tensor q in spatial description and its pull back �Q = F t · q · F in material description, a
condition which can equivalently be expressed in the following form.

det(q) � 0, det(�Q) � 0. (32)

Because of its connection with the propagation of infinitesimal plane waves, the second order tensor q is called the
acoustic tensor of the spatial motion problem. The vector N then represents the direction of wave propagation which
corresponds to the normal to the discontinuity surface in the quasi-static case while m takes the interpretation of a
jump vector.

4.2. Material motion problem

In complete analogy to the spatial motion problem, in configurational mechanics, the rank-one-convexity condition
of the material motion problem takes the following format.

[M ⊗ n] : a : [M ⊗ n] � 0. (33)

For [M ⊗ n] : a : [M ⊗ n] > 0, the above rank-one-convexity condition yields to the condition of ellipticity of the
quasi-static material motion problem. With the help of the contravariant push forward of the material tangent M and
the covariant pull back of the spatial normal n

�m = F · M = M · F t, N̄ = F t · n = n · F (34)
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we can easily generate alternative expressions in terms of the different tangent operators a, B, c and D introduced in
Eq. (24).

[M ⊗ �N ] : B : [M ⊗ �N ] � 0,

[�m ⊗ n] : c : [�m ⊗ n] � 0,

[�m ⊗ �N ] : D : [�m ⊗ �N ] � 0.

(35)

A reformulation of the above equations

M · Q · M � 0, Q = [I ⊗ n] : a · n = [I ⊗ �N] : B · �N ,

�m · q̄ · �m � 0, q̄ = [I ⊗ n] : c · n = [I ⊗ �N] : D · �N (36)

introduces the requirement of positive semi-definiteness of the material motion acoustic tensor Q and its push forward
q̄ = f t · Q · f , whereby their non-negative determinant

det(Q) � 0, det(q̄) � 0 (37)

ensures ellipticity of the material motion problem. Again, n characterises the spatial normal to the discontinuity
surface while M denotes the corresponding jump vector.

4.3. Spatial vs. material acoustic tensor

To elaborate the relations between the spatial motion acoustic tensor q = [I ⊗N] : DF Π ·N and its material motion
counterpart Q = [I ⊗ n] : df π · n we shall express DF Π and df π in terms of their dual counterparts according to
Eqs. (26) and (27).

q = t ⊗ n̄ − n̄ ⊗ t − W0n̄ ⊗ n̄ + W0n̄ ⊗ n̄ − t ⊗ n̄ + n̄ ⊗ t + Jf t · n̄ · df π · n̄ · f ,

Q = T ⊗ �N − �N ⊗ T − Wt
�N ⊗ �N + Wt

�N ⊗ �N − T ⊗ �N + �N ⊗ T + jF t · �N · DF Π · �N · F .
(38)

For notational simplicity, we have introduced the spatial and the material traction vector t = Πt · N and T = π t · n,
the push forward of the material normal n̄ and the pull back of the spatial normal �N . Due to the symmetric structure
of the acoustic tensors, all but the last term cancel and we are left with the following remarkably simple expressions.

q = [I ⊗ N ] : DF Π · N = Jf t · [I ⊗ n̄] : df π · n̄ · f ,

Q = [I ⊗ n] : df π · n = jF t[I ⊗ �N] : DF Π · �N · F .
(39)

The right-hand sides of the above equation can easily be identified as the scaled push forward of the material motion
acoustic tensor q̄ and the pull back of the spatial motion acoustic tensor �Q introduced in Eqs. (36) and (31), compare
Fig. 4.

q = Jλ2
nq̄,

Q = jΛ2
N

�Q with
q̄ = f t · Q · f ,

�Q = F t · q · F .
(40)

Apparently, the spatial motion acoustic tensor q follows straightforwardly from a push forward of its material motion
counterpart Q weighted by the corresponding Jacobian and the square of the related stretch λn = ‖n̄‖ = √

N · B · N =
Λ−1

N and ΛN = ‖�N‖ = √
n · b · n = λ−1

n . Of course, this result is neither astonishing nor unexpected. The equivalence
of the spatial and material rank-one-convexity condition (28) and (33) has been shown already by Ball in the more
abstract setting of functional analysis, see Ball (1977b). By making use of the change of variables formula, he proved
that Wt(f ) is rank-one-convex if and only if W0(F ) is rank-one-convex without explicitly referring to the implications

Fig. 4. Spatial vs. material acoustic tensors.
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Fig. 5. Pure shear with Λ = 2 and ν = 0.45—eigenvalues of spatial motion problem (top) and material motion problem (bottom).

within configurational mechanics. Thus, in summary of our investigations, as the main result it occurs that provided
that the underlying deformation is invertible, i.e. J > 0 and accordingly j > 0, F = f −1 and f = F−1, the loss of
ellipticity of the spatial and the material motion problem takes place simultaneously. Accordingly, the determinant of
the acoustic tensors q and Q

det(q) = 0 ⇔ det(Q) = 0 (41)

vanishes simultaneously for the spatial and the material motion problem.

