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The rheology of ultrasoft materials like the human brain is highly sensitive to regional and temporal vari-
ations and to the type of loading. While recent experiments have shaped our understanding of the time-
independent, hyperelastic response of human brain tissue, its time-dependent behavior under various
loading conditions remains insufficiently understood. Here we combine cyclic and relaxation testing
under multiple loading conditions, shear, compression, and tension, to understand the rheology of four
different regions of the human brain, the cortex, the basal ganglia, the corona radiata, and the corpus cal-
losum. We establish a family of finite viscoelastic Ogden-type models and calibrate their parameters
simultaneously for all loading conditions. We show that the model with only one viscoelastic mode
and a constant viscosity captures the essential features of brain tissue: nonlinearity, pre-conditioning,
hysteresis, and tension-compression asymmetry. With stiffnesses and time constants of l1 ¼ 0:7 kPa,
l1 ¼ 2:0 kPa, and s1 ¼ 9:7 s in the gray matter cortex and l1 ¼ 0:3 kPa, l1 ¼ 0:9 kPa and s1 ¼ 14:9 s in
the white matter corona radiata combined with negative parameters a1 and a1, this five-parameter
model naturally accounts for pre-conditioning and tissue softening. Increasing the number of viscoelastic
modes improves the agreement between model and experiment, especially across the entire relaxation
regime. Strikingly, two cycles of pre-conditioning decrease the gray matter stiffness by up to a factor
three, while the white matter stiffness remains almost identical. These new insights allow us to better
understand the rheology of different brain regions under mixed loading conditions. Our family of finite
viscoelastic Ogden-type models for human brain tissue is simple to integrate into standard nonlinear
finite element packages. Our simultaneous parameter identification of multiple loading modes can
inform computational simulations under physiological conditions, especially at low to moderate strain
rates. Understanding the rheology of the human brain will allow us to more accurately model the behav-
ior of the brain during development and disease and predict outcomes of neurosurgical procedures.

Statement of Significance

While recent experiments have shaped our understanding of the time-independent, hyperelastic
response of human brain tissue, its time-dependent behavior at finite strains and under various loading
conditions remains insufficiently understood. In this manuscript, we characterize the rheology of human
brain tissue through a family of finite viscoelastic Ogdentype models and identify their parameters for
multiple loading modes in four different regions of the brain. We show that even the simplest model
of this family, with only one viscoelastic mode and five material parameters, naturally captures the
essential features of brain tissue: its characteristic nonlinearity, pre-conditioning, hysteresis, and
tension-compression asymmetry. For the first time, we simultaneously identify a single parameter set
for shear, compression, tension, shear relaxation, and compression relaxation loading. This parameter
set is significant for computational simulations under physiological conditions, where loading is naturally
of mixed mode nature. Understanding the rheology of the human brain will help us predict neurosurgical
procedures, inform brain injury criteria, and improve the design of protective devices.
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Table 1
Sample characteristics: brain number, age, gender, and tested regions.

Brain Age Gender Regions
number years tested

I 69 male CC,CR,BG,C
II 54 female CC,CR,BG,C
III 63 male CC,CR,BG,C
IV 63 male CC,CR,BG,C
V 81 female CR,C
VI 55 female CC,CR,BG,C
VII 63 male CC,CR,C
VII 68 male CC,CR,BG,C
IX 78 male CC,CR,BG,C
X 68 male CC,CR,BG,C

CC = corpus callosum; CR = corona radiata; BG = basal ganglia; C = cortex.

Fig. 1. Collection of the ten tested human brain slices.
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1. Introduction

The rheology of the human brain plays an important role in brain
function and failure [1]. With the opportunity to develop personal-
ized three-dimensional human head models [2], computational
simulations are promising tools to predict mechanically mediated
pathways of brain damage [3] and to improve neurosurgical proce-
dures [4]. The quality of numerical predictions critically relies on
accurate constitutive models and, equally importantly, on the thor-
ough calibration of their model parameters [5]. Model calibration is
extremely challenging since the rheology of materials like the brain
strongly depends on the spatial and temporal scales of interest [6].
Variations in experimental protocols, loading modes, loading rates,
and spatial resolution have generated contradictory results both
qualitatively and quantitatively [7]. Clearly, to develop an
appropriate rheological model, it is essential to understand the
loading-mode specific, time-dependent material response. Even
for quasi-static loading rates, brain tissue exhibits a highly nonlin-
ear, conditioning, hysteretic, and tension-compression asymmetric
behavior [8–10]. While several studies have identified the linear
viscoelastic material parameters of human brain tissue at small
strains and under a single loading mode [11–15], time-dependent
phenomena at finite strains and under arbitrary loading conditions
remain less well characterized. So far, large strain viscoelastic con-
stitutivemodels have only been calibrated for porcine brain under a
single loading mode [16–18], but not for human brain under multi-
ple loading modes. The objective of this study is therefore to estab-
lish a finite strain, nonlinear, viscoelastic constitutive model that
captures the response of human brain tissue under various loading
conditions. We performed simple shear, unconfined compression,
tension, and stress relaxation in shear and compression and simul-
taneously calibrated the model for all five loading conditions. To
eliminate inter-specimen variations, we performed all five tests
sequentially on one and the same specimen.

Characterizing brain tissue is complicated by the highly hetero-
geneous microstructure with cell composition and morphology
varying from one location to the other. While early studies
have used large samples to include tissues of different types
[11–14,19,20], recent studies have tried to characterize regionally
varying tissue stiffness; yet, with controversial results: some stud-
ies reported cortical gray matter to be stiffer than white matter
[21,10], others found the opposite [22–25]. A possible explanation
for these seemingly contradictory observations could be that regio-
nal stiffness variations are time-dependent [10]. Here, we choose a
small enough sample size to harvest homogeneous specimens from
four different regions of the brain regions: the outer gray matter of
the cortex, the inner gray matter of the basal ganglia, the white
matter of the corona radiata, and thewhitematter of the corpus cal-
losum that connects the two hemispheres. We systematically com-
pare the region-specific elastic and viscous material parameters to
ultimately characterize the human brain across space and time.

The most popular approach to characterize the time-dependent
behavior of brain tissue is to use a Prony series
[8,15,19,20,23,26,27], which is equivalent to a generalized Max-
well model for linear viscoelasticity in relaxation type loading
[28]. The Prony series approach has two major limitations: it is
restricted to linear elasticity and is computationally expensive
[29]. To account for the large deformability of brain tissue, we con-
sider a class of viscoelastic models within the general setting of
finite deformation continuum mechanics. We adopt a fully non-
linear approach, which has previously been used to characterize
the finite viscoelasticity of porcine brain under a single loading
mode [16–18]. This implies that we multiplicatively decompose
the deformation gradient into elastic and inelastic parts [30], and
additively decompose the free energy function into an equilibrium
and non-equilibrium parts [31]. We introduce internal variables to
account for the rate-dependent behavior, and integrate the viscous
rate equation in time using an operator split based on an exponen-
tial mapping [32].

The time-dependent rheology of brain tissue is associated with
various physical mechanisms and time scales: The motion of fluid
within the solid network of cells and extracellularmatrix introduces
a poroelastic behavior [9] whereas intracellular interactions
between cytoplasm, nucleus, and cellmembrane trigger a viscoelas-
tic response [33]. In this study, we identify individual parameter
sets for the unconditioned and conditioned tissue responses and
discuss the differences in both parameter sets in view of a possible
poroelastic and viscoelastic origin of time-dependent effects [34].
2. Materials and methods

2.1. Brain specimens

This study is based on n ¼ 10 human brain samples described in
detail in our previous study [10]. Fig. 1 illustrates representative
coronal slices of all ten brains including the corpus callosum, the
corona radiata, the basal ganglia, and the cortex.

