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Abstract The objective of this contribution is to estab-
lish a computational framework to study growth-induced
instabilities. The common approach towards growth-induced
instabilities is to decompose the deformationmultiplicatively
into its growth and elastic part. Recently, this concept has
been employed in computations of growing continua and
has proven to be extremely useful to better understand the
material behavior under growth. While finite element sim-
ulations seem to be capable of predicting the behavior of
growing continua, they often cannot naturally capture the
instabilities caused by growth. The accepted strategy to pro-
voke growth-induced instabilities is therefore to perturb the
solution of the problem, which indeed results in geomet-
ric instabilities in the form of wrinkles and folds. However,
this strategy is intrinsically subjective as the user is prescrib-
ing the perturbations and the simulations are often highly
perturbation-dependent. We propose a different strategy that
is inherently suitable for this problem, namely eigenvalue
analysis. The main advantages of eigenvalue analysis are
that first, no arbitrary, artificial perturbations are needed and
second, it is, in general, independent of the time step size.
Therefore, the solution obtained by this methodology is not
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subjective and thus, is generic and reproducible. Equipped
with eigenvalue analysis, we are able to compute precisely
the critical growth to initiate instabilities. Furthermore, this
strategy allows us to compare different finite elements for
this family of problems. Our results demonstrate that linear
elements perform strikingly poorly, as compared to quadratic
elements.

Keywords Growth-induced instabilities · Eigenvalue
analysis · Morphological instabilities · Wrinkling

1 Introduction

Growth-induced instabilities are important mechanisms in
the evolution of bio-materials [37]. Typical examples in
living systems range from undesired folding in asthmatic air-
ways [11,20,41] viawrinkling in skin [55], to desired cortical
folding in mammalian brains [8,48]. Buckling of a stiff layer
on a soft compliant substrate is a classical example [1,5] with
several recent applications in electronic skin [58], stretchable
electronics [30,32] and material characterization [22]. This
problem and variants thereof has been widely studied lately
[7,9,10,25,26,31,53,64].

Continuum approaches towards the formation of growth-
induced instabilities in soft materials typically adopt the
concept of finite growth [49]. The growth is coupled to
deformation at the kinematic level using the multiplicative
decomposition of the deformation gradient into an elastic and
a growth part [54]. This concept requires the introduction of
a fictitious intermediate configuration [21]. The intermedi-
ate configuration is stress-free and generally incompatible.
The elastic part maps the intermediate configuration to
the compatible deformed configuration on which boundary
conditions are prescribed. Boundary conditions confine the
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domain and therefore, the growth induces residual stresses
in the body that trigger instabilities [4,29]. For further
details on the continuum theory of growth and its implica-
tions see [12,13,15–17,19,21,24,34,36,65] and references
therein. Note that we formulate the theory of growth within
the framework of open system thermodynamic where the
body is allowed to constantly exchange energetic structures
[28] with its environment through fluxes across its boundary
[14,19].

This manuscript establishes a computational framework
to study growth-induced instabilities using the finite element
method. An accepted approach to provoke growth-induced
instabilities is to prescribe perturbations such as nodal dis-
placements or forces. However, this strategy is often highly
perturbation-dependent. We argue that eigenvalue analysis
is intrinsically suitable for this problem and show that it is
precise and not subjective. Equipped with a strategy capable
of computing the critical growth accurately, we then com-
pare the performance of linear elements against quadratic
elements. Our numerical studies demonstrate that linear ele-
ments perform strikingly poorly, as compared to quadratic
elements.

The authors recognize that the idea of employing eigen-
value analysis to study the instabilities of a mechanical
system is not radically new, see for instance [59,63] and
references therein. At the same time we feel that, with a
growing interest in morphological instabilities and surface
wrinkling of softmaterials such as gels and biological tissues,
this paper contributes to clarify some delicate issues con-
cerning the onset of instabilities from a computational point
of view. Within the context of growth-induced instabilities,
eigenvalue analysis proves to be an efficient methodology to
precisely compute the onset of wrinkling and compare the
performance of different finite elements.

Also, it is rather well-established that quadratic elements
outperform linear elements in capturing bending deforma-
tions and that quadratic elements are computationally more
expensive than linear elements. Nevertheless, in most appli-
cations to date and benchmark examples such as Cook’s
membrane, the linear elements are adequate for compressible
materials and are widely used. In morphological instabili-
ties of soft materials though, linear elements are no longer
acceptable since pronounced bending deformations play the
dominant role in these problems. Our studies show that over-
all quadratic elements are remarkably more efficient than
linear elements and shall be used in this context.