5. Model problem: Neo-Hookean material

In the remainder of this study, we assume a frequently used strain energy density of the compressible Neo-Hookean
type with

W0 = 1

2
λ0 ln2(J ) + 1

2
µ0

[
C : I − ndim − 2 ln(J )

]
(42)

for the spatial and

Wt = 1
λt ln2(j−1) + 1

µt

[
c−1 : I − ndim − 2 ln(j−1)

]
(43)
2 2
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Fig. 6. Simple shear with Λ = 2 and ν = 0.45—eigenvalues of spatial motion problem (top) and material motion problem (bottom).

for the material motion case. Thereby, ndim is the number of spatial dimensions of the problem under consideration and
µ0, λ0, µt = jµ0 and λt = jλ0 are the Lamé parameters of the spatial and the material motion problem, respectively.
With this particularisation, the tangent operator of the spatial motion problem can be elaborated as

tan A = λ0f
t ⊗ f t + µ0I ⊗I + [

µ0 − λ0 ln(J )
]
f t ⊗f (44)

whereas the much more involved tangent operator of the material motion problem can be written as follows.

tan a = [
Wt − 2λt ln(J ) + 2µt + λt

]
F t ⊗ F t − [

Wt − λt ln(J ) + µt

]
F t ⊗F

+ µt [C · F t ⊗F + F t ⊗F · C − C · F t ⊗ F t − F t ⊗ C · F t + C ⊗b]. (45)

The acoustic tensors that correspond to the spatial and to the material motion problem are obtained by substituting
Eqs. (44) and (45) into Eqs. (31) and (36). Although the tangent operators themselves differ considerably for the
spatial and the material motion case, the acoustic tensors of the spatial

q = [
λ0

[
1 − ln(J )

] + µ0
]
n̄ ⊗ n̄ + µ0I (46)

and the material motion problem

Q = Λ2
N

[[
λt

[
1 − ln(J )

] + µt

]
N ⊗ N + µtC

]
(47)

take a remarkably similar format and are of course related through Eq. (40).
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Fig. 7. Uniaxial tension with Λ = 4 and ν = 0.45—eigenvalues of spatial motion problem (top) and material motion problem (bottom)

5.1. Analytical elaboration of rank-one-convexity

Loss of ellipticity or rather loss of rank-one-convexity occurs when the determinant of the acoustic tensor becomes
zero. Following Eqs. (46) and (47), the two determinants for the two-dimensional case can be elaborated in Cartesian
coordinates as

det(q) = [
λ0µ0

[
1 − ln(J )

] + µ2
0

][[f11c + f21s]2 + [f12c + f22s]2] + µ2
0 (48)

and

det(Q) = ΛN

[[
λtµt

[
1 − ln(J )

] + µ2
t

][[F11s − F12c]2 + [F21s − F22c]2] + µ2
t J

2] (49)

respectively. Herein, we have introduced the short-hand notation c = cos(α) and s = sin(α) in terms of the angle α

defining the material normal as N = [cosα, sinα]t. For a number of fundamental loading cases, we examine when
loss of ellipticity occurs:

• Pure shear is described by taking the deformation gradient equal to F11 = Λ, F22 = 1/Λ and F12 = F21 = 0,
hence J = det(F ) = 1. It can be verified that Eqs. (48) and (49) then reduce to a summation of quadratic terms.
Therefore, ellipticity is a priori guaranteed throughout.

• Simple shear is invoked via F11 = F22 = 1, F12 = Λ and F21 = 0. The same observations apply as for the case of
pure shear.
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Fig. 8. Biaxial tension with Λ = 3 and ν = 0.45—eigenvalues of spatial motion problem (top) and material motion problem (bottom).

• Uniaxial tension can be described by F11 = Λ, F22 = 1 and F12 = F21 = 0. Elaborating either of the two deter-
minants given in Eqs. (48) and (49) reveals that ellipticity is lost if λ0[1 − ln(Λ)] + 2µ0 � 0 whereby the critical
direction for both determinants is given by α = π/2. From solving the above equation, a critical stretch Λ can be
determined in terms of the Poisson’s ratio ν. Ellipticity is lost if Λ � exp([1 − ν]/ν).