Table 1 summarizes the characteristics of all tested brains. None
of the subjects had suffered from any neurological disease known
to affect the microstructure of the brain. We kept the tissue refrig-
erated at 3 �C and humidified with phosphate-buffered saline solu-
tion at all times to minimize tissue degradation. We tested all
samples within 48 h after subject acquisition. This resulted in a
total post mortem interval between death and the end of biome-
chanical testing of less than 60 h [10].

2.2. Specimen preparation

To characterize regional variations in tissue rheology, we differ-
entiate between four regions: the corpus callosum (CC), the inner
white matter connecting the two hemispheres; the corona radiata



Table 2
Testing protocol.

Protocol: Sequence of multiple loading modes

� Simple shear in x-direction up to c ¼ 0:2
2 pre-conditioning cycles þ 1 main cycle
� Stress relaxation in x-direction at c ¼ 0:2
300 s holding
� Simple shear in y-direction up to c ¼ 0:2
2 pre-conditioning cycles þ 1 main cycle
� Stress relaxation in y-direction at c ¼ 0:2
300 s holding
� Unconfined compression in z-direction to k ¼ 0:9
2 pre-conditioning cycles þ 1 main cycle
� Stress relaxation in z-direction at k ¼ 0:9
300 s holding
� Uniaxial tension in z-direction up to k ¼ 1:1
2 pre-conditioning cycles þ 1 main cycle
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(CR), the outer white matter; the basal ganglia (BG), the inner gray
matter; and the cortex (C), the outer gray matter [10]. We chose
specimen dimensions of 5� 5� 5 mm, restricted by the maximum
cortical thickness of 5 mm. Due to the ultrasoft nature of brain tis-
sue, the samples deformed under their own weight during prepa-
ration and mounting. This caused a variation in final sample
dimensions with an edge length ranging from 3 to 7 mm and a
specimen height ranging from 2 to 5 mm. To limit tissue degrada-
tion, we excised and prepared each sample shortly before testing
and humidified the specimens with phosphate-buffered saline
solution to avoid tissue dehydration.

2.3. Experimental setup

After extraction and preparation, we glued each sample to the
upper specimen holder as illustrated in Fig. 2a and b. Prior to test-
ing, we measured the dimensions of each sample to characterize
the reference configuration to calculate the stretch, shear, and
stresses during loading. We mounted the specimens in the triaxial
testing device, provided a thin layer of adhesive to the lower spec-
imen holder, and lowered the sample until we detected a preload
of 10 mN. After a hardening period of 300 s, we slowly reduced
the preload to 0 mN, adjusted the relative position of the plates
in x- and y-directions, and zeroed the forces. This is the state that
we defined as the reference configuration [10], as illustrated in
Fig. 2c. Before starting the actual test, we humidified the sample
with phosphate-buffered saline solution as shown in Fig. 2d.

We conducted all tests at room temperature. The system oper-
ates with a stroke resolution of 0:04 lm in the z-direction and with
a stroke resolution of 0:25 lm in the x- and y-directions [35]. We
recorded the resulting forces with a three-axes force-sensor
(K3D40, ME-Measuring Equipment, Henningsdorf, Germany). For
motor control and data acquisition, we used the software testXpert
II Version 3.2 (Zwick/Roell GmbH & Co. KG, Ulm, Germany) on a
Windows-based personal computer.

2.4. Testing protocol

Table 2 summarizes our testing protocol. For each specimen, we
performed a sequence of different loading modes, shear, compres-
Fig. 2. a) White matter sample glued to upper specimen holder; b) gray matter
brain sample glued to upper specimen holder; c) sample glued to upper and lower
specimen holders of triaxial testing device; d) specimen mounted into testing
device, hydrated with phosphate-buffered saline solution, and ready for testing.
sion, and tension [10]. For each loading mode, we applied three
cycles and interpret the first cycle as the unconditioned and the
third cycle as the conditioned response. First, we performed a sim-
ple shear test with a sinusoidal shear of up to c ¼ 0:2 under quasi-
static conditions at a loading speed of v ¼ 2 mm/min. Then, we
performed a stress relaxation test under simple shear conditions
with a rapid shear of c ¼ 0:2 at a speed of v ¼ 100 mm/min and
recorded the resulting forces for a period of 300 s. To limit precon-
ditioning effects, we performed both tests in two orthogonal direc-
tions. Next, we performed an unconfined uniaxial compression test
with k ¼ 0:9 compressive stretch, a relaxation test with k ¼ 0:9
compression for 300 s holding time, and a uniaxial tension test
with k ¼ 1:1 tensile stretch. Since the recorded tensile forces were
extremely low, the data were too noisy to record reasonable results
for relaxation tests under tensile loading.
3. Data analysis

In total, we analyzed data from n ¼ 58 samples: n ¼ 13 from the
cortex, n ¼ 15 from the basal ganglia, n ¼ 19 from the corona radi-
ata, and n ¼ 11 from the corpus callosum [10].

3.1. Loading modes

To characterize the deformation during testing, we use the non-
linear equations of continuum mechanics and introduce the defor-
mation map u ðX; tÞ, which maps the specimen from the
undeformed, unloaded configuration with position vectors X at
time t0 to the deformed, loaded configuration with position vectors
x ¼ u ðX; tÞ at time t. The deformation gradient, F ¼ du=dX ¼ rXu,
takes the following spectral representation,

F ¼ rXu ¼
X3
a¼1

kana � Na; ð1Þ

where ka are the eigenvalues and na ¼ F �Na and Na are the eigen-
vectors in the deformed and undeformed configurations. We apply
two types of loading, simple shear and uniaxial compression/ten-
sion, and assume that the brain samples deform isochorically,
J ¼ detðFÞ ¼ k1k2k3 ¼ 1, and homogeneously.

3.1.1. Simple shear
To quantify the shear response of each specimen, we analyze

the amount of shear c and the corresponding Piola stresses Pxz

and Pyz. We assume that the cross-section of the specimen remains
unchanged and determine the shear stress Pxz ¼ sxz ¼ f=A or
Pyz ¼ syz ¼ f=A as the shear force f, the force recorded in the direc-
tion of shear, divided by the initial shear area A ¼WL, the product
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of specimen length L and width W. The deformation gradient F for
simple shear in the first direction takes the matrix representation,

F ¼
1 0 c
0 1 0
0 0 1

2
64

3
75; ð2Þ

and introduces the principal stretches

k1=2 ¼ c
2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ c

2

4

r
and k3 ¼ 1: ð3Þ
3.1.2. Uniaxial compression and tension
To quantify uniaxial compression and tension, we analyze the

stretch k and the corresponding Piola stress Pzz. We determine
the stretch k ¼ 1þ Dz=H in terms of the specimen height H and
z-displacement Dz. The Piola stress Pzz ¼ f z=A is the force f z divided
by the initial cross-sectional area A in the unloaded reference con-
figuration. The deformation gradient F for compression and tension
takes the matrix representation

F ¼
1=

ffiffiffi
k
p

0 0
0 1=

ffiffiffi
k
p

0
0 0 k

2
64

3
75; ð4Þ

and introduces the principal stretches

k1 ¼ k2 ¼ 1ffiffiffi
k
p and k3 ¼ k: ð5Þ
3.2. Kinematics

Using the principal stretches for shear (3) or compression and
tension (5), we can introduce the spectral representation of the
right and left Cauchy-Green deformation tensors,

C ¼ Ft � F ¼
X3
a¼1

k2
aNa � Na

b ¼ F � Ft ¼
X3
a¼1

k2
ana � na;