This manuscript is organized as follows. Section 2 deals
with the theory of growth at finite strain. The notation and
certain key concepts are introduced. In Sect. 3, we explain
how the growth of a confined domain causes geometric insta-
bilities in the form of wrinkles and folds. We introduce the
key idea of this work, the application of eigenvalue analy-
sis to capture growth-induced instabilities. Representative

examples are gathered inSect. 4wherewe illustrate the excel-
lent performance of eigenvalue analysis and quadratic finite
elements for both two-dimensional and three-dimensional
studies. Section 5 concludes this work and provides further
outlook and possible extensions.

2 Theory of growth at finite strain

2.1 Kinematics

Consider a continuum body that occupies the material con-
figurationB0 at time t = 0, as shown in Fig. 1. The non-linear
orientation-preserving deformation ϕ maps B0 to the spatial
configurationBt at time t > 0. The corresponding linearmap
from the material to the spatial configuration is the defor-
mation gradient defined as F := Gradϕ. The deformation
gradient maps a material line element dX ∈ TB0 to a spa-
tial line element dx ∈ TBt via dx = F · dX . The Jacobian
of the deformation gradient is defined by J := det F and
indicates the change of a volume element due to the defor-
mation.

The common approach to model volumetric growth [49]
is to use the multiplicative decomposition of the deforma-
tion gradient F into its elastic Fe and growth, Fg parts, see
Fig. 2, as

F = Fe · Fg ⇒ Fe = F · Fg
−1 and

Je = det Fe, Jg = det Fg . (1)

Thegrowthpart Fg maps the reference configurationB0 to an
intermediate configuration Bg that is, in general, an incom-
patible configuration. The elastic part Femaps the intermedi-
ate configuration to the compatible spatial configuration. So,
the free energy would be a function of only the elastic part
Fe. In what follows, the growth is assumed to be volumetric,
homogeneous and independent of the deformation.

2.2 Growth models

In the case of isotropic growth, the volume of the body
increases equally in all directions. Hence, the growth tensor,
Fg can be described by a single scalar growth parameter, g
as

Fg = I + g I = [1 + g] I , (2)

in which I denotes the invariant identity tensor. Note, in the
absence of the growth, i.e. g=0, the growth tensor Fg = I .
The parameter g represents shrinkage or atrophy (g < 0), no
growth (g = 0) and growth (g > 0).

Anisotropic growth describes a situation where the vol-
ume of the body increases differently in different directions.
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Fig. 1 The material and spatial
configurations of a continuum
body with associated non-linear
deformation map ϕ and the
linear deformation map
F = Gradϕ

material
configuration

spatial
configuration

Fig. 2 Illustration of
kinematics of growth. The
classical approach to model the
growth is based on the
multiplicative decomposition of
the deformation gradient F into
an elastic part Fe and a growth
part Fg . The intermediate
configurationBg is, in general,
incompatible

Therefore, the growth parameter shall be multiplied by
a second-order tensor I ani that represents the anisotropic
growth behavior, resulting in

Fg = I + g I ani . (3)

We refer to I ani as anisotropic identity.Next, consider the case
in which the growth is transversely isotropic such that the
material grows isotropically in a plane with the unit normal
N but does not grow along the distinguished direction N .
In this case I ani = I − N ⊗ N and the growth behavior is
prescribed by

Fg = I + g [I − N ⊗ N] = [1 + g] I − g N ⊗ N . (4)

For further details of anisotropic growth and its implications
see [40].

2.3 Balance equations

The governing balance equations of finite strain contin-
uum mechanics consist of the balance of linear and angular
momentum. For a quasi-static process the balance of linear
momentum in the domain B0 reads

DivP + b0 = 0 in B0 subject to

P · N = t0 on ∂B0 , (5)

in which P denotes the Piola stress and b0 is the body force
density in the material configuration. On the boundary of
the domain the traction t0 is related to the Piola stress via
the Cauchy theorem. In general, b0 and t0 are externally
applied and prescribed in the problem definition. The balance
of angular momentum, furnishes the condition

P · Ft = F · P t with P = σ · CofF
⇒ σ = σ t , (6)

which essentially explains the symmetry of Cauchy stresses
σ .

In order to obtain the weak form of the balance equations,
the balance of linear momentum (5) is multiplied from the
left with a test function δϕ ∈ H1

0(B0). The result is integrated
over the domainB0 and the divergence theorem is employed.
The weak form of the balance of linear momentum reads∫
B0

P :Gradδϕ dV−
∫
B0

δϕ · b0 dV−
∫

∂B0

δϕ · t0 dA=0.

(7)

Finally, the weak form (7) is discretized using the finite
element method. In particular, in this manuscript, linear and
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quadratic elements are employed for the discretization and
the results obtained from each type are compared.