• Biaxial tension is generated by taking F11 = F22 = Λ and F12 = F21 = 0. Ellipticity is lost if the transcendental
inequality λ0[1 − ln(Λ2)] + µ0[1 + Λ2] � 0 is satisfied, where again the two determinants give identical results.
For values of ν > 0.4464 ellipticity cannot be guaranteed.

As has been argued already in the previous sections: if loss of ellipticity occurs, it occurs concurrently in the spatial
motion problem and in the material motion problem.

5.2. Numerical elaboration of rank-one-convexity

Next, the eigenvalues of the two acoustic tensors are investigated. The same four loading cases are studied as in
Section 5.1. Throughout, the elastic constants have been taken as λ0 = 7759 MPa and µ0 = 862 MPa corresponding
to E = 2500 MPa and ν = 0.45 in the small strain limit. For the loading cases pure shear and simple shear a stretch
Λ = 2 has been taken, we analyse the uniaxial tension case with Λ = 4, and Λ = 3 has been used for the biaxial case.
The results are plotted in Figs. 5–8. For the considered loading cases four eigenvalues are non-trivial: two according
to q and two according to Q. In Figs. 5–8 the eigenvalues are multiplied with the components of N to arrive at a
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Fig. 9. Eigenvalues as a function of the stretch Λ for the material motion problem (solid) and the spatial motion problem (dashed) — pure shear
(top left), simple shear (top right), uniaxial tension (bottom left) and biaxial tension (bottom right).

two-dimensional visualisation: denoting the eigenvalues by h, we plot h cos(α) on the horizontal axis and h sin(α) on
the vertical axis.

For the cases of pure shear and simple shear, where ellipticity or rather rank-one-convexity is guaranteed for any
value of the stretch Λ, the eigenvalues remain always positive. Since the two acoustic tensors q and Q are related via
two contractions in terms of the (inverse) deformation gradient, the shape of the eigenvalue plots is very similar for
the spatial motion problem as compared to the material motion problem; cf. the top rows and bottom rows in Figs. 5
and 6. For instance, the smaller eigenvalue of the spatial motion problem yields a circle with radius µ0 (see Figs. 5
and 6, upper left), which translates into lemon-like curves for the material motion problem (Figs. 5 and 6, bottom
left). Similar observations hold for the larger eigenvalue, depicted in the right columns of Figs. 5 and 6. In the latter
curves, the direction of the maximum eigenvalue for the spatial motion problem coincides with the direction of the
minimum eigenvalue for the material motion problem, and vice versa. This is due to the fact that if for a certain angle
α a maximum value for F is obtained, then a minimum value for f is found, and vice versa.

If uniaxial tension is assumed, a critical stretch exists beyond which the determinants of the acoustic tensors
become negative. In Fig. 7 the eigenvalues of both acoustic tensors are plotted for a stretch larger than the critical
stretch. For certain values of α, one of the eigenvalues becomes negative which results in flower-like curves as shown
in the left column of Fig. 7. This dependence on α was already used in the derivation of the critical equation λ0[1 −
ln(Λ)] + 2µ0 � 0. The negative eigenvalues appear and develop in similar ways for the spatial motion problem and
the material motion problem. Again, in the spatial motion problem one of the eigenvalues adopts the (non-negative)
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constant value µ0, which is transformed into a (non-negative) eigenvalue for the material motion problem via two
contractions with the deformation gradient (cf. right column of Fig. 7).

Finally, loss of ellipticity, i.e. rank-one-convexity, can also occur in case of biaxial tension. In contrast to uniaxial
tension, loss of rank-one-convexity does not depend on the angle α. This is reflected in the circles plotted in Fig. 8. The
left column of Fig. 8 consists of eigenvalues that are all negative, the right column contains only positive eigenvalues.
The radii of the circles described by the material motion problem are related to the radii of the circles from the spatial
motion problem via a factor Λ2. According to Eq. (40), the two acoustic tensors relate as Q = jΛ2

NF t · q ·F . For this
specific loading case with F = ΛI and j = Λ−2, the above equation simplifies to Q = Λ2q , compare also Eqs. (46)
and (47).