ð6Þ

in terms of the undeformed and deformed eigenvectors Na and na.
To model the viscoelastic nature of brain tissue, we decompose
the deformation gradient into elastic and viscous parts,

F ¼ Fe
i � Fv

i 8 i ¼ 1; ::;m; ð7Þ
where i denotes a parallel arrangement of m viscoelastic modes
[30]. It proves convenient to introduce the viscous right and elastic
left Cauchy-Green deformation tensors Cv

i and be
i for each mode,

Cv
i ¼ ðFv

i Þt � Fv
i ¼ Ft � ðbe

i Þ
�1 � F

be
i ¼ Fe

i � ðFe
i Þt ¼

X3
a¼1
ðke

i aÞ2 ne
i a � ne

i a;
ð8Þ

and express be
i in its spectral representation in terms of the elastic

principal stretches ke
i a and elastic eigenvectors ne

i a [32]. The iso-
choric parts of the elastic left Cauchy-Green deformation tensors,

~be
i ¼ ðJei Þ�2=3be

i ¼
X3
a¼1
ð~ke

i aÞ
2
ne

i a � ne
i a: ð9Þ

define the isochoric principal stretches, ~ke
i a ¼ ðJei Þ

�1=3
ke
i a, in terms of

the elastic Jacobians Jei ¼ detðFe
i Þ. To characterize the rate of defor-

mation, we introduce the spatial velocity gradient, l ¼ dv=dx ¼ rxv,

l ¼ rxv ¼ _F � F�1 ¼ lei þ lvi ; ð10Þ
and additively decompose it into an elastic part, lei ¼ _Fe � ðFe
i Þ�1, and

a viscous part, lvi ¼ Fe
i � _Fv

i � ðFv
i Þ�1 � ðFe

i Þ�1. We further decompose
these two contributions into their symmetric and skew-
symmetric parts,

lei ¼ de
i þwe

i and lvi ¼ dv
i þwv

i ð11Þ
in terms of the stretch rates di ¼ 1

2 ½ li þ ðliÞ
t � and spin rates

wi ¼ 1
2 ½ li � ðliÞ

t �, and adopt the common assumption that the vis-
cous deformation is spin-fee, wv

i ¼: 0, i.e., lvi 	 dv
i .

3.3. Constitutive modeling

Motivated by our previous findings [10], we assume an isotropic
material response for both the elastic and the viscoelastic behavior.
We introduce a viscoelastic free energy function w as the sum of
three terms [36], an equilibrium term weq in terms of the total prin-
cipal stretches ka, a non-equilibrium term wneq ¼Pm

i¼1wi in terms of
the i ¼ 1; . . . ;m elastic principal stretches ke

i a, and a term p ½ J � 1 �
that enforces the incompressibility constraint, J � 1 ¼ 0, via the
Lagrange multiplier p,

w ¼ weq þ wneq � p ½ J � 1 � with wneq ¼
Xm
i¼1

wiðFe
i Þ: ð12Þ

The Kirchhoff stress s follows from standard arguments of thermo-
dynamics and consists of three terms, the equilibrium term seq, the
non-equilibrium term sneq ¼Pm

i¼1si, and the volumetric term �p I,

s ¼ 2
@w
@b
� b ¼ seq þ sneq � p I with sneq ¼

Xm
i¼1

si: ð13Þ

The hyperelastic response of brain tissue is best represented by the
modified one-term Ogden model [37], with the strain energy
function,

weq ¼ 2l1
a2
1
½ka11 þ ka12 þ ka13 � 3 � ð14Þ

where l1 is the shear modulus and a1 is a second material param-
eter that characterizes tensioncompression asymmetry [10]. Know-
ing the total principal stretches ka from our displacement-
controlled experiments, we can immediately calculate the equilib-
rium stress seq,

seq ¼ 2
@weq

@b
� b ¼

X3
a¼1

@weq

@ka
kana � na; ð15Þ

where @weq=@ka ¼ 2l1 ka1�1a =a1 for the Ogden model in Eq. (14). To
determine the Kirchhoff stress si for each viscoelastic mode, we
choose the same type of hyperelastic strain energy function for
the non-equilibrium modes as for the equilibrium mode in (14),

wið~ke
i1;

~ke
i2;

~ke
i3Þ ¼

2li

a2
i

½ð~ke
i1Þ

ai þ ð~ke
i2Þ

ai þ ð~ke
i3Þ

ai � 3�; ð16Þ

but now parameterized in terms of the isochoric principal stretches
~ke
i a from Eq. (9). We can then express the Kirchhoff stress of each

mode,

si ¼ 2
@wi

@be
i

� be
i ¼

X3
a¼1

@wi

@ke
i a
ke
i an

e
i a � ne

i a ¼
X3
a¼1

si ane
i a � ne

i a; ð17Þ

directly in terms of its isochoric eigenvalues,

si a ¼ 2li

ai

2
3
ð~ke

i aÞ
ai � 1

3
ð~ke

i bÞ
ai � 1

3
ð~ke

i cÞ
ai

� �
; ð18Þ

where a;b; c ¼ f1;2;3g and a– b; a – c, and b – c. With the equilib-
rium stress seq (15), the Kirchhoff stresses of each mode si (17) that
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make up the non-equilibrium stress sneq (13), and the Lagrange
multiplier p, we can calculate the overall Piola stress,

P ¼ @w
@F
¼ s � F�t ¼ ½seq þ sneq � p I � � F�t: ð19Þ

It remains to specify the temporal evolution of the viscoelastic kine-
matics. Motivated by the reduced dissipation inequality for each
mode [38], si : d

v
i P 0, and by the linear relation between hysteresis

and maximum stress observed during our experiments in Fig. 3, we
introduce the viscous stretch rates dv

i as linear functions of the
Kirchhoff stress si [39,36],

dv
i ¼

1
2gi

si: ð20Þ

Here gi is the constant, deformation-independent viscosity and
si ¼ gi=li is the associated relaxation time near thermodynamic
equilibrium. By reformulating the dissipation inequality in terms
of the Lie derivative of the elastic left Cauchy-Green deformation

tensor, Lvbe
i ¼ �½2 lvi � be

i �
sym

, we obtain an evolution equation for
the viscous stretch rate with a similar structure as in finite deforma-

tion elastoplasticity, �Lvbe
i � ðbe

i Þ
�1 ¼ si=gi [40,31]. To advance the

non-equilibrium part of the constitutive equations in time, we per-
form an implicit time integration with exponential update, see
Appendix A.1 and Table A.8. For comparison, we also perform an
explicit time integration, see Appendix A.2 and Table A.9.

3.4. Calibration of material parameters

Our viscoelastic model has 2þ 3m parameters, l1 and a1 for
the elastic part, and li;ai, and gi for the i ¼ 1; ::;m viscoelastic
parts. To calibrate parameters for each brain region, we used the
nonlinear least-squares algorithm lsqnonlin in MATLAB. We opti-
mized two distinct parameter sets to best represent the average
behavior during the first and third loading cycles. Material param-
eters calibrated with the first loading cycle characterize the uncon-
ditioned tissue response; parameters calibrated with the third
loading cycle characterize the conditioned response and disregard
the effects of fluid squeezed out during initial loading.