2.4 Constitutive behavior

Constitutive models for soft materials are commonly pro-
posed on a phenomenological [43] basis, which actually in
[18] is shown to be related to a molecular statistic frame-
work, or micromechanically justified [see [27,38,39,46,47,
57] among many others]. Regardless of model origin, the
response of those materials is prescribed by its free energy.
The arguments of the free energy depend on the problem of
interest. For the problem at hand, the deformation gradient F
and Fg are the arguments of the (hyperelastic) free energy.
Furthermore, since the intermediate configuration is assumed
to be stress-free, Fg does not explicitly contribute to the free
energy. Therefore, the free energy densityψ(F, Fg) renders
the same value as the elastic free energy ψe(Fe), i.e.

ψ = ψ(F, Fg) = ψe(Fe) . (8)

On the other hand, the second law of thermodynamics and
exploitation of the Coleman–Noll procedure relates the Piola
stress to the free energy density in the material configuration
by

P := ∂ψ

∂F
= ∂ψe

∂Fe
: ∂Fe

∂F
= ∂ψe

∂Fe
: [I ⊗ Fg

−t]

= Pe · Fg
−t with Pe := ∂ψe

∂Fe
. (9)

In deriving the Piola stress (9), the relation

∂Fe

∂F
= ∂(F · Fg

−1)

∂F
= I ⊗ Fg

−t with

[I ⊗ Fg
−t]i jkl = [I]ik [Fg

−t] jl , (10)

is utilized in which⊗ denotes a non-standard tensor product.
The non-standard tensor product ⊗ between two arbitrary
second order tensors A and B in index notation can be rep-
resented as [A⊗ B]i jkl = [A]ik [B] jl .

The second derivative of the free energy density with
respect to the deformation gradient is the fourth-order tensor
A. The tangent moduli A is essential to compute the tangent
stiffness of the finite element method.

A := d

dF

(
∂ψ

∂F

)
= dP

dF
= d(Pe · Fg

−t)

dFe
: dFe

dF

= [I ⊗ Fg
−1] : Ae : [I ⊗ Fg

−t] with

Ae := ∂ Pe

∂Fe
. (11)

Here, the hyperelastic response of the matter is computed
by a compressible neo-Hookean model with the free energy
of the form

ψe = 1
2 μ [Fe : Fe − 3 − 2 ln Je] + 1

2 λ [ 12 [J 2e − 1]
− ln Je] with Je = det Fe , (12)

in which μ and λ are the Lamé material parameters. The
corresponding elastic Piola stress Pe and its derivative read

Pe = ∂ψe

∂Fe
= μ [Fe − Fe

−t] + 1
2 λ [J 2e − 1] Fe

−t , (13)

Ae = ∂ Pe

∂Fe
= μ [I − De] + 1

2 λ [J 2e − 1]De

+ λ J 2e Fe
−t ⊗ Fe

−t with I := I ⊗ I and

De := −Fe
−t ⊗ Fe

−1 , (14)

where I denotes the fourth-order identity tensor and De :=
∂Fe

−t/∂Fe = −Fe
−t ⊗ Fe

−1 with [De]i jkl = −[Fe
−t]il

[Fe
−1] jk .
Some applications of growingmaterials, such as bio-films,

are suitable to be modeled as a plane strain problem due to
their particular geometry and boundary conditions. A partic-
ular advantage of the choice of the free energy (12) is that it
remains formally identical in the case of the plane strain.

3 Growth-induced instability

Consider a continuum body as shown in Fig. 3 constrained
at some portions of its domain or on its surface through
Dirichlet-type boundary conditions.When the bodyB0 starts
to grow, the confinement of the geometry initiates stresses
inside the domain. The growth g continues until it reaches a
critical value gc at which the stresses are enough to induce
geometric instabilities in the form of folding or wrinkling.
Further growth increases the amplitude of the folds and could
eventually cause secondary folding. In a discrete setting, this
phenomenon can be illustrated by analyzing the tangent stiff-
ness matrix associated with the finite element method. Let us
first explore the meaning of the stiffness matrix within a non-
linear finite element framework.

The goal of the finite element method is to solve the weak
form (7).Within the non-linear finite element setting, the left-
hand sideofEq. (7) is discretizedusing thefinite elements and
is denoted as a residual vector R(ϕ). For a detailed exposition
on the non-linear finite elementmethod, see for instance [61].
A vanishing residual vector is approximately equivalent to
solving the non-linear system

R(ϕ)
!= 0 . (15)
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Fig. 3 Formation of growth-induced instabilities. The configuration B0 grows until it reaches a critical growth value gc at which geometric
instabilities in the form of wrinkles or folds occur. Further growth increases the folding amplitude, and may eventually induce secondary folding

In order to solve Eq. (15), i.e., to find ϕ such that R van-
ishes, a Newton–Raphson scheme is utilized. The consistent
linearization of the resulting system of equations yields

R(ϕ)
!= 0 ⇒ R(ϕk+1)

