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SUMMARY

In this contribution, a dual equilibrium methodology is applied to the shape optimization of trusses.
The spatial co-ordinates as well as the material (i.e. initial) co-ordinates of the joints are taken as
unknowns in the potential energy of the structure whereby the connectivity is �xed. The conjugated
variables, i.e. spatial forces and material forces, are equilibrated. Whereas equilibration of the spatial
forces is equivalent to �nding the optimal joint displacements, equilibration of the material forces
yields the optimal initial joint positions. The two sets of equilibrium equations are derived and solved
in a completely coupled manner. With a proper linearization and a Newton–Raphson scheme, shape
optimization of the truss can be achieved within a few iterations. This is demonstrated by two numerical
examples. Copyright ? 2005 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Optimization of trusses can be performed in many ways, depending on the objective function.
Normally, the design parameters are taken as the joint positions and the cross sectional area
of the truss members. Typical objective functions are total weight of the structure or displace-
ments at certain critical joints [1]. Here, a truss optimization algorithm is proposed that is
�rmly rooted in mechanics and developed in terms of a variational principle of the Dirichlet
type. Thereby, we closely follow an approach recently suggested in References [2, 3], which
will be extended to the geometrically non-linear regime. To this end, the potential energy of
the structure is taken as an explicit function of the �nal (deformed) as well as the initial
(undeformed) positions of the joints. Next, the potential energy is optimized with respect to
these two sets of variables, which is equivalent to the equilibration of the conjugated force-
type quantities. The forces as they are commonly known are the forces that are conjugated

∗Correspondence to: Paul Steinmann, Faculty of Mechanical Engineering, University of Kaiserslautern, D-67653
Kaiserslautern, Germany.

†E-mail: ps@rhrk.uni-kl.de

Received 3 August 2004
Copyright ? 2005 John Wiley & Sons, Ltd. Accepted 18 January 2005



434 H. ASKES ET AL.

to the �nal positions of the joints, or in other words the co-ordinates of the joints in the
spatial con�guration—hence these forces are denoted here as spatial forces. Conversely,
the material forces are conjugated to the initial positions of the joints, or the co-ordinates in
the material con�guration [4, 5].
The duality between the spatial force equilibrium and the material force equilibrium has

been discussed and elaborated extensively in References [6–9]. A material force residual
indicates an inhomogeneity, and typical occurrences of material forces include the Peach–
Koehler force on dislocations and the J -integral in fracture mechanics. More recently, it was
recognized that material forces can also occur as a result of discretization of the continuum
equations, e.g. in �nite element simulations [2, 10]. Indeed, additional energy can be released
by moving the nodes of the �nite element mesh opposite to the corresponding material force
residual, by which mesh optimization algorithms can be devised. The mesh optimization can be
performed after the equilibration of the spatial forces [2, 10, 11] or the two sets of equilibrium
equations can be solved simultaneously [12, 13]. The latter approach has the advantage that
far less iterations are needed to arrive at the optimal mesh con�guration [13].
In this contribution, the dual equilibrium approach is applied to the optimization of trusses,

see also References [2, 3]. The same framework as developed for mesh optimization in Refer-
ences [12, 13] is used, the di�erence being that now the geometric description of the structure
changes within the optimization process. In an earlier work, the material joint positions were
determined after solving the equilibrium of spatial forces [3] for a geometrically and ma-
terially linear setting; here, the two sets of equilibrium equations are developed and solved
simultaneously in the spirit of References [12, 13]. A non-linear Neo-Hookean elastic material
model is assumed. After brie�y restating the governing equations, two examples are treated:
one benchmark example for which the analytical solution of the in�nitesimal strain case is
known, and a more elaborate example.
It is emphasized that in the context of structural optimization, the present application deals

solely with the shape optimization of trusses (i.e. joint positions), not the size optimization
(i.e. cross sectional areas of the members) nor the connectivity optimization (i.e. the topology).
Furthermore, it is assumed that the external forces are signi�cantly larger than the dead weight
of the truss, so that minimization of weight can be ignored in favour of the minimization of
potential energy.

2. GOVERNING EQUATIONS

As mentioned above, both the spatial con�guration Bt and the material con�guration B0

are unknown. Therefore, a third, independent domain B must be introduced as a reference
con�guration, cf. Figure 1. The underlying kinematic description is known as the arbitrary
Lagrangian–Eulerian (ALE) technique, see Reference [12]. The fundamental idea of the par-
ticular ALE approach considered herein is the reformulation of the spatial and material de-
formation maps � and � as a decomposition of the two referential mappings �� and �̃ as
�= �� ◦ �̃−1 and �= �̃ ◦ ��−1.
The corresponding variational setting for hyperelastic conservative systems is then de�ned

in terms of the ALE Dirichlet principle characterized through the vanishing total variation of
the overall truss energy �I at �xed referential co-ordinates �

�I= �xI+ �XI
:=0 (1)
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Figure 1. ALE kinematics of truss element.