In both cases, we simultaneously considered all loading condi-
tions for the calibration: simple shear, compression, and tension,
as well as relaxation in shear and compression. We minimized
the objective function,

v2 ¼
Xnsþnrs
i¼1

Pxz � Pw
xz

h i2
i
þ

Xncþntþnrc

i¼1
Pzz � Pw

zz

h i2
i
; ð21Þ

where ns;nc;nt;nrs, and nrc are the numbers of experimental data
points for shear, compression, tension, relaxation in shear, and
Fig. 3. Hysteresis versus maximum stress during the first and third loading cycles for a
dissipated energy increases linearly with the maximum recorded stress. This suggests a
dv
i ¼ si=2gi. Hysteresis is larger for the first than for the third loading cycle.
relaxation in compression. For the relaxation experiments, we used
smaller time increments and more data points during the loading
phase than during the holding phase as indicated by the dots in
Fig. 6d and e. In simple shear, the shear stresses Pxz and Pyz are inde-
pendent of the Lagrange multiplier p. In unconfined compression
and tension, we determine the Lagrange multiplier p in Eq. (19)
from the lateral boundary conditions, Pxx ¼ Pyy ¼: 0. Since the tissue
behavior is history dependent, we have to evaluate the model for all
three cycles when calibrating parameters for the third loading cycle.
Yet, only the values of the third cycle entered the objective function
(21). Since the shear modulus l of the Ogden model (14) can only
adopt positive values, we constrained it to l > 0.

To evaluate the goodness of fit, we determined the coefficient of

determination, R2 ¼ 1� Pres=Ptot, where Pres ¼Pn
i¼1ðPi � Pw

i Þ
2
is the

sum of the squares of the residuals with the experimental data val-
ues Pi, the corresponding model data values Pw

i , and the number of

data points n, and Ptot ¼Pn
i¼1ðPi � �PÞ2 is the total sum of squares

with the mean of the experimental data �P ¼ 1=n
Pn

i¼1Pi. We used

the R2 values as indicators for the goodness of fit to highlight which
of the five experiments would be best approximated by the data
set of the simultaneous calibration with all five experiments.
4. Results

4.1. Pre-conditioning – General trends

Fig. 4a–c show the representative behavior during the first
three cycles of simple shear, unconfined compression, and tension
for a specimen from the corona radiata of brain VIII. Fig. 4d–f dis-
play the response predicted by our viscoelastic model with one
mode, m ¼ 1. In compression and tension, the model is capable
of capturing the substantial pre-conditioning during the first load-
ing cycle and the minor conditioning effects during all subsequent
cycles. In simple shear, the model predictions deviate from the
experimental data for the initial loading segment, but show good
agreement for all subsequent cycles.

Fig. 5a shows the representative history-dependence during
three loading cycles of compression at k ¼ 0:9 followed by three
cycles of compression at k ¼ 0:8 for a specimen from the corona
radiata of brain VIII. The sample displayed marked pre-
conditioning during the first cycle of each load level associated
with a pronounced softening. Fig. 5b demonstrates that our consti-
tutive model accurately captures this characteristic history-
dependence at different stretch levels. However, the model pre-
dicts larger residual stresses upon completing the first loading
cycle of each stretch level than observed in the experiment.
ll specimens tested in shear, compression, and tension. The data indicate that the
linear relation between the viscous stretch rate dv

i and the Kirchhoff stress si, thus



Fig. 4. Representative pre-conditioning behavior in shear, compression, and tension observed in the experiment for a specimen from the corona radiata of brain VIII (a-c), and
predicted by the viscoelastic constitutive model (d-f). Both experiment and model reveal a substantial pre-conditioning during the first loading cycle. In compression and
tension the qualitative behavior during cyclic loading agrees nicely. In simple shear, the model predicts lower shear stresses during the first cycle than during subsequent
cycles, while the experiment shows the opposite behavior.
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4.2. Unconditioned behavior - First loading cycle

Fig. 6 demonstrates that the viscoelastic constitutive model
with one viscoelastic mode captures the general trends of the aver-
age unconditioned experimental data during the first cycle of sim-
ple shear, compression, tension, shear relaxation, and compression
relaxation. Table 3 summarizes the corresponding material param-
eters for all brain regions, cortex, basal ganglia, corona radiata, and
corpus callosum. The model with only one generalized Maxwell
element underestimates the shear stresses, especially during the
initial loading segment, and overestimates the stresses under ten-
sile loading. Furthermore, it fails to capture the relaxation behavior
over the entire holding time in Fig. 6d and e, which is also reflected
in unrealistically high residual stresses at zero strain in the cyclic
shear experiments in Fig. 6a. The coefficients of determination R2

in Table 3 confirm these observations.
Fig. 7 shows that adding a second viscoelastic mode improves

the agreement with the experimental data. With lower residual
stresses at zero strain, the predictions for cyclic loading are now
closer to the actual experimental data. In comparison to only one
viscoelastic mode in Fig. 7c, the qualitative response in tension
now agrees better with the experimental data. Table 4 summarizes
the region-dependent material parameters. Larger coefficients of
determination R2 in Table 4 confirm the improved modeling of
the experimental data.

Fig. 8 summarizes shear moduli and viscosities of the uncondi-
tioned tissue response in the different brain regions for the consti-
tutive models with one and two generalized Maxwell elements.
Independent of the number of viscoelastic modes, the equilibrium
shear modulus l1 is highest in the cortex, lowest in the corpus cal-
losum, and comparable in basal ganglia and corpus callosum. The
shear moduli for the viscoelastic modes are on average higher
and reveal slightly different regional trends, depending on the cor-
responding viscosity. For large viscosities g2, the cortex remains
the stiffest region, but the stiffness for both white matter regions
increases relative to both gray matter regions. For low viscosities
g1 in the first Maxwell element of the model with two viscoelastic
modes, the corona radiata even has the largest shear modulus.

4.3. Conditioned behavior - Third loading cycle

Fig. 9 depicts the capability of the viscoelastic model with one
viscoelastic mode to represent the average conditioned experi-
mental data during the third cycle of simple shear, compression,
tension, shear relaxation, and compression relaxation. Table 5
summarizes the corresponding material parameters for four
regions of the brain, cortex, basal ganglia, corona radiata, and cor-
pus callosum. The model captures the general features, but slightly
underestimates the maximum stresses in simple shear and com-
pression in Fig. 9a and b, and the hysteresis area in compression.
It overestimates maximum tensile stresses in Fig. 9c for all the
tested regions. Similar to the calibration with the first loading cycle
in Section 4.2, one generalized Maxwell element is not sufficient to
capture the relaxation behavior over the entire holding time in
Fig. 9d and e.

Fig. 10 demonstrates that the constitutive model with two vis-
coelastic modes is able to achieve good agreement with the exper-
imental data for all conducted modes and throughout the entire
relaxation regime in Fig. 10d and e. Table 6 summarizes the corre-
sponding region-dependent material parameters. The coefficients
of determination R2 in Table 4 indicate that, for tensile loading,
the model displays the largest deviation from the experimental
data.

Fig. 11 summarizes the shear moduli and viscosities of the con-
ditioned tissue response in four brain regions for the constitutive
models with one and two generalized Maxwell elements. Similar
to the unconditioned response, the equilibrium shear modulus
l1 is highest in the cortex, lowest in the corpus callosum, and
comparable in basal ganglia and corpus callosum. The same regio-
nal trends also apply to the shear modulus l2 in the Maxwell ele-



Fig. 5. Representative history-dependence for increasing compressive stretch with
three cycles per stretch level. Nominal stress versus stretch behavior for a specimen
from the corona radiata of brain VIII; experiment (a) and model prediction (b). At a
stretch level of 0.9, the difference between the first and second cycles indicates
pronounced pre-conditioning. When increasing the stretch level to 0.8, the first
curve initially follows the pre-conditioned behavior up until 0.9; beyond 0.9, the
curve again displays pronounced pre-conditioning between the first and second
cycles. The model is capable of predicting this history-dependence at different load
levels.
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ment with higher viscosity g2 for the model with two viscoelastic
modes. The shear moduli l1 corresponding to lower viscosities g1

are generally higher than l1 and l2 and show slightly different
regional trends: the cortex remains the stiffest region, but here
basal ganglia and corpus callosum are softest, and the corona radi-
ata lies in between. The lower viscosities g1 show the same regio-
nal trends as the equilibrium shear moduli, while the higher
viscosity g2 is comparable in all four regions.
4.4. Characteristic time constants

Table 7 summarizes the characteristic time constants si ¼ gi=li

calculated from the material parameters in Tables 3–6. The model
with a single viscoelastic mode fails to provide an accurate approx-
imation of both early and late relaxation, and the corresponding
time constants adopt intermediate values. For the unconditioned
response, during the first loading cycle, the cortex responded
slightly faster than the basal ganglia, and both responded faster
than the white matter regions of the corona radiata and corpus cal-
losum. For the conditioned response, during the third loading
cycle, we observed the opposite trend; the corona radiata
responded faster than the corpus callosum, and cortex and basal
ganglia were equally slow. The time constants for the conditioned
response were generally lower than for the unconditioned
response.