!= 0 with

R(ϕk+1) = R(ϕk) + ∂R
∂ϕ

∣∣
k · �ϕ

!= 0 and

ϕk+1 = ϕk + �ϕ . (16)

The stiffness matrix K is defined as the derivative of the
residual with respect to deformation as K := ∂R/∂ϕ. The
eigenspace representation of the stiffness matrix of a system
with n degrees of freedom (DOF) reads

K n×n = K1 λ1 ⊗ λ1 + K2 λ2 ⊗ λ2 + · · · + Ki λi ⊗ λi

+ · · · + Kn λn ⊗ λn =
n∑

i=1

Ki λi ⊗ λi , (17)

in which ki and λi for i = 1, . . . , n, denote an eigenvalue
and its associated unit eigenvector, respectively. This repre-
sentation of the tangent stiffness is valid only in the case of
diagonalizable matrices. All symmetric real stiffness matri-
ces are diagonalizable. The constitutive response in Sect. 2.4
guarantees the symmetry of the tangent stiffness since growth
is morphogenetic and independent of the deformation gra-
dient. Hence, the stiffness is diagonalizable. For a more
generic case where the growth is mechanically driven the
tangent stiffness can become non-symmetric [35,40] or even
defective. The proposed methodology is essentially valid
even for non-symmetric diagonalizable tangent stiffnesses in
the sense that negative eigenvalues indicate unstable modes.
The validity of the proposed scheme for general defective
matrices has not been tested and is out of the scope of this
manuscript.

Inserting the eigenspace representation of the stiffness into
Eq. (16), yields

R(ϕ) + K · �ϕ
!= 0 ⇒

n∑
i=1

Ki λi ⊗ λi · �ϕ = −R .

(18)

Next, we represent the deformation increment �ϕ and the
residual R in the eigenspace of the stiffness matrix of the
system as

�ϕ = �ϕ j λ j and R = Rr λr . (19)

Replacing the relations (19) in Eq. (18) and using the orthog-
onality property of the eigenvectors, i.e. λi · λ j = δi j , we
obtain

Ki �ϕi = Ri ∀i ∈ {1, .., n} (no sum) . (20)

Let, Km (1 ≤ m ≤ n) be the smallest positive eigenvalue
of the stiffness matrix approaching zero due to increasing
growth g and define the critical growth gc exactly when the
smallest eigenvalue reaches zero. The associated eigenvec-
tor λm is the geometric instability at gc. Equipped with this
knowledge, we devise twomethodologies to capture growth-
induced instabilities within the finite element framework.

• Prescribing perturbation
A common approach to capture growth-induced instabili-
ties is to manually prescribe perturbations, see for instance
[4,45]. This method can be explained by referring to
Eq. (20) as follows. Applying a very small perturbation to
the system will lead to a very small residual and therefore
each Ri assumes a non-vanishing value. Clearly, dividing
the infinitesimal Ri by Ki yields a negligible deforma-
tion for all i except i = m that results in a finite value of
�ϕm when the growth is close enough to gc and therefore,
Km is small enough. Note, the residual perturbation can
either be achieved by prescribing a small perturbation to
the displacement field or to the force field.
The advantage of prescribing perturbations, and perhaps
the main reason for its popularity, is its simplicity. How-
ever, this methodology is, in general, not very accurate to
compute the critical growth gc. Also, it relies on the per-
turbation itself. For too small perturbations, growth can
exceed its critical value without causing an instability. For
too large perturbations, the perturbation itself may actu-
ally overwrite the solution. Due to the intrinsic numerical
issues with this methodology, we propose another pro-
cedure based on the eigenvalue analysis that eliminates
(subjective) perturbations.

• Eigenvalue analysis
The eigenvalue analysis provides a robust and reliable
framework to capture growth-induced instabilities. It can
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compute the critical growth precisely and is independent
of the initial step size. Also, no perturbation is involved
and therefore, eigenvalue analysis does not suffer from
numerical issues. Its only drawback is that it requires the
computation of eigenvalues, which could become compu-
tationally expensive.However, sincewe are only interested
in a few small eigenvalues, efficient algorithms such as
subspace iteration can be employed, see for instance
[2,3,42].
In contrast to the first methodology that was built upon R
and �ϕ, the eigenvalue analysis focuses on the stiffness
K itself. The eigenvalues Ki of the stiffness are calcu-
lated using an eigenvalue solver. If all eigenvalues are
positive, growth is increased until one ormultiple eigenval-
ues become negative. For instance, to compute the critical
growth, the step size is adjusted until at least one neg-
ative eigenvalue within a defined tolerance from zero is
obtained. Adjusting the step size can be done using a
bi-section or secant method. Once the critical growth is
reached with a certain tolerance, its associated eigenvec-
tor identifies the geometric instability pattern thatwe could
have also obtained using carefully the perturbation of the
first method.

