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SUMMARY

The present contribution is concerned with the computational modelling of failure along well-de�ned
surfaces, which occur for example in the case of light-weight composite materials. A hybrid method
will be introduced which makes use of the discontinuous Galerkin method in combination with a �nite
element interface approach. As a natural choice interface elements are introduced along the known failure
surface. The discontinuous Galerkin method is applied in the pre-failure regime to avoid the unphysical
use of penalty terms and instead to enforce the continuity of the solution along the interface weakly.
Once a particular failure criterion is ful�lled, the behaviour of the interface is determined constitutively,
depending on the displacement jump. The applicability of the proposed method is illustrated by means
of two computational model problems. Copyright ? 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

The application of light-weight composite materials has become increasingly popular in re-
cent years. The load carrying capacity of such composite structures is typically characterized
through the failure of the weakest link, i.e. through the debonding of the adhesive layer in
between two components or through the failure of the boundary layer very close to the ad-
hesive. The accurate description of the delamination process can thus be considered the most
essential ingredient in the design of composite structures, see References [1, 2].
When failure takes place along well-de�ned failure surfaces, the use of interface elements

represents the most natural choice. In the case of pasted structures, for example, interfaces
are placed in the adhesive layer. As soon as a particular failure criterion is met, the behaviour
of the interface is determined constitutively through a traction-separation law whereby the
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interface traction is typically introduced as a non-linear function of the displacement jump.
The characterization of the post-failure regime is thus straightforward and well-accepted in
the related literature, see References [3–5].
However, the classical treatment of the pre-failure regime is rather adhoc and somewhat

inconsistent. Since the displacement �eld is double-valued at the interface, two �nite element
nodes have to be introduced at one material point. Traditionally, prior to failure, these two
nodes are held together arti�cially with the help of a penalty method, whereby the choice of
an appropriate penalty parameter is rather questionable.
The present contribution aims at deriving a consistent interface formulation by refraining

from the use of penalty methods in the pre-failure regime. Rather, we suggest the weak
enforcement of continuity at the interface by making use of Nitsche’s method [6], which can
be seen as the origin of the discontinuous Galerkin methods. Nitsche introduced a method to
enforce the Dirichlet boundary conditions in a weak sense. Later Douglas and Dupont [7],
Arnold [8] and Wheeler [9] extended Nitsche’s approach to the weak enforcement of the
continuity of the solution at the interior boundaries. In the last few years the discontinuous
Galerkin method was extended and applied to various problems, see Reference [10] for an
overview. Only recently the discontinuous Galerkin method gained an increased interest in the
structural mechanics community through the works of Engel et al. [11], Hansbo and Hansbo
[12] and Hansbo and Larsson [13].
This weak enforcement of continuity, which has also been applied successfully in com-

bination with domain decomposition techniques, see Reference [14], represents a consistent
strategy to tie together pairs of �nite element nodes at the interface prior to failure. Like in
classical discontinuous Galerkin methods, the average interface traction is enforced to vanish
in an integral sense. Double-valued �elds are thus treated consistently in the present approach
and the use of otherwise unphysical penalty parameters is only necessary to stabilize the
method.
The paper is organized as follows: �rstly, we will review the strong form of the boundary

value problem of a geometrically linear solid. Then the discontinuous Galerkin method is
formulated for linear elasticity and afterwards the weak formulation of the interface approach
is derived and the constitutive traction-separation law is given. Based on the previous results
the hybrid method is formulated. Finally, some aspects of the spatial discretization are given
and two numerical examples demonstrate the performance of the proposed method.

2. STRONG FORM OF THE BOUNDARY VALUE PROBLEM

Let �⊂Rndim denote the con�guration occupied by an initially linear elastic body with place-
ments in Rndim denoted by x. The boundary @� of � with the outward normal n is subdivided
into disjoint parts @�=�N ∪�D with �N ∩�D = ∅, where either Neumann or Dirichlet boundary
conditions are prescribed.
Then the unknown displacement u must satisfy:

−div �(u) = f in �

u= uD on �D

�(u) · n= g on �N

(1)
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Here � is the symmetric stress tensor with

�=D : U (2)

and U is the strain tensor

U(u) = 1
2 [∇u+∇tu] (3)

D is the fourth-order constitutive tensor, f is the body force, g is the traction vector on the
Neumann boundary, and uD is the prescribed displacement on the Dirichlet boundary.