The model with two viscoelastic modes seems sufficient to
approximate the relaxation behavior over the entire holding time.
When considering the fast time constant s1, the basal ganglia
responded slowest, and corona radiata and corpus callosum fastest.
For the third cycle, white matter displayed on average longer relax-
ation times than gray matter with higher time constants s2. While
the short time scales were only slightly larger for the conditioned
response than for the unconditioned response, there was a remark-
able difference in the long time scales, which were much larger for
the third cycle.

5. Discussion

Computational simulations have become a powerful tool to
understand the human brain, protect it against injuries, and
improve neurosurgical procedures. The value of a computational
prediction critically depends on the choice of the constitutive
model that characterizes the underlying tissue rheology. For the
brain-unlike for most soft tissues-this is exceptionally challenging,
because the rheology of the brain is highly sensitive to loading con-
ditions and time scales. In this study, we have established a rheo-
logical model for human brain tissue that captures the nonlinear,
time-dependent behavior of different brain regions under multiple
loading conditions in a finite strain setting. Our objective was to
identify a model that simultaneously captures a variety of loading
scenarios with a limited number of well-defined parameters. To
calibrate the model, we performed five different tests: simple
shear, unconfined compression, tension, shear relaxation, and com-
pression relaxation. Since brain tissue is highly heterogeneous, we
performed the series of all five tests on one and the same sample to
avoid inter-specimen variations.

5.1. Finite viscoelasticity captures nonlinear, time-dependent behavior

We chose a class of models based on the multiplicative decom-
position of the deformation gradient into elastic and viscous parts,
F ¼ Fe

i � Fv
i [30,29], and the additive decomposition of the free

energy into equilibrium and non-equilibrium parts, w ¼ weqþ
wneq, in terms of i ¼ 1; ::;m parallel viscoelastic modes [41,42].
Within this framework, we represent history-dependence through
the viscous right Cauchy-Green deformation tensors, Cv

i , or rather

their inverses, ðCv
i Þ
�1, which we introduce as internal variables.

To advance these internal variables in time, we adopt an implicit
time integration scheme based on an operator split [38] with expo-
nential update [32], Appendix A.1. For comparison, we also imple-
mented an explicit time integration scheme as proposed in
previous studies of porcine brain under shear [17] and unconfined
compression [18], Appendix A.2. In contrast to the classical Prony
series approach [8,26,43], our finite viscoelasticity approach uses
the entire loading history-including the loading ramp-instead of
assuming instantaneous loading [32,38]. As a result, it naturally
provides additional information about the elastic parameters dur-
ing loading and is less sensitive to the selection of data points used
for the fit [29].

5.2. Simultaneous parameter identification for five loading modes
yields generic viscoelastic parameters

Previous studies focus on a single mode of loading, shear [20],
compression [44], or tension [43], which implies that they neglect
the pronounced tension-compression asymmetry of brain tissue
[8,9]. Here we simultaneously calibrated five different modes of
loading-shear, compression, tension, shear relaxation, and com-
pression relaxation-using a modified one-term Ogden model with
two parameters, the shear modulus l and the tension-
compression asymmetry a [37]. In a systematic comparison,
recent studies have shown that the Ogden model outperforms



Table 3
Constitutive parameters and coefficients of determination for the viscoelastic model with one Maxwell element, calibrated simultaneously for the
averaged first loading cycles of shear, compression, tension, shear relaxation, and compression relaxation in four regions, corpus callosum (CC),
corona radiata (CR), basal ganglia (BG), and cortex (C), see Fig. 6.

Fig. 6. Average experimental data during the first loading cycle in four regions, cortex (C, n ¼ 13), basal ganglia (BG, n ¼ 15), corona radiata (CR, n ¼ 19), and corpus callosum
(CC, n ¼ 11), and corresponding constitutive model with one viscoelastic mode. We obtained one set of constitutive parameters for each region by simultaneously calibrating
the model for all five tests, simple shear (a), compression (b), tension (c), shear relaxation (d), and compression relaxation (e), see Table 3.
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other popular constitutive models for brain tissues including the
neo-Hookean model, the Mooney Rivlin model, the Demiray
model, and the Gent model [10,45]. Here we adopted the Ogden
model for both, the equilibrium part weq and the non-equilibrium
part wneq of the viscoelastic model, and compared formulations
with m ¼ 1 viscous modes in Figs. 6 and 9 and m ¼ 2 viscous
modes in Figs. 7 and 10. Our parameter identification was stable
and robust for all four cases in Tables 3–6, and the algorithm
reproducibly identified the same local minimum of the objective
function (21) for different sets of initial values. As indicated by
the coefficients of determination, all four models perform well
under shear and compression, both in quasi-static loading and
under stress relaxation, but perform poorly under tension. The
literature has long acknowledged that brain tissue behaves differ-
ently in tension and compression [8]. This is in agreement with
several recent studies that recognize the challenges of finding a
single constitutive model for brain tissue under different types
of loading [45,46]. We are currently in the process of designing
a family of hyperelastic models for human brain tissue under
multiple loading modes to better address these limitations [47].
This study clearly highlights the need and potential for further
investigation.
5.3. Two-parameter Ogden model captures tension-compression
asymmetry

Our family of viscoelastic models-the elastic Ogden model com-
bined with the viscous Ogden model withm ¼ 1 andm ¼ 2 viscous
modes-captures the experimentally observed tension-compression
asymmetry. Rather than explicitly introducing different stiffnesses
in tension and compression, the modified Ogden model inherently
represents tension-compression asymmetry through the model
parameter a [10]. Several studies have successfully adopted Ogden
type models for brain tissue [8,43,45], an approach we have
decided to follow here. While we have improved the parameteriza-
tion compared to previous models based on a single loading mode
[16–18], the asymmetry predicted by our model still remains less
pronounced than observed in our experiments. To improve the fit
of the model-especially under tensile loading-we could explicitly
discriminate between compression and tension and introduce dif-
ferent parameter sets for different loading modes [10]. However,
switching between different parameter sets would make the model
less suitable for physiological mixed-mode loading, and, ulti-
mately, for finite element simulations of surgical procedures
[2,48]. The major objective of the current study was therefore to



Fig. 7. Average experimental data during the first loading cycle in four regions, cortex (C, n ¼ 13), basal ganglia (BG, n ¼ 15), corona radiata (CR, n ¼ 19), and corpus callosum
(CC, n ¼ 11), and corresponding constitutive model with two viscoelastic modes. We obtained one set of constitutive parameters for each region by simultaneously
calibrating the model for all five tests, simple shear (a), compression (b), tension (c), shear relaxation (d), and compression relaxation (e), see Table 4.