In the numerical examples, we use bi-section to compute
the critical growth. For all examples, we required less than
40 iterations to compute the critical growth with four digits
of accuracy. To achieve the same accuracy by prescribing
perturbations at least 104 increments are required provided
that the perturbations are properly chosen. The eigenvalue
analysis is more robust in the sense that it does not require
any particular insight of the problem and the starting values
for the bi-section can be chosen arbitrarily.

4 Representative examples

The objective of this section is to illustrate the nature of
growth-induced instabilities using numerical examples. In
particular, we study the influence of themesh quality in terms

of element type and number of degrees of freedom. Further-
more, two different methodologies are employed to capture
instabilities. In contrast to prescribing a perturbation that
triggers instabilities, the eigenvalue analysis captures only
the onset of instabilities and the deformation shown in the
examples are the eigenvectors but not the actual deformation
itself.

We conduct three case studies as follows. First, we per-
form a bifurcation analysis of a slender beam and show the
superior behavior of quadratic elements compared to the lin-
ear ones. This example proves the ability and reliability of the
proposed eigenvalue analysis to study growth-induced insta-
bilities. We then show that using the results provided by the
eigenvalue analysis, prescribing perturbations could capture
higher instability modes and hence, the complete bifurcation
tree. It is virtually impossible to observe such higher modes
with perturbations if the critical eigenvalues are not avail-
able since the perturbations naturally converge to the very
first mode. Next, we study a growing film on a soft substrate.
Motivated by the first example, here we use quadratic ele-
ments and eigenvalue analysis. We provide accurate results
that shall serve as benchmark numerical examples. The last
example is a three-dimensional simulation of a growing layer
on a compliant substrate. This example clearly proves the
applicability of the eigenvalue analysis for a variety of prob-
lems regardless of the size and problem dimensions.

4.1 Bifurcation study of a growing slender beam

The first example of interest is the buckling analysis of
a growing slender beam as shown in Fig. 4. The beam
has a length of L = 100 with a unit square cross sec-
tion under plane-strain like conditions and grows only along
its length. Therefore, it is modeled as a two-dimensional
plane strain problem with the anisotropic growth tensor
Fg = I + g ex ⊗ ex . Figure 4 depicts the geometry of
the domain and the prescribed boundary conditions. Clearly,
the growth of the beam induces stresses along the beam
resulting in instabilities. The slenderness of the beam, pre-
scribed boundary conditions and the anisotropic growth

Fig. 4 Geometry and boundary
conditions of a growing beam
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Fig. 5 Illustration of det M (left) and its roots (right). The roots are proportional to the square roots of the critical growth value, i.e., α ∝ √
gc

make our study comparable to the classical example of an
Euler beam clamped at both ends. Therefore, the numerical
results can be compared against the analytical solution in
Sect. 4.1.1.

We study two cases of a fully compressible material (ν =
0) and a nearly incompressible material ν = 0.49 with ν

being the Poisson’s ratio. For the spatial discretization, we
vary the number of elements along the length and across the
height of the beam to study the mesh sensitivity of different
element types.

4.1.1 Analytical solution

We establish an analytical solution for the growing slender
beam satisfying the assumptions associated with the Euler
beam theory. Nevertheless, the influence of Poisson’s ratio
on the results is negligible for this example. This is due
to the slenderness of the beam, the anisotropic growth and
the prescribed boundary condition, hence, very small val-
ues for critical growth. The governing differential equation
for a growing beam with a square cross section of height H
reads

∂4w(x)

∂x4
+ 12

H2 g
∂2w(x)

∂x2
= 0 at x = 0 :

w = ∂w

∂x
= 0 and at x = L : w = ∂w

∂x
= 0 , (21)

wherew(x) is the deflection in y direction and g indicates the
anisotropic growth along the beam. The boundary conditions
for a clamped-clamped beam are fixed deflections as well
as fixed rotations at both ends. The general solution for the
differential equation (21) is

w(x) = c1 sin ( βx ) + c2 cos ( βx ) + c3x + c4 with

β2 = 12

H2 g ⇒ β = 2
1

H

√
3g , (22)

which by defining α := L β can alternatively be expressed
as

w(x) = c1 sin
(

α
x

L

)
+ c2 cos

(
α
x

L

)
+ c3x + c4 with

α = 2
L

H

√
3g . (23)

Prescribing the boundary conditions on the general solution
(23) results in a system of 4 equations and 4 unknowns for
which we seek for the non-trivial solution. The translational
boundary conditions impose c4 = −c2 and c3 = −c1α/L
and therefore, reduce the system of equations to

M · c = 0 with M =
[
sin α − α cosα − 1
cosα − 1 − sin α

]
and

c =
[
c1
c2

]
. (24)