3. DISCONTINUOUS GALERKIN METHOD

In this section the modelling of the pre-failure state with the discontinuous Galerkin method
is described. Therefore we assume that the potential failure zone is known and introduce an
internal surface �I along this zone. �I divides the domain � into the parts �1 and �2. We
associate a unit normal vector n and a tangential vector m to �I. Thereby n points from �2

to �1, so that n = −n1 = n2.
The discontinuous Galerkin method allows for discontinuities in the displacement �eld

along �I. Therefore we introduce a jump term and an average term

<u= := u1 − u2; {u} := 0:5[u1 + u2] (4)

The average stress along �I is de�ned by

{�(u)} := 0:5[�(u1) + �(u2)] (5)

To obtain the weak formulation of the boundary value problem, we multiply the strong form
of the boundary value problem (1) with a test function �u and integrate by parts over �1

and �2:

∫
�1
�U1: �(u1) dV +

∫
�2
�U2 : �(u2) dV −

∫
�1I

�u1 · �(u1) · n1 dA−
∫
�2I

�u2 · �(u2) · n2 dA

=
∫
�1∪�2

�u · f dV +
∫
�N
�u · g dA (6)

We recall the de�nition of the normal vector n and consider that
∫
�1I

�u1 · �(u1) · n dA−
∫
�2I

�u2 · �(u2) · n dA =
∫
�I
<�u · �(u)= · n dA (7)

With the relation

<�u · �= = <�u= · {�}+ {�u} · <�= (8)
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and provided that � · n is continuous along �I, so that <�= · n = 0, we get∫
�1∪�2

�U : �(u) dV +
∫
�I
<�u= · {�(u)} · n dA =

∫
�1∪�2

�u · f dV +
∫
�N
�u · g dA (9)

Since the resulting equation is neither symmetric nor stable so far, the term
∫
�I
n·{�(�u)}·<u= dA

is added to symmetrize the method. And furthermore, in terms of Nitsche’s method a penalty
term

∫
�I
(�=h)<�u= · <u= dA; � being a penalty factor and h being the mesh size, is added to

obtain a stabilized symmetric method. As we consider a continuous displacement �eld u, the
jump in the displacements <u= will vanish along �I and the equation is not changed due to the
additional terms: ∫

�1∪�2
�U: �(u) dV +

∫
�I

[
<�u= · {�(u)} · n+ n · {�(�u)} · <u=] dA

+
∫
�I

�
h
<�u= · <u= dA =

∫
�1∪�2

�u · f dV +
∫
�N
�u · g dA (10)

Formulation (10) assures the weak enforcement of the continuity of the solution at �I, which
is required in the pre-critical state.

4. INTERFACE APPROACH

A �nite element interface formulation is applied to model the post-critical state, after a fail-
ure criterion has been met. The interface formulation accounts for strong discontinuities in
the displacement �eld along the discontinuity surface �I. The post-critical material behaviour,
namely the development of the discontinuities in the displacements, is governed by a consti-
tutive traction-separation law of the interface.
Recall that jumps of �eld quantities (•) across �I are denoted by <(•)= = (•)1−(•)2. We then

conclude that the test function or virtual displacement function �u exhibits a discontinuity <�u=
along �I. Taking into account the condition that t is continuous along �I with t = −t1 = t2,
we get the weak formulation of the interface approach with an additional contribution due to
the discontinuity:

∫
�1∪�2

�U: �(u) dV +
∫
�I
<�u= · t(<u=) dA =

∫
�1∪�2

�u · f dV +
∫
�N
�u · g dA (11)

The relation of the traction vector t and the jump of the displacements <u= is given constitu-
tively. Here the constitutive law of the interface is chosen independently of the constitutive
setting of the surrounding domain. An exponential softening of the material is assumed in the
post-critical state and can be formulated as

tn(<u · n=) = �tn exp(−c <u · n=)
tm(<u ·m=) = �tm exp(−c <u ·m=)

(12)

where c a�ects the gradient of the curve. Obviously, the normal and tangential components
tn and tm has to be considered separately, whereby t = tnn+ tmm.
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5. HYBRID METHOD

Based on the approaches introduced in the last two sections, we are now able to formulate the
hybrid method. The basic idea of the hybrid method is to combine the discontinuous Galerkin
method with the interface approach in a way, that the discontinuous Galerkin method assures
the weak enforcement of the continuity of the solution along �I in the pre-failure regime and
that the interface approach controls the jump in the displacements in the post-critical state.
Therefore, we combine the weak formulations (10) and (11) with a switching factor � and
obtain the weak formulation of the hybrid method:

∫
�1∪�2

�U : �(u) dV + [1− �]
∫
�I

[
<�u= · {�(u)} · n+ n · {�(�u)} · <u=] dA

+
∫
�I
<�u= ·

[
[1− �] �

h
<u=+ �t(<u=)

]
dA =

∫
�1∪�2

�u · f dV +
∫
�N
�u · g dA (13)

Thereby the factor � controls the switch from the discontinuous Galerkin method to the
interface approach. We set � = 0 in the pre-critical state and once a certain failure criterion is
met, � = 1 and remains constant thereafter. As mentioned, the decisive factor for the change
of the method is given by the failure criterion, which is chosen depending on the traction
vector of the discontinuity surface �I:

{�(u)} : [n ⊗ n] + �|{�(u)} : [n ⊗m]| − tcrit60; → � = 0 (14)

To ensure a continuous transition from the discontinuous Galerkin method to the interface
approach, the values, which are reached for {�(u)} : [n⊗n] and {�(u)} : [n⊗m] in the moment
of failure provide the normal and tangential components of the traction vector t for <u= = 0,
namely �tn and �tm. Note that this continuous transition becomes more di�cult in the case of
non-matching meshes.