Now, the essential idea of the proposed method is to replace this total variation by a variation
with respect to the spatial co-ordinates x at �xed material co-ordinates X plus a variation with
respect to the material co-ordinates X at �xed spatial co-ordinates x. For the truss structures
considered herein, these spatial and material variations take the following discrete formats:

�xI=
ntn∑
I=1
� ��I ·RI�’; �XI=

ntn∑
J=1
��̃J ·RJ�̃ (2)

based on the elementwise discretization of the spatial and material joint positions �� and �̃
and their variations � �� and ��̃

� ��h|Be =
nen∑
i=1
Ni�’� ��i ; ��h|Be =

nen∑
k=1
Nk�’ ��k ; ��̃h|Be =

nen∑
j=1
Nj
�̃
��̃j; �̃h|Be =

nen∑
l=1
Nl�̃�̃l (3)

in terms of the linear shape functions Ni�’ and N
j
�̃
with N �’;�̃ = [1 − �; +�]. For arbitrary

variations � ��I and ��̃J , Equations (2) are equivalent to the vanishing discrete spatial and
material residuals RI�’ and R

J
�̃
, i.e. the di�erence of the corresponding internal and external

forces

RI�’( ��h; �̃h)=
ntr

A
t=1

∇�N i�’�An − F ext I�’
:= 0; RJ�̃( ��

h; �̃h)=
ntr

A
t=1

∇�N j�̃�AN − F ext J�̃
:= 0 (4)

Thereby, Antr
t=1 symbolizes the assembly over all t=1; : : : ; ntr truss member contributions at

the i; j=1; : : : ; nen member joints to the global spatial and material internal forces at all
I; J =1; : : : ; ntn global joints, whereas F ext I�’ and F ext J

�̃
denote the corresponding external forces

on the I; J =1; : : : ; ntn global joints. The referential gradient of the shape functions is given
as ∇�N �’;�̃ = [−1;+1]. For the hyperelastic case considered herein, the spatial and material
stresses �=DFW0 and �=dfWt can be introduced in terms of the free energy densities of the
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spatial and the material motion problem, e.g. of Neo-Hookean type, as W0 = 1
4 E0[F

2 − 1 −
2 ln(F)] and Wt = 1

4 E0[1=f − f − 2f ln(1=f)] as Wt =W0=F

�=
1
2
E0

[
F − 1

F

]
; �=

1
4
E0

[
− 1
f2
+ 1− 2 ln

(
1
f

)]
(5)

The spatial and material stretches F = l=L and f=L=l are de�ned in terms of the spatial and
material member lengths l and L. Moreover, upon discretization, the corresponding element
normals n and N take the following discrete formats:

l=
∥∥∥∥ nen∑
i=1
��i∇�N i�’

∥∥∥∥ = �F; L=

∥∥∥∥∥
nen∑
j=1
�̃j∇�N j�̃

∥∥∥∥∥ = f̃

n=

∑nen
i=1 ��i∇�N i�’

‖ ∑nen
i=1 ��i∇�N i�’‖

; N=

∑nen
j=1 �̃j∇�N j�̃

‖ ∑nen
j=1 �̃j∇�N j�̃‖

(6)

For the solution of the non-linear coupled system of Equations (4) we suggest an incremen-
tal iterative Newton–Raphson solution technique based on the consistent linearization of the
residuals

RI k+1�’ =RI k�’ +
ntn∑
K=1

KIK�’ �’ d ��K +
ntn∑
L=1

KIL�’�̃ d�̃L
:= 0

RJ k+1
�̃

=RJ k�̃ +
ntn∑
K=1

KJK�̃ �’ d ��K +
ntn∑
L=1

KJL�̃�̃ d�̃L
:= 0

(7)

which de�nes the following iterations matrices:

KIK�’ �’=
dRI�’
d ��K

=
ntr

A
t=1

∇�N i�’
d�
d �F
A n⊗ n ∇�N k�’ +∇�N i�’�A

1
l
[I − n ⊗ n] ∇�N k�’

KIL�’�̃=
dRI�’
d�̃L

=
ntr

A
t=1

∇�N i�’
d�

df̃
A n⊗N ∇�N l�̃

KJK�̃ �’=
dRJ

�̃

d ��K
=

ntr

A
t=1

∇�N j�̃
d�
d �F

A N⊗ n ∇�N k�’

KJL�̃�̃=
dRJ

�̃

d�̃L
=

ntr

A
t=1

∇�N j�̃
d�

df̃
A N⊗N ∇�N l�̃ +∇�N j�̃ �A

1
L
[I −N ⊗N] ∇�N l�̃

(8)