In order to obtain the non-trivial solution for the coefficients
c1 and c2, we set the determinant of M to zero.

det M = α sin (α) + 2 cos (α) − 2
!= 0

⇒ det M = sin
(α

2

) [
α cos

(α

2

)
− 2 sin

(α

2

)]

!= 0 . (25)

Therefore, the solutions of Eq. (25) are

sin
(α

2

) != 0 ⇒ α = 2π, 4π, . . . or

tan
(α

2

) != α

2
⇒ α = 8.9868, 15.4505, . . . , (26)

illustrated in Fig. 5.
The solution of det M = 0 indicates the critical growth

values through the relation

gc = 1

12

[
H

L

]2
α2 , (27)
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f(x) =
1 − cos α

sin α − α
sin α

x

L
− α

x

L
+ cos α

x

L
− 1

function f(x) vs. x for 0 ≤ x ≤ 100 for different values of α
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Fig. 6 Analytical solution for the deformation of the beam according to Eq. (28). The values for α are the roots of the equation (25). Note that for
α = 2π, 4π, . . . , the coefficient [1 − cosα] of the bracket vanishes identically resulting in a purely sinusoidal solution (left column)

from Eq. (23). For each critical α the particular solution of
the problem reduces to

w(x)

c2
= 1 − cosα

sin α − α

[
sin

(
α
x

L

)
−

(
α
x

L

) ]

+ cos
(

α
x

L

)
− 1 , (28)

illustrated in Fig. 6. Note that the deflection of the beam
for the right column in Fig. 6 is somewhat unexpected as it
deviates from the purely sinusoidal solution. However, this
solution follows naturally from the general solution (23) and
the prescribed boundary conditions for this problem. The
coefficients c3 and c4 corresponding to a linear and constant
deformation, respectively, do not necessarily vanish for the
both-end clamped beamof interest here. If the beam is simply
supported (hinged) though, both c3 and c4 vanish identically
resulting in a purely sinusoidal response. For a detailed expo-
sition of elastic stability of beams, see [56].

4.1.2 Numerical investigation by eigenvalue analysis

In order to study the performance of the eigenvalue analysis
we compute the critical growth for the first eight eigenmodes
of the slender beam. We perform both h- and p-adaptive sen-
sitivity analysis. We explore the influence of Poisson’s ratio
on the convergence behavior at ν = 0 and ν = 0.49. The
errors in Figs. 7 and 8 are computed with respect to the ana-
lytical solution and expressed in percentage. Analyzing the
results, we draw the following conclusions.

First, linear elements are less accurate than the quadratic
elements. Clearly, one quadratic element is computationally
more expensive than that of the one linear element. However,
the convergence behavior of quadratic elements is supe-
rior over linear elements. Therefore, numerical simulations
based on quadratic elements are effectively computationally
cheaper than the linear elements. Second, linear elements
show strong locking behavior for ν = 0.49 although they
perform slightly better for Poisson’s ratio ν = 0. Even for
ν = 0 only 60 quadratic elements outperform4800 linear ele-
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Fig. 7 Error% versus number of elements for Poisson’s ratio ν = 0. Number of elements are indicated by p × q where p indicates the number of
elements along the beam and q the number of elements across its height
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Fig. 9 Bifurcation tree of the Euler beam computed by perturbation analysis using the information obtained from eigenvalue analysis

ments. Third, increasing the number of elements along the
beam improves the convergence for both ν = 0 and ν = 0.49.
Fourth, for Poisson’s ratio ν = 0, increasing the number
of elements along the beam eventually converges towards
the analytical solution regardless of the number of elements
across the thickness. However, this behavior is not observed
for ν = 0.49. The numerical solution for ν = 0.49 can only
converge to the analytical one if there are enough elements
along as well as across the specimen. Finally, For Poisson’s
ratio ν = 0, increasing the number of elements across the
thickness does not improve the convergence behavior but, it
has a strong influence for ν = 0.49. This involves even more
elements. However, the error associated with linear elements
is by far more than that of the quadratic ones for the same
number of elements. For instance, for ν = 0.49 even 12
quadratic elements (142DOFs) aremore accurate than 48000
linear elements (107998 DOFs). It is well-known that in the
incompressibility limit ν → 0.5 classical quadratic elements
show locking behavior and mixed, enhanced, or stabilized
formulations [23,33,44,50–52,60,62] shall be used.

4.1.3 Bifurcation tree obtained by perturbation

In the previous section, we have shown that the eigenvalue
analysis furnishes a suitablemethod to study growth-induced
instabilities. In particular, we have shown the poor perfor-
mance of the linear elements compared to the quadratic
elements. In this section we show that equipped with the
information achieved from the eigenvalue analysis, we can
establish sound studies by prescribing perturbations. In fact,
the insight provided by eigenvalue analysis allows us to

capture higher instability modes through prescribing pertur-
bations and eventually, to compute the complete bifurcation
tree.

