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tensor algebra - invanants

® (principal) Invariants of second order tensor

[A = tr (A)
Iy = L [tr?(A) —tr (A?)]
I, = det(A)

e Jernvatves of Invarants wit second order tensor

(9A [A :I
Op Iy = 11— A
Op I, =

I, A %\
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tensor algebra - trace

® trace Of second order tensor tr(u ®@v) =u-v
tI’(A) tI’(AZ'j €; 024 ej)

A'L’j tr(ei & ej) = Aij €€

Ajj 055 = Ay = Apr + Agp + Ass

® properties of traces of second order tensors

tr(I) 3

tr (A1) = tr (4)

tr(A-B)=tr(B- A)
(aA+ﬁB)—atr( )+ Gtr(B)
tr(A-B')=A:B
tr(A)=tr(A-I)=A:1 %
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tensor algebra - determinant

® Jeterminant of second order tensor Il 4 = det(A)

det(A) = det(Aw) = % eijk €abe Am Ajb Akc
= A1 AsAss + Agy AsoAjs + Ag1 A9 A3
— A1 Aoz Ay — Ago A1 Ars — Ass Ao Ao

* properties of determinants of second order tensors

det (I) =1

det (A") = det (A)

det (o A) = o’ det(A)
(A

det (A - B) = det(A) det(B) %\
det(u ® v) =0

tensor calculus 4




tensor algebra - determinant

e determinant defining vector product

up U1
Uy Uy
us U3

u X v = det

e Jdeterminant defining scalar triple product

w, v, w| = (u X v)-w = det
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tensor algebra - inverse

® Nverse of second order tensor
A-A7"'=A""A=T1 nhpatclarv=A4-u A ' v=u

® J0joiNt and cofactor

A = det(A) A7 A" = det(A) A" = (A
Oadet(A) =det(A) A" =IT4, A" = A

e Droperties of inverse det(A™) = 1/det(A)
(At = A
(aAH = ot A
(A-B)! = B~l.A"!
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tensor algelbra - spectral decomposition

® cigenvalue problem of second order tensor
A-’I’LA:)\A’I?,A [A—)\AI]”I’LA:O

® SolUtion det (A — X4 I) =0 Interms of scalar triple product
A-u—du, A-v— v, A-w— I w| =0

® Characteristic equation I, = tr(A)
Ny = I N+ g g — Iy =0 [T, = L 62 (A) — tr (A?)
I, = det(A)

® spectral decomposition
A= 2?21 Adi T a; @ Ty,

® Cavleigh hamitton theorem
A’ —[AA2—|—[[AA—[[[AI: 0

A A
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tensor algebra - sym/skw decomposttion

® SVMMeEtrc - skew-symmetric decomposition
A=1[A+ A+ 1A A=A 4 AN

® symMMetrc and skew-symmetric tensor
Asym — (Asym)t Askw _ _(Askvv)t
® symMmetric tensor
AY" =LA+ A =1 A

e skew-symmetric tensor
Askw — %[A—At] _ Iskw : A
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tensor algebra - symmetric tensor

e symmetric second order tensor
Asym _ %[A T At] Asym _ (Asym)t Asym _ S

® Drocesses three real eigenvalues and corresp.elgenvectors
Is = Ag1+ Asa+ Ass
S=37 Asi(nsi®ns;) IIs = AgaAgs+ Asz As1 + Agi Ago
s = Ag1Ag2 As3

® sguare root, Inverse, exponent and log

VS = Zi)):l Vsi (ng ®ng;)
S—1 = >, Asi  (ng @ ng;)
exp (S) = Zle exp (Asi) (Mg @ mg;) %\
n(S) = Y., () (ns®ng)
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tensor algebra - skew-symmetric tensor

® skew-symmetnc second order tensor

ASkW _ [A . At] Askw _ _(Askw)t Askw — W

1
2

® Drocesses three independent entries defining axial vector

w:—%g:W 'w:—é-'w suchthat W.-v=w x v

® nvariants of skew-symmetric tensor

Iy = w-w
Iy, = det(W) = 0

tensor calculus



tensor algebra - vol/dev decomposttion

e \olumetric - deviatoric decomposition
A: Avol_|_Adev

e volumetric and deviatorc tensor
tr(AY) = tr(A) tr(A%Y) =0

e \yOolumetrc tensor
A =1A:IIT=1"":A

® Cloviatornc tensor
A =A— LA TIIT=1": A

1
3
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tensor algebra - orthogonal tensor

e Orthogonal second order tensor Q € S0(3)
Q'=Q & Q'Q=Q-Q'=1I
® Jecomposition of second order tensor
A=Q- U=V-Q
suchthat a-U-a>0 and a-V-a>0

® proper orthogonal tensor @ € S0(3) Nas elgenvalue Ag =1

1 0 0
Q- ng=ng WwWih |Qiyjl=|0 +cosp +sing %

| 0 —sing +cosyp |
Nterpretation: finite rotation around axis ng
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