Table 4
Constitutive parameters and coefficients of determination for the viscoelastic model with two Maxwell elements, calibrated simultaneously for the averaged first loading
cycles of shear, compression, tension, shear relaxation, and compression relaxation in four regions, corpus callosum (CC), corona radiata (CR), basal ganglia (BG), and cortex
(C), see Fig. 7.

Fig. 8. Shear moduli and viscosities during the first loading cycle for four regions,
cortex (C), basal ganglia (BG), corona radiata (CR), and corpus callosum (CC), with
one (left) and two (right) generalized Maxwell modes.
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characterize brain tissue through a single, simple constitutive
model with a limited number of well-defined material parameters.
The simplest model of our family is the finite viscoelastic model
with one viscous mode in Fig. 6 and five material parameters in
Table 3. Its elastic and viscous shear stiffnesses varied between
l1 ¼ 0:65 kPa and l1 ¼ 2:07 kPa in the gray matter of the cortex
and l1 ¼ 0:29 kPa and l1 ¼ 0:91 kPa in the white matter of the
corona radiata. In all regions, the asymmetry parameters a1 and
a1 were negative and on the order of a 
 �20 and the characteris-
tic time constant g1 was on the order of g1 
 10� 20 s. Compared
to our previous purely hyperelasic modified one-term Ogden
model [10], in all four regions, the elastic shear moduli l1 of the
viscoelastic model were about half the size of the shear moduli l
of the purely elastic model, while asymmetry parameters a1 and
a took similar values.

5.4. Constant-viscosity model captures pre-conditioning and hysteresis

Our experiments reveal two general trends: Brain tissue dis-
plays a unique pre-conditioning behavior, see Fig. 4, and its hys-
teresis increases linearly with the maximum recorded stress, see
Fig. 3. To capture these characteristics while keeping the constitu-



Fig. 9. Average experimental data during the third loading cycle in four regions, cortex (C, n ¼ 13), basal ganglia (BG, n ¼ 15), corona radiata (CR, n ¼ 19), and corpus
callosum (CC, n ¼ 11), and corresponding constitutive model with one viscoelastic mode. We obtained one set of constitutive parameters for each region by simultaneously
calibrating the model for all five tests, simple shear (a), compression (b), tension (c), shear relaxation (d), and compression relaxation (e), see Table 5.

Table 5
Constitutive parameters and coefficients of determination for the viscoelastic model with one Maxwell element, calibrated simultaneously
for the averaged third loading cycles of shear, compression, tension, shear relaxation, and compression relaxation in four regions, corpus
callosum (CC), corona radiata (CR), basal ganglia (BG), and cortex (C), see Fig. 9.
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tive model as simple as possible, we assumed a linear relation
between the viscous stretch rate dv

i and the Kirchhoff stress si
[32,39], and introduced a single constant viscosity parameter gi

for each viscoelastic mode. In the small strain limit, this implies
that each viscoelastic mode reduces to a generalized Maxwell ele-
ment with an elastic spring [32]. While several more advanced
models propose a non-constant viscosity parameter to brain defor-
mation as a non-Newtonian flow in a porous medium [16,17], e.g.,

using the Ellis model, g ¼ g1 þ ½g0 � g1�=½1þ ½s=s0�n�1�, here we
adopt a constant-viscosity approach. This assumption agrees with
recent biaxial extension tests [27] and unconfined compression
tests [18] on porcine brain.

5.5. Two-time-constant model captures early and late relaxation

Our study shows that a viscoelastic model with only one vis-
coelastic mode, with four elastic parameters l1;a1;l1 and a1

and one characteristic time constant s1 ¼ g1=l1, captures the main
features of brain tissue under shear, compression, and tension, but
is not capable of reproducing both the early and late relaxation
behavior, see Figs. 6 and 9. The model with two viscoelastic modes,
with six elastic parameters and two characteristic time constants,
performed well across the entire relaxation regime both under
shear and compression, see Figs. 7 and 10. This agrees well with
several studies, which suggest that two time constants were suffi-
cient to accurately represent stress relaxation [20,23,26,48,49],
whereas a few other studies favor a three-time-constant approach
[15,50,51].
5.6. Monophasic model captures viscous but not porous effects

Our viscoelastic model successfully characterizes the effects of
pre-conditioning during the first loading cycle in compression
and tension, and the reduced conditioning effects during all subse-
quent cycles, see Fig. 4. It also predicts the successive softening
when increasing the strain in a step-wise fashion, see Fig. 5. For
simple shear, the model predictions agree well with the experi-
mental behavior during the second and third cycles; for the initial
loading segment, however, the predicted stresses are lower than
during subsequent cycles, which is opposite to our experimental
observations. This difference is likely caused by the pore fluid that
squeezes out of the sample when it is first loaded [9]. Our



Fig. 10. Average experimental data during the third loading cycle in four regions, cortex (C, n ¼ 13), basal ganglia (BG, n ¼ 15), corona radiata (CR, n ¼ 19), and corpus
callosum (CC, n ¼ 11), and corresponding constitutive model with two viscoelastic modes. We obtained one set of constitutive parameters for each region by simultaneously
calibrating the model for all five tests, simple shear (a), compression (b), tension (c), shear relaxation (d), and compression relaxation (e), see Table 6.

Table 6
Constitutive parameters and coefficients of determination for the viscoelastic model with twoMaxwell elements, calibrated simultaneously for the averaged third loading cycles
of shear, compression, tension, shear relaxation, and compression relaxation in four regions, corpus callosum (CC), corona radiata (CR), basal ganglia (BG), and cortex (C), see
Fig. 10.

Fig. 11. Shear moduli and viscosities during the third loading cycle for four regions,
cortex (C), basal ganglia (BG), corona radiata (CR), and corpus callosum (CC), with
one (left) and two (right) generalized Maxwell modes.

Table 7
Characteristic time constants si ¼ gi=li near thermodynamic equilibrium for one
and two generalized Maxwell modes from calibrating the constitutive model with
the first and third loading cycles.
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monophasic viscoelastic model can only implicitly capture these
porous effects [52]. To accurately model the fluid flow within the
tissue, we could use a biphasic poro-viscoelastic model [1,53,54].
While this is beyond the scope of our current study, we will
address this aspect in the future to contrast and compare viscous
and porous effects in human brain tissue.
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5.7. Unconditioned tissue is stiffer than pre-conditioned tissue

Our experiments confirm that the rheology of ultra-soft tissues
like the human brain is highly sensitive to the loading history. To
quantify this effect, we calibrated the model for two separate
parameter sets, for the unconditioned response using the first load-
ing cycle in Fig. 8 and for the conditioned response using the third
loading cycle in Fig. 11. Strikingly, the unconditioned tissue was
markedly stiffer than the conditioned tissue in all four brain
regions. While the gray matter stiffness of the cortex varied by
almost a factor three between 0.65 kPa and 0.24 kPa, the white
matter stiffness of the corona radiata varied only marginally
between 0.29 kPa and 0.25 kPa. We would like to point out though
that there is no ’right’ or ’wrong’ set of parameters: Depending on
the application of interest-for example the interpretation of an
ex vivo test or the prediction of an in vivo response-either the
unconditioned or conditioned data could become relevant. Nota-
bly, the conditioned response displayed larger slow time constants
than the unconditioned response, although we calibrated both
parameter sets in Table 7 with exactly the same stress relaxation
experiments. This indicates that the cyclic experiments have a pro-
nounced effect on the viscoelastic parameter identification. Com-
paring the unconditioned and conditioned behavior suggests that
we can attribute the shorter time scale, s1, to the viscous compo-
nent of the solid phase and the longer time scale, s2, to porous
effects of the fluid phase. When using the conditioned response
of the third cycle for our calibration, we intentionally neglect this
porous effect and, accordingly, the slow time constant adopts sig-
nificantly larger values. This agrees well with a previous study that
reported a pre-conditioned viscosity of 60 kPas in unconfined com-
pression tests of porcine brain [18]. Our observations help to better
understand the individual time-dependent contributions of the
solid and fluid phases [9], which become especially important
when we attempt to interpret and model brain tissue as a biphasic
material [15,53,54].