This study focuses on the bifurcation tree of the Euler
beam. The perturbations of this examples are random forces
applied at all nodes and in both directions of the order of
magnitude 1 e−7. The randomperturbations are small enough
such that the result does not depend on them. To confirm the
insensitivity of the solution, we have increased and decreased
the perturbation by an order of magnitude and have obtained
the same results. We run each example 100 times, each
time with a force perturbation randomly generated by the
machine and we constantly obtain the same result. Prescrib-
ing a growth value in the vicinity of the critical growth from
the eigenvalue analysis allows us to explore not only the first
bifurcation mode, but also higher modes. Then running the
simulations with small increments always results in the same
local minima associated with the eigenmode of interest. We
emphasize that this is only possible since our finite element
solution is based on the stationarity condition and not on the
global minimization. For instance, in the vicinity of the crit-
ical growth associated with the second mode the stiffness
contains one negative eigenvalue and one eigenvalue very
close to zero. The minimization of energy would be in favor
of the solution with the negative eigenvalue and therefore,
constantly results only in the first eigenmode. However, sta-
tionarity condition can capture local minima and the solution
showsmore sensitivity with respect to the eigenvalue close to
zero rather than the negative one. Figure 9 shows the results of
the computations using 120 quadratic elements. The results
are split into odd modes and even modes for better clarity.
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Fig. 10 Instability study of a growing film on a soft substrate

4.2 Instability study of a growing film on a soft substrate

Thenext exampleof interest is the instability analysis of a thin
growing film on a soft substrate constrained in a rectangu-
lar domain under plane-strain conditions. The geometry and
boundary conditions of the problem are shown in Fig. 10.
The domain has the length L = 60 and width W = 1. The
specimen consists of a substrate with the height Hs = 19
on top of which the film with the thickness H f is attached.
We study this example for three different film thicknesses of
H f = 0.4, H f = 0.8 and H f = 1.2. The material prop-
erties of the substrate are fixed as μs and Poisson’s ratio of
νs = 0.49. The Poisson’s ratio of the film is also, ν f = 0.49.
Wevary the film stiffness such thatμ f /μs , referred to as stiff-
ness ratio, assumes different values from 4 to 900. The film
grows isotropically and the substrate does not grow, at all.
The domain is discretized using 840 bi-quadratic elements
along the length with 19 elements in the height direction of
the substrate. We have explored the influence of the num-
ber of elements across the film thickness and concluded that
using quadratic elements, the number of elements across the
film does not play a noticeable role. Also, the dimensions of
the domain are arbitrarily chosen and clearly, do not repre-
sent the infinity assumptions associated with the theoretical
solution of this problem [1,6].

Figure 11 summarizes the results of the eigenvalue analy-
sis for several simulations. In particular, the critical growth
gc to initiate instabilities as well as the number of folds N
associated with gc are illustrated versus different stiffness
ratios μ f /μs . Note that N will always be a multiple of 0.5
due to the prescribed boundary conditions. Furthermore, we
calculate the wavelength λ = L/N and plot it versus the
cubic root of the stiffness ratio. The graphs of Fig. 11 show
the common conclusions [see for instance [6]] briefly stated
as follows.

First, Increasing the stiffness ratio decrease the critical
growth gc. For a softer substrate the film needs less growth
to overcome the stiffness of the substrate and to fold. Sec-
ond, for a given stiffness ratio, increasing the thickness does
not change the critical growth. Third, the number of folds

decreases for increasing stiffness ratio. Fourth, increasing
the film thickness reduces the number of folds. Finally, the
wave length is proportional to the cubic root of the stiffness
ratio.

4.3 Three dimensional example

This section proves the applicability of the eigenvalue analy-
sis for three dimensional problems. The domain of interest
consist of a thin growing film on a soft substrate as shown in
Fig. 12. The radius of the cylinder is R = 30 and the height of
the substrate is chosen as Hs = 19. We study the influence
of the film thickness by varying it as H f = 1.0, 1.2, 1.5.
The substrate is fixed in the y direction at the bottom and is
fixed in x and z direction on the walls of the domain. This is
equivalent to fix the walls in the radial and circumferential
directions.

Both substrate and film are assumed to be fully com-
pressible and therefore, νs = ν f = 0. The stiffness ratio
of the film over the substrate is chosen as μ f /μs =
50, 100, 200, 500, 1000 . The film is growing isotropically
until it causes geometric instabilities in the forms of folding
on the surface. Table 1 gathers the critical growth values for
different thicknesses and different stiffness ratios.