Note that the �rst term of each right-hand side is associated with the material sti�ness matrix
while the second term is typically referred to as the geometric sti�ness matrix in structural
mechanics. For the Neo-Hookean case, the linearizations of the stresses � and � that enter
the material sti�ness contribution read

d�
d �F
=
1
2
E0

[
1

f̃
+
f̃
�F2

]
d�

df̃
=−1

2
E0

[
1
�F
+

�F

f̃2

]
=
d�
d �F

d�

df̃
=
1
2
E0

[
�F2

f̃3
+
1

f̃

]
(9)
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while the linearizations of spatial and material normals n and N that basically de�ne the
geometric sti�ness contribution take the following representation:

dn
d ��k

=
1
l
[I − n⊗ n]∇�Nk ; dn

d�̃l
= 0=

dN
d ��k

;
dN
d�̃l

=
1
L
[I −N ⊗N]∇�Nl (10)

The solution of the coupled system of Equations (7) �nally de�nes the iterative update for the
spatial and material joint point positions ��K = ��K +d ��K and �̃L= �̃L+d�̃L. Recall that the
set of equations (7) de�nes a monolithic solution technique. A staggered solution scheme
follows straightforwardly by setting KIL�’�̃ = 0 and K

JK
�̃ �’
= 0, see Reference [13].

3. RESULTS

This section treats two di�erent trusses, a simple truss which is used as a benchmark problem
in order to have a quality measure for the introduced procedure and a more sophisticated bridge
structure. In all of the examples, the following data is used, E0 = 10000, A=1, L=100.

3.1. Example I—Benchmark problem

First, we study a simple truss structure consisting of 8 nodes and 13 members. For the
spatial motion problem only the leftmost and rightmost nodes are constrained, whereas for
the material motion problem only the three topmost nodes are allowed to move in the vertical
direction, cf. Figure 2, left. Due to a symmetric load case and symmetric member connectivity,
a symmetric solution is expected. This justi�es the constraint L6 =L10, with L6 and L10 being
the length of the members 6 and 10, respectively. An analytical solution can be constructed
by assuming in�nitesimal strains. Since the truss is statically determinate, all member forces
Si= Si (P; L6; L8) can be computed as a function of the given external load P and the unknown

initial material configuration B

initial spatial configuration

andfinal configurations B B

B

Figure 2. Benchmark problem—material and spatial con�guration, initial state
(left) and �nal state (right).
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Figure 3. Benchmark problem—complementary energy vs truss lengths L6=L and L8=L.

geometry L6 and L8. The complementary energy Ic can then be elaborated as
follows:

Ic(P; L6; L8) =
L
2EA

[
S21 + S

2
2 + S

2
3 + S

2
4 + [S

2
5 + S

2
7 + S

2
9 + S

2
11]

√
1 + L26=L2

+ [S26 + S
2
10]L6=L+ S

2
8L8=L+ [S

2
12 + S

2
13]

√
1 + [L8 − L6]2=L2

]

The minimization of the complementary energy with respect to unknown geometry L6 and L8
de�nes the analytical solution of the linear problem as L6 ≈ 1:88L and L8 ≈ 2:11L. Figure 3
illustrates the complementary energy Ic as a function of the member truss lengths L6 and L8
which obviously takes a minimum at the analytical solution of L6 ≈ 1:88L and L8 ≈ 2:11L.
Next, we analyse the truss of the benchmark problem numerically with an external load

of P=1, thus using the non-linear algorithm suggested in Section 2 but being in the lin-
ear range due to the small amount of loading. We start with a symmetric initial con�guration
with L6 =L8 =L10 =L as illustrated in Figure 2. The monolithic Newton–Raphson scheme con-
verges quadratically within six iterations, cf. Table I. The numerical solution of L6 ≈ 1:88L
and L8 ≈ 2:11L illustrated in Figure 2, right, agrees perfectly with the analytical solution.
Figure 2, right, nicely documents that due to the restriction to the geometrically linear case,
the �nal material and the �nal spatial con�guration are nearly identical. When increasing the
load to enter the non-linear regime, e.g. to P=100, we �nd increased member lengths of
L6 ≈ 1:91L and L8 ≈ 2:13L, whereby the optimal solution is again found within six iterations.
Even a non-symmetric initial con�guration with, e.g. L6 = 0:6L, L8 = 1:3L and L10 = 1:1L leads
to the same symmetric solution, however, now, within eight iterations. Figure 4 illustrates the
evolution of the material and spatial con�gurations B0 and Bt at di�erent stages of the
iteration. In the geometrically linear limit analysed herein, both con�gurations are, of course,
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Table I. Benchmark problem—quadratic convergence
of Newton iteration.