5.8. Unconfined gray matter is stiffer than white matter

Our study reveals significant regional differences in stiffness,
where the cortex is generally the stiffest region, followed by the
basal ganglia and the corona radiata, and, last, by the corpus callo-
sum. However, these general trends are sensitive to the corre-
sponding time scales. When time scales become shorter, white
matter regions tend to stiffen relative to gray matter regions. At
the lowest time scales, for the unconditioned response of the
model with two viscoelastic modes in Table 4, the corona radiata
becomes the stiffest region. The relative stiffening of white matter
compared to gray matter at decreasing time scales is more pro-
nounced for the unconditioned than for the conditioned response,
which suggests that this effect is at least partially associated with
the fluid phase. This could explain why indentation experiments
with relatively large indenters record larger stiffnesses for white
matter than for gray matter [22,23,25,55]: During confined com-
pression, the fluid cannot escape quickly and the experiment
probes both solid and fluid phases. When the indenter is small
enough to only probe the solid phase, we observe the opposite
trend with larger stiffnesses in gray than in white matter [21,56],
which agrees well with the present study.

5.9. Limitations

Our rheological characterization of human brain tissue has sev-
eral natural limitations: First, by the very nature of triaxial testing,
gluing the sample to the specimen holder may induce boundary
effects and the deformation might not be as homogeneous as we
had assumed. Similarly, gravity effects that deform the initially
cubic samples induce additional heterogeneities and possibly also
pre-conditioning. While submerged conditions could possibly
reduce these effects, testing the sample within a bath might intro-
duce other limitations associated with fluid-uptake and swelling
[34]. We are currently considering a combination of drained and
un-drained experiments [9] to reduce these limitations and char-
acterize brain as a poro-viscoelastic solid.

Second, with a maximum shear of c ¼ 0:2 and stretches of
k ¼ 0:9 and k ¼ 1:1, our samples might have experienced some
degree of tissue damage [9]. While we have previously shown that
our specimens fully recover within a recovery period of one hour
for compression levels of k ¼ 0:9 [10], reported strain injury
thresholds range from c ¼ 0:16 in shear [57] to k ¼ 1:21 in tension
[58]. However, for small deformations that lie safely within this
regime, we found that the recording accuracy becomes a limitation
for all loading modes. This could also explain why the residual
stresses upon completion of the first loading cycle were larger in
the model than in the experiments. Although it remains unclear
whether brain tissue truly experiences shear and stretch beyond
this regime under physiological conditions in vivo, we are currently
conducting combined compression/tension-shear tests to validate
the proposed model for larger shear and stretch levels and quantify
potential tissue damage.

Third, because of the ultra-soft nature of brain tissue, our
recorded tensile forces were extremely small and sometimes close
to the sensitivity of our force sensors. The challenges of probing
brain tissue in tension are well acknowledged in the literature
[8,43]. In the low-force regime, our tensile tests-and with them
the tensile fit-are therefore less accurate than the shear and com-
pression fit. For similar reasons, we could not perform reasonable
relaxation tests in tension, which might explain a calibration bias
towards shear and compression, which were much better repro-
duced by the model than tension.

Fourth, we only considered quasi-static and stress relaxation
experiments to calibrate our model in the slow-to-moderate load-
ing regime. We loaded all specimens at the same speed; since the
dimensions of the specimens may vary, in retrospect, it would have
been more consistent to adjust the speed and load all specimens at
the same strain rate. Limited by the capabilities of our testing
device, we were not able to probe the tissue at extreme loading
rates. Our study was intentionally designed to understand the
brain under physiological conditions. This implies that our model
parameters are well suited to model phenomena of neurodevelop-
ment [59] and neurosurgery [2]; yet, it is likely that our results will
not directly translate into the extremely fast loading regime to
model phenomena of traumatic brain injury.

Last, and maybe most importantly, an evident limitation of our
study is that it is based on non-living, isolated humanbrain samples.
Undoubtedly, the ex vivo response under simple shear, unconfined
compression, and extension is different from the behavior of the liv-
ing brain under complex mixed loading conditions in vivo [60,61],
and further studies are needed to establish correlations between
brain tissue ex vivo and in vivo. With rapid developments in mag-
netic resonance elastography [62],we are beginning to gain adeeper
insight into the complex rheology of the human in vivo [63]. While
magnetic resonance elastography is a promising technology to
non-invasively characterize the loss and storagemoduli of the living
brain, it is usually associated with the assumptions of linear elastic-
ity, isotropy, homogeneity, and incompressibility [64]. We are cur-
rently performing combined magnetic resonance elastography,
tissue histology, andmechanical testing [65] to cross-validate these
methods for porcine brains. Along those lines, the regional data of
the current study could provide valuable information to calibrate
and validate magnetic resonance elastography for human brains.
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6. Conclusion

We have characterized the rheology of human brain tissue
through a family of finite viscoelastic Ogden-type models and suc-
cessfully identified their parameters for multiple loading modes in
four different regions of the brain. Our viscoelastic brain models
are straightforward to integrate-if not already present-in standard
nonlinear finite element solvers. Even the simplest model of the
family, with only one viscoelastic mode and five material parame-
ters, naturally captures the essential features of brain tissue: its
characteristic nonlinearity, pre-conditioning, hysteresis, and
tension-compression asymmetry. For the first time, we have simul-
taneously identified a single parameter set for shear, compression,
tension, shear relaxation, and compression relaxation loading. This
parameter set is critical for computational simulations under phys-
iological conditions, where loading is naturally of mixed mode nat-
ure. Especially in regions of gray matter, we observed a marked
sensitivity to pre-conditioning. This suggests that in certain brain
regions, at certain loading rates, additional time-dependent effects
like poroelasticity could play a non-negligible role. Understanding
the characteristic rheology of the human brain will improve simu-
lations of human brain development and neurosurgical procedures
with the ultimate goal to enhance personalized treatment
planning.
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Appendix A. Time integration

A.1. Implicit exponential time integration

In this study, we adopt an implicit exponential time integration
scheme to advance the viscoelastic constitutive equations in time
[31,32,38]. We divide the testing period of interest into discrete
time intervals t 2 ½ tn; t � with Dt ¼ t � tn P 0, where we denote all
quantities of the previous time step through the subscript ð�Þn
and neglect the subscript ð�Þnþ1 for all current quantities for nota-
tional simplicity. From the experiments, we know the deformation
gradient F of the current time step t. From the discrete time inte-
gration, we know the internal variables, the inverse viscous right

Cauchy-Green deformation tensors ðCv
i;nÞ�1 of all i modes, of the

previous time step tn. Prior to the first time step, we initialize all

internal variables to the unit tensor, ðCv
i;0Þ
�1 ¼ I. Central to the

implicit time integration is the evolution equation for the elastic
right Cauchy-Green deformation tensor,