Figures 13 and 14 illustrate the isometric view for all dif-
ferent thicknesses and stiffness ratios.We emphasize that this
study is carried out using solely the eigenvalue analysis and
therefore, the patterns observed in Figs. 13 and 14 are not
the actual deformations. Solving this problem with prescrib-
ing perturbation, however, will lead to deformations similar
to the modes predicted by the eigenvalue analysis. The main
advantage of eigenvalue analysis is that this result is obtained
robustly and repeatably, without any artificial perturbations.
Furthermore, the eigenvalue analysis calculates the critical
growth precisely. This three-dimensional study leads to the
following conclusions in agreements with our findings from
the two-dimensional study in Sect. 4.2.

First, increasing the stiffness ratio decrease the critical
growth gc. Second, for a given stiffness ratio, increasing
the thickness has a minor effect on the critical growth. The
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Fig. 11 Instability study of a growing film on a soft substrate. The stiffness ratio of the film over the substrate is denoted as μ f /μs and Poisson’s
ratio for both the film and the substrate is ν f = νs = 0.49

Fig. 12 Instability study of a growing film on a soft substrate for a
cylindrical geometry by eigenvalue analysis

analytical solution of this problem [1] suggests that the crit-
ical growth does not depend on the film thickness. However,
we observe a minor influence of the thickness on the criti-
cal growth. This small discrepancy seems reasonable since
the analytical solution is based on an infinite half-space, but
the finite element model is only an approximation to that.
When increasing the film thickness, we require more growth
to buckle to overcome the film’s own thickness. Third, the
wavelength increases for increasing stiffness ratio. Finally,
increasing the film thickness reduces the number of folds.

5 Concluding remarks

The growth in bio-materials and living systems is often
the origin for geometric instabilities in the form of fold-
ing or wrinkling. To better understand this phenomenon,
it is important to know when and how these instabilities
form. Here we have presented our first attempts to system-
atically identify the critical conditions for growth-induced
instabilities.

The accepted strategy to study growth-induced instabili-
ties is to prescribe perturbations such as nodal displacements
or forces. This strategy is essentially subjective as pertur-
bations are prescribed by the user and the results largely
depend on perturbations. The key idea of this manuscript
is to replace this common strategy by an eigenvalue analysis
and to establish a generic framework towards understanding
growth-induced instabilities. The eigenvalue analysis is first,
perturbation-independent and second, it is, independent of
the time step size. Therefore, the solution obtained by this
methodology is no longer subjective. Not only the results
obtained by eigenvalue analysis are generic and reproducible,
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Table 1 The critical growth values to initiate instabilities for a growing film on a soft substrate with cylindrical geometry. The ratioμ f /μs indicates
the stiffness ratio of the film with respect to the substrate. The computations are carried out using eigenvalue analysis

μ f /μs = 50 μ f /μs = 100 μ f /μs = 200 μ f /μs = 500 μ f /μs = 1000

H f = 1.0 60.12 e−3 35.45 e−3 21.77 e−3 11.79 e−3 8.01 e−3

H f = 1.2 60.50 e−3 36.12 e−3 22.26 e−3 12.78 e−3 8.44 e−3

H f = 1.5 61.44 e−3 37.02 e−3 23.43 e−3 13.52 e−3 8.80 e−3

Hf = 1.0

Hf = 1.2

Hf = 1.5

μf/μs = 50 μf/μs = 100 μf/μs = 200 μf/μs = 500 μf/μs = 1000

Fig. 13 Instability study of a growing film on a soft substrate for a cylindrical geometry by eigenvalue analysis for different film thicknesses and
different stiffness ratio

Fig. 14 Instability study of a growing film on a soft substrate for a cylindrical geometry by eigenvalue analysis for different film thicknesses and
different stiffness ratio. For clarity, the substrate is removed and the perspective view differs from Fig. 13

but also, for a given accuracy, this strategy can be computa-
tionally more than 100 times more efficient than prescribing
perturbations. Using the eigenvalue analysis, we are able to
compute precisely the critical growth to initiate instabilities.
Equipped with this powerful tool, we then compare different

finite elements. Our results clearly, suggest to use quadratic
elements for this family of problems.

Our next immediate plan is to compare the performance
of other classical finite elements and more sophisticated
enhanced finite element formulations. In particular, we aim
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to introduce a new class of enhanced finite element suitable
for growth and growth-induced instabilities in the incom-
pressibility limit. Further extensions of this work include
studying the challenging problem of period-doubling and
period-tripling in growing bilayered systems [see [7], among
others].

In summary, this manuscript presents our first attempt
to shed light on growth-induced instabilities by eigenvalue
analysis. This allows us to precisely predict the critical
growth levels atwhichmorphological instabilitiesmayoccur.
We believe that this generic framework is broadly applicable
to enhance our understanding of growth-induced instabilities
with a large variety of applications in soft bio-materials and
living systems.
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