Iteration Residual

Iteration 0 1.42853−03
Iteration 1 5.3876e−01
Iteration 2 3.6251e−01
Iteration 3 5.3244e−02
Iteration 4 2.8629e−04
Iteration 5 6.9799e−08
Iteration 6 5.9242e−12

iteration 0 iteration 1

iteration 2 iteration 3

B Band0 t

B Band0 t B Band0 t

B Band0 t

Figure 4. Benchmark problem—evolution of material and spatial con�gurations and
forces during the iteration.

nearly identical and the di�erence between B0 and Bt is hardly visible. The series
of Figure 4 nicely demonstrates the successive reduction of the material forces on the top
nodes during the iteration.

3.2. Example II—Bridge structure

Secondly, we consider the truss shown in Figure 5, left. The leftmost and the rightmost nodes
are �xed in the spatial motion problem. For the material motion problem all lower nodes are
�xed and the upper nodes are allowed to move vertically. Under the in�uence of the applied
load of P=100, a material force residual develops for any material degree of freedom, cf.
Figure 6. The coupled system of Equations (7) aims at letting the spatial and material force
residuals vanish at all unconstrained degrees of freedom. Energy is released as nodes move
opposite to the material force residual. Figure 6 shows the evolution of the solution during the
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initial material configuration

initial spatial configuration

final configurations andBB0

Bt

0 Bt

Figure 5. Bridge structure—material and spatial con�guration, initial state (left) and �nal state (right).

Table II. Bridge structure—quadratic convergence of
Newton iteration.

Iteration Residual

Iteration 0 1.0117e+02
Iteration 1 4.6107e+02
Iteration 2 4.6107e+02
Iteration 3 2.0262e+02
Iteration 4 9.4013e+01
Iteration 5 5.8295e+01
Iteration 6 5.4107e+00
Iteration 7 3.8514e−02
Iteration 8 1.4768e−05
Iteration 9 1.0128e−11

iterations. In the optimized con�guration, which is found after eight iterations, all residuals
vanish. This is inherent to optimizing the potential energy with respect to the material joint
positions. The optimal vertical positions of the top nodes resemble a parabola, cf. Figure 5,
right. The evolution of the maximum de�ection of the �oor joints from 0:629L to 0:176L for
the optimal structure clearly reveals that the structure becomes sti�er due to the optimization
procedure. During the iteration, the algorithm converges quadratically towards the optimal so-
lution as indicated through the evolution of the residuals in Table II. Nevertheless, quadratic
convergence can only be found close to the solution. Within the �rst three iterates, the itera-
tive solution is far away from the optimal bridge structure, which is underlined nicely by the
plots of the corresponding con�gurations B0 and Bt in Figure 6. After the �rst four itera-
tions, however, the algorithm converges quadratically and con�gurational changes are only of
minor order.
We observed that the optimized con�guration is independent of the starting con�guration.

Of course, the optimal con�guration depends on the loading conditions and on the material
parameters which means that other initial conditions will in general lead to other optimal
positions of the nodes. Note that in contrast to the spatial motion problem alone, the coupled
spatial and material motion problem might generally be non-convex. Due to the high degree
of non-linearity one can thus in general not state whether the solution found is a local or a
global optimum.
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iteration 0 iteration 1

iteration 2 iteration 3

iteration 4 iteration 5

B Band0 t

B Band0 t

B Band0 t B Band0 t

B Band0 t

B Band0 t

Figure 6. Bridge structure—evolution of material and spatial con�gurations
and forces during the iteration.

4. CLOSURE

A dual equilibrium formulation is used for the shape optimization of truss geometries. Both the
co-ordinates of the joints in the spatial (deformed) domain and in the material (undeformed)
domain are taken as unknowns. The conjugated variables are denoted as the spatial forces
and the material forces, respectively. The dual equilibrium problem consists of the simultane-
ous equilibration of spatial forces and material forces. The general discrete dual equilibrium
problem for trusses has been presented, whereby each joint has two degrees of freedom (one
spatial, one material) for every spatial dimension. Consistent linearization results in a fully
coupled system of equations, which is solved with an incremental iterative Newton–Raphson
scheme.
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Two examples have been studied. The �rst example concerns a benchmark test with a
known analytical solution for the case of in�nitesimal strains. It is shown that di�erent initial
con�gurations lead to the same optimized con�guration, which provides evidence for the
robustness of the proposed method. In the second example the evolution of the material force
residuals is tracked, and it is shown that vanishing material force residuals correspond to
optimal material co-ordinates of the joints.
The minimization of the potential energy with respect to the material co-ordinates provides

a promising approach towards the shape optimization of truss structures. Unlike the clas-
sical spatial motion problem, however, the coupled spatial and material motion problem is
generally non-convex. Accordingly, it cannot be ensured that the optimal solution found by
the proposed algorithm corresponds to the global optimum. The analysis of alternative solution
schemes is part of a current research project.
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