_be
i ¼ F � ð _Cv

i Þ
�1 � Ft þ _F � ðCv

i Þ
�1 � Ft þ F � ðCv

i Þ
�1 � _Ft: ðA:1Þ

We integrate this evolution equation implicitly using an exponen-
tial mapping algorithm [40,31] based on an operator split with an
elastic predictor and an iterative inelastic corrector step. In the elas-
tic predictor step, indicated by the subscript ½��tr, we freeze the

inelastic deformation, ðCv
i Þ
�1 ¼ ðCv

i;nÞ
�1, and determine the trial elas-

tic Cauchy-Green deformation tensors using Eq. (8),

½be
i �tr ¼ F � ðCv

i Þ
�1
n � Ft: ðA:2Þ

From their spectral representation,

½be
i �tr ¼

X3
a¼1
½ke

i a�2tr ½ne
i a�tr � ½ne

i a�tr: ðA:3Þ
we calculate the trial elastic eigenvalues ½ke
i a�tr. In the inelastic cor-

rector step, we evaluate the rate of the elastic Cauchy-Green defor-
mation tensors using Eq. (A.1), but now freeze the spatial velocity
gradient, l ¼ 0, and thus, _F ¼ 0, which only leaves a single term,
_be
i ¼ F � ð _Cv

i Þ
�1 � Ft ¼ Lvbe

i . During the corrector step, this term is
equivalent to the Lie-derivative, Lvbe

i , of the elastic left Cauchy-
Green deformation tensor along the velocity field of the material
motion. We reformulate the evolution Eq. (20) in terms of the Lie

derivative, si =gi ¼ �Lvbe
i � ðbe

i Þ
�1
, to express the rate of the elastic

Cauchy-Green deformation tensors [31],

_be
i ¼ �

1
gi
si � be

i : ðA:4Þ

We approximate Eq. (A.4) using an exponential map with the initial
value ½be

i �tr from Eq. (A.2)[38,32],

be
i ¼ exp �Dt

gi
si

� �
½be

i �tr: ðA:5Þ

In the case of material isotropy, si and be
i share the same eigenvec-

tors, ½be
i �tr is coaxial to be

i with ½ne
i a�tr ¼ ne

i a, and we can write Eq.
(A.5) in the eigenspace and express it in terms of the elastic
stretches ke

i a and elastic trial stretches ½ke
i a�tr,

ðke
i aÞ2 ¼ exp �Dt

gi
si a

� �
½ke

i a�2tr: ðA:6Þ

Taking the logarithm of both sides, we obtain a nonlinear equation
for the elastic logarithmic principal stretches �ei a,

�ei a ¼ lnðke
i aÞ ¼ �

Dt
2gi

si a þ ½�ei a�tr: ðA:7Þ

To iteratively solve Eq. (A.7), we adopt a Newton Raphson iteration,
rephrase it in residual form,

Ra ¼ �ei a � ½�ei a�tr þ
Dt
2gi

si a¼: 0; ðA:8Þ

and calculate its tangent,

Kab ¼ @Ra

@�ei b
¼ dab þ Dt

2gi

@si a
@�ei b

; ðA:9Þ

where

@si a
@�ei a

¼ 2li þ
4
9
ð~ke

i aÞ
ai þ 1

9
ð~ke

i bÞ
ai þ 1

9
ð~ke

i cÞ
ai

� �
@si a
@�ei b

¼ 2li �
2
9
ð~ke

i aÞ
ai � 2

9
ð~ke

i bÞ
ai þ 1

9
ð~ke

i cÞ
ai

� �
;

ðA:10Þ

for a – b; a – c, and b– c. We iteratively update the elastic logarith-

mic principle stretches, ½�ei a�  ½�ei a� �
P3

b¼1K
�1
ab Rb, and iterate until

the residual is smaller than a user-defined tolerance, jjRajj <tol. At
equilibrium, we update and store the internal variables,

ðCv
i Þ
�1 ¼ F�1 � be

i � F�t. Finally, we calculate the equilibrium Kirchhoff
stress seq using Eq. (15), the non-equilibrium Kirchhoff stress sneq

using Eq. (13) with the individual contributiosn si from Eq. (17),
the deviatoric Piola stress ~P ¼ ½seq þ sneq � � F�t, and the shear stress

Pw
xz ¼ ePð1;3Þ or Pw

yz ¼ ePð2;3Þ, or the compressive or tensile stress

Pw
zz ¼ ePð3;3Þ � pF�tð3;3Þ, where, for the latter, we also need to

include the incompressibility constraint, �pF�tð3;3Þ. Table A.8
summarizes our algorithm for the implicit time integration with
exponential update.



Table A.8
Algorithm for implicit exponential time integration.

Table A.9
Algorithm for explicit time integration.
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A.2. Explicit time integration

As an alternative to the exponential time integration, we also
implemented an explicit time integration scheme to advance the
viscoelastic constitutive equations in time. Again, we divide the
testing period of interest into discrete time intervals t 2 ½ tn; t � with
Dt ¼ t � tn P 0, wherewe denote all quantities of the previous time
step through the subscript ð�Þn and neglect the subscript ð�Þnþ1 for
all current time quantities for notational simplicity. From the exper-
iments, we know the deformation gradient F of the current time
step t. From the discrete time integration, we know the internal
variables, the viscous right Cauchy-Green deformation tensors Cv

i;n

and and their rates _Cv
i;n for all i modes, from the previous time step

tn. Prior to the first time step, we initialize Cv
i;0 ¼ I and _Cv

i;0 ¼ 0. Cen-
tral to the explicit time integration is the evolution equation for the
viscous right Cauchy-Green deformation tensor, which, under the
assumption of a spin-free viscous deformation, wv

i ¼ 0, becomes

_Cv
i ¼ 2 � Ft � ½ ðbe

i Þ
�1 � dv

i �
sym � F: ðA:11Þ

We integrate this evolution equation explicitly using the Heuns
method, an improved Euler method, based on a predictor and a cor-
rector step. In the predictor step, indicated by the superscript ð�ÞH,
we determine the predictor of the viscous right Cauchy-Green
deformation tensor,

CvH
i ¼ Cv

i þ _Cv
i Dt; ðA:12Þ

using the classical Euler forward method. With it, we calculate the
predictor of the elastic left Cauchy-Green deformation tensor,
beH
i ¼ F � ðCvH

i Þ
�1 � Ft, the predictor of the Kirchhoff stress,

sHi ¼ sHi ð~keH
i a Þ, the predictor of the viscous stretch rate, dvH

i ¼
sHi =2gi, and, last, the predictor of the rate of the viscous right

Cauchy-Green tensor, _CvH
i ¼ 2Ft � ½ ðbeH

i Þ
�1 � dvH

i �
sym
� F. In the correc-

tor step, we use this rate to more accurately determine the viscous
right Cauchy-Green deformation tensor,

Cv
i ¼ Cv

i þ
1
2
½ _Cv

i þ _CvH
i �Dt; ðA:13Þ

using the trapezoidal rule. With this corrected viscous right Cauchy-
Green deformation tensor, we calculate the corrected elastic left

Cauchy-Green deformation tensor, be
i ¼ F � ðCv

i Þ�1 � Ft, the corrected
Kirchhoff stress, si ¼ sið~ke

i aÞ, the corrected viscous stretch rate,
dv
i ¼ si=2gi and, last, the corrected rate of the viscous right

Cauchy-Green tensor, _Cv
i ¼ 2Ft � ½ ðbe

i Þ
�1 � dv

i �
sym � F. We then store

the internal variables, the viscous right Cauchy-Green tensor Cv
i

and its rate _Cv
i , for the next time increment. Finally, similar to the

exponential algorithm, we calculate the equilibrium stress seq using
Eq. (15), the non-equilibrium stress sneq using Eq. (17), the devia-
toric Piola stress ~P ¼ ½seq þ sneq � � F�t, and the shear stress

Pw
xz ¼ ePð1;3Þ or Pw

yz ¼ ePð2;3Þ, or the compressive or tensile stress

Pw
zz ¼ ePð3;3Þ � pF�tð3;3Þ, where, for the latter, we also need to

include the incompressibility constraint, �pF�tð3;3Þ. Table A.9
summarizes our algorithm for the implicit time integration with
exponential update.
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