In Fig. 9 the evolution of the minimum eigenvalues of q and Q is plotted as a function of the stretch Λ. Note that
these minimum values do not necessarily correspond to a single orientation α during the entire loading process. It is
again seen that the eigenvalues for the loading cases pure shear and simple shear are always positive, and that one of
the eigenvalues of the spatial motion problem is constant and equal to the Lamé constant µ0. For the loading cases
uniaxial tension and biaxial tension one of the two eigenvalues for either problem (spatial motion problem or material
motion problem) may become negative. The critical values of Λ for which this occurs have been derived analytically
in Section 5.1; here, it is confirmed numerically that negative eigenvalues appear simultaneously in the spatial motion
problem and the material motion problem.

6. Conclusions

In this paper, we have considered the conditions for ellipticity or rather rank-one-convexity for the common spatial
and the material motion problem of configurational mechanics. The governing equations, linearizations and acoustic
tensors for the two problems have been presented in a completely dual format. As a consequence from the classical
far-reaching result by Ball (1977a) it turns out that the acoustic tensors associated with the two problems can be
retrieved from one another via straightforward push forward/pull back operations. Loss of ellipticity or rather rank-
one-convexity clearly occurs simultaneously in the spatial and in the material motion problem although the mechanical
interpretation of these two problems is quite different. In other words, studying the material motion problem or rather
the problems of configurational mechanics does not lead to additional difficulties: as long as the spatial motion prob-
lem remains well-posed, the material motion problem will not become ill–posed due to the loss of rank-one-convexity.

This has been illustrated for a hyperelastic sample material with a compressible Neo-Hookean strain energy density.
Four fundamental loading cases have been investigated, both analytically and numerically: if negative eigenvalues
occur, they appear concurrently in the acoustic tensors of the two problems.

Appendix A. Spatial and material Legendre–Hadamard condition

For the sake of completeness, we shall briefly summarize the traditional derivation of the Legendre–Hadamard
condition as illustrated in Hadamard (1903), Thomas (1961) and Hill (1962). Its derivations are based on the kinematic
compatibility conditions for a first order discontinuity surface

�DtF �= ωm ⊗ N , �dtf �= ΩM ⊗ n (A.1)

which are also referred to as Maxwell’s compatibility conditions (Maxwell, 1873). Therein, N and n represent the
material and the spatial normal to the discontinuity surface, M and m are the corresponding jump vectors and Ω and
ω denote the magnitude of the jump as illustrated in Fig. A.1. The evaluation of Cauchy’s lemma in combination with
Cauchy’s theorem then renders the equilibrium equations across a singular surface,

�DtΠ
t� · N = 0, �dtπ

t� · n = 0 (A.2)

whereby �•�= [•]+ −[•]− denotes the jump of the quantity [•] across the singular surface. Together with incremental
constitutive equation for a hyperelastic material for the spatial DtΠ

t = A : DtF and the material motion problem
dtπ

t = a : dtf the equilibrium equations (A.2) can be reformulated as follows.

�A : DtF � · N = 0, �a : dtf � · n = 0. (A.3)
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Fig. A.1. Spatial vs. material kinematics of singular surfaces.

Last, we make use of Hill’s assumption of a linear comparison solid (Hill, 1958), i.e. �A�= 0 and �a�= 0, respectively,
to end up with alternative representations of Eqs. (28) and (33).[

A : [ωm ⊗ N]] · N = 0,
[
a : [ΩM ⊗ n]] · n = 0. (A.4)

These can be recast into the corresponding special eigenvalue problems q · m = 0 and Q · M = 0 in terms of the
acoustic tensors of the spatial and the material motion problem q = [I ⊗ N] : DF Π · N and Q = [I ⊗ n] : df π · n.
For the non-transient case considered herein, the vanishing determinant of the acoustic tensors

det(q) = 0, det(Q) = 0 (A.5)

indicates the loss of ellipticity of the spatial and the material motion problem which manifests itself in the formation
of rank-one-laminates. The angles θ and Θ

cos(θ) = m · n, cos(Θ) = M · N (A.6)

between the acoustic axes m and M and the unit normals n and N characterise the corresponding failure mode.
Thereby, the spatial unit normal n of the spatial motion problem and the material normal N of the material motion
problem can be generated by the corresponding covariant push forward n̄ = N · f and pull back �N = n · F . Of
course, the mere push forward or pull back of a unit normal does not render vectors of unit length. However, their
normalisations n = n̄/λn and N = �N/ΛN in terms of the spatial and material stretch λn and ΛN are straightforward.
The equivalence of the spatial and the material Legendre–Hadamard conditions (A.4),[

A : [ωm ⊗ N]] · N = 0 ⇔ [
a : [ΩM ⊗ n]] · n = 0 (A.7)

follows straightforwardly from the fundamental result of Eq. (41).
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