6. DISCRETIZATION

The weak form associated with the domains �1 and �2 is discretized with standard isopara-
metric elements. The geometry x is expanded elementwise by shape functions Nk

� =
⋃
e
�e; x|�e =

∑
k
N kxk (15)

and in terms of the isoparametric concept, the displacement �eld u and its variation �u are
expanded by the same shape functions

u|�e =
∑
k
N kuk ; �u|�e =

∑
k
N k�uk (16)

Based on the above discretizations the corresponding gradients U and �U take the format

U|�e =
∑
k
[uk ⊗∇Nk]sym; �U|�e =

∑
k
[�uk ⊗∇Nk]sym (17)

Copyright ? 2004 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2004; 20:511–519



516 J. MERGHEIM, E. KUHL AND P. STEINMANN

We denote two elements, which border on �I with �1e and �
2
e . �Nk indicates the set of shape

functions Nk evaluated at the relevant element boundary. The discretization of the correspond-
ing jump and average terms reads

<u=|�I =
∑
k
[ �Nk1uk |�1e − �Nk2uk |�2e ]

{u}|�I = 0:5
∑
k
[ �Nk1uk |�1e + �Nk2uk |�2e ]

(18)

In the pre-critical region the discontinuous Galerkin method provides a linear and symmetric
system of equations, which can be solved directly. Due to the non-linear constitutive law of
the interface approach a non-linear system of equations is generated in the post-critical state,
which is solved iteratively by a Newton–Raphson scheme.

7. NUMERICAL EXAMPLES

The following two numerical examples demonstrate the applicability of the proposed method.
For the sake of simplicity we restrict ourselves to the special case of matching meshes. In
the �rst example a purely mode I failure is considered to study the in�uence of di�erent
discretizations and to check the transition from the discontinuous Galerkin method to the
interface approach. The geometry and the loading conditions of the model problem are pictured
in Figure 1(a), the potential failure zone is introduced in the middle of the bar and the
quasi-static force is applied to both sides of the bar by displacement control. It is shown
in Figure 1(b) that the load-displacement curve is independent of the discretization and that
the transition from the discontinuous Galerkin method to the interface approach is smooth.
Furthermore the e�ect of the choice of the factor c on the softening behaviour is shown.
The larger the coe�cient c, the more brittle, the material response. Figure 2 displays the

Figure 1. Example 1—geometry of the structure and load–displacement relation.

Copyright ? 2004 John Wiley & Sons, Ltd. Commun. Numer. Meth. Engng 2004; 20:511–519



HYBRID DG=INTERFACE METHOD FOR MODELLING OF FAILURE 517

Figure 2. Example 1—deformation of the structure.

deformation of the structure at the di�erent time steps A–D, as indicated in Figure 1(b). The
opening of the interface can be seen clearly.
The second example is concerned with mixed mode failure. Figure 3 depicts the geome-

try of the structure, the loading conditions and the resulting load-displacement relation. The
load-displacement curve is not as smooth as in the �rst example, because the failure criterion
is not met at the same time for all element boundaries at �I, but successively. The deforma-
tion of the structure and the relaxation of stresses and strains in the two continuous parts as
well as the lateral sliding as a consequence of the development of the discontinuity in the
displacement �eld are shown in Figure 4. In this example an additional penalty term, which
enforces that <u · n=¿0, is added to the weak formulation of the hybrid form (13), to prevent
the penetration of the two parts of the structure after the failure of the interface.

8. CONCLUSION

A consistent hybrid formulation for the computational modelling of failure along a known
interface has been proposed. Prior to failure the discontinuous Galerkin method is applied
to enforce the continuity of the solution weakly and to refrain from the use of unphysical
penalty parameters. As soon as the failure criterion is met, a switch from the discontinuous
Galerkin method to the interface approach takes place. The material behaviour in the post-
critical regime is described by the constitutive traction-separation law of the interface, which is
chosen independently of the constitutive setting of the surrounding domain. The applicability
of the method was shown by means of two numerical examples and the expected results
were achieved. Future work will consider the case of non-matching meshes, which can lead
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Figure 3. Example 2—geometry of the structure and load–displacement relation.

Figure 4. Example 2—deformation of the structure.

to stability problems and will require a more careful transition from the dG method to the
interface approach.
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