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tensor calculus

tensor ['ten.sor] the word tensor was introduced
in 1846 by willlam rowan hamilton. 1t was
used 1n 1ts current meaning by woldemar
volgt 1n 1899. tensor calculus was deve-
loped around 1890 by gregorio riccili-curba-
stro under the title absolute differential
calculus. 1n the 20th century, the subject
came to be known as tensor analysis, and
achieved broader acceptance with the intro-
duction of eilnstelins's theory of general
relativity around 1915. tensors are used
also 1n other fields such as continuum
mechanics.
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tensor calculus - repetition

® \actor algebra
notation, euklidian vector space, scalar product, vector
oroduct, scalar triple product

® tensor algebra
notation, scalar products, dyadic product, invariants, trace,

determinant, inverse, spectral decomposition, sym-skew
decomposition, vol-dev decomposition, orthogonal tensor

e teNsor analysis
dervatives, gradient, divergence, laplace operator, integr.
transformations
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vector algebra - notation

® cinstein's summation convention

Uu; — Z?:lAij ZL’j -+ bz = Aij Cl?j -+ bz

e sumMmmMation over any Indices that appear twice in a term

w = Anxr + Apre + Ay + by
Uy — A21 1 + A22 T + Agg X3 -+ bg
U3z — Agl I -+ Agg T -+ A33 X3 + bg
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vector algebra - notation

e Kronecker symool

s [1 for =y
w10 for 1#£j

U; — 57;]' Uj

e permutation sympool

3

eiik=<¢ —1  for  {i,7,k} ... odd permutation

0 ... else %\
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vector algebra - euklidian vector space

e cuKlidian vector space V°
a,f €R R ... real numbers
w,v €V’ V3 ... linear vector space

e V° is defined through the folowing axioms
a(u+v) = autav
(a+B)uw = au+fu
(@f)u = a(fu)
® 7010 element and identity

Ou=20 lu=u
* inear independence of er, es,e3 € VP if ap =as = a3 =0
S the only (trvial) solution to «; e; = 0

tensor calculus 6




vector algebra - euklidian vector space

e cukidian vector space Vequipped with norm [ r=aa

n: V—-=R ... norm
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vector algebra - euklidian vector space

e cUKlidian vector space £’equipped with
euklidian norm

n: & —R ... euklidian norm
n(u) = ||u|| = Vu - u = [uf +uj + u3]"/?

e representation of 3d vector u € &2

U =1u €e; =U| €] + Uy €s + U3 €3

WITth uy, ue, uz COOrdinates (components) of w relative to
the basis ey, es, e3
U = [u17u27u3]t
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vector algebra - scalar product

e cukldian norm enables definition of scalar (inner) product

U v = a € R
u - v = ||u|||[v]| cosV

|u - vl < [lul[]v]]
® Droperties of scalar product

(Oéu—:ﬁ'v)°w:()d(U‘w)—|—ﬁ('U"l,U)

w-(au+pv)=a(w -u)+0(w-v) Y

e positive definteness
e Orthogonality

u-u >0,

u-v=»0

/‘/
Z

ol
/’//
= 3

7o, U

//

u

' >
||u|| cosd | v

||ul|| cosd

u-u=0<u=0
& uw Lo

i
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vVector algebra - vector product

® \/oCtOr product

U Xv=w w e &’

u X v = ||ul|||v|| sindn

uxv=0 & u || v

-w1_ -U2713 — Usvz-

wy | = | usv;y — U U3

| W3 | | U1V2 — U271 |
e properties of vector product

U XV=—TVXU

(au+ fv)xw=a(uxw)+ [(vxw)

u-(uxv)=0

A

w

0

J

||| sin®
[/

(uxv) - (uxv)=(u-u)(v-v)— (u-v) %
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vVector algebra - scalar triple product

® scalar triple product 1
X W
w,v,w=u-(vxw)=a a€R I o
u X v = ||lul|||v]] sindn aea 7
w, v, w| =u- (v X w) volume o

a = u (Vw3 — v3ws) + us(vzwy — viws) + uz(Viwe — V3w )
e properties of scalar triple product
u, v, w| = [v,w,u| = |[w,u,v]
= — |u,w,v] = —|[v,u,w| = — |lw, v, u
[Od,u’ + /B’U,w,d] — [u,w,d] + 6 [’U,w,d]
° [near independency  [u,v,w] #0
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tensor algebra - second order tensors

® second order tensor

A=uR@v u=1ue and vV =10;e,
A A A
A=A4;e Qe [Aij] = | Aor Asa Aog
| Az Az Asz |

with As; = u; v; coordinates (components) of A relative 1o
the basis ey, es, e3

® franspOse Of second order tensor

A'=(u®v) =v0u A Ay Ay
A'=Ae;®e; Al = | Az Age Aso
i Az Axz Ass |
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tensor algebra - second order tensors

e second order unit tensor In terms of kronecker symopo
I = 52'3' e, X €,

with di; coordinates (components) of I relative to the
0asis  ei, ey, es

® Mmatrix representation of coordinates

1 0 O
bul=10 1 0
0 0 1
o identity )
I - u=u 5ijei®€j'ujej:uiei
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tensor algebra - third order tensors

e TNird order tensor
gl,:A@’U A=Ae ®e;and v =v;e
3
a— Ak € &) €; X e

WIth aiji = Asj v COOrdinates (components) of Arelative

to the basis €1, €2, €3

e tNird order permutation tensor In terms of permutation

symbol &,.,
3
€— €k €; &) €; X e %
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tensor algebra - fourth order tensors

e fourth order tensor
A:A®B A:Aijei@)ejandB:Bklek@el

A=A.e Qe Qe,R e

wWith A = Asj B coordinates (components) of A
relative 1o the basis ey, ey, e3

e fourth order unit tensor

|:5ik5jlei®ej®ek®el 1 A=A
® franspose of fourth order unit tensor
|t:5il5jk6¢®6j®€k®el |tiz4:z4t
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tensor algebra - fourth order tensors

e symmetric fourth order unit tensor
IV =2 [0 0+ oudplei®e; @e e IV A= AV

® SCrew-symmetric fourth order unit tensor
ISkW == % [5zk 5jl — 5’L’l 5]k] e X €; X e X e ISkW A= ASkW

e \olumetric fourth order unit tensor

Ivol _ %523 5kl e; R ej X ey R e Ivol : A _ Avol
e Jeviatoric fourth order unit tensor 9V . A = A“
19V = [—% 05 Okl + % 0 051 + % 0udik) € ®e; ®er R e
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tensor algebra - scalar product

e scalar (inner) product

A -u (Aijei &) ej) . (uk ek)
Aij UL 5jk e, — Aij Uj e, —UV,€e;, =7

Of second order tensor A and vector w

® 7cro and identity 0-u=0 I - u=u
e positve definiteness a-A-a >0
® properties of scalar product

A-(aca+pb)=a(A-a)+F(A-b)
(A+B)-a=A-a+B-a %\
(dA)-a=a(A-a)
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tensor algebra - scalar product

e scalar (inner) product

A-B = (AZJ e; X ej) : (Bkl er X el)
= A B oive; @ e
= Az’j le e, Xe = C’ilei X e; = C

Of two second order tensors A and B

® 7or0 and Identity 0-A=A I- A=A
® properties of scalar product (A-B)'= B! A
a(A-B)=(aA)-B=A-(aB)
A- (B+C)=A-B+A.-C
(A+B)-C=A-C+B-C
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tensor algebra - scalar product

e scalar (inner) product

A: B = (AZ] e X 6]') : (Bkl €. X 61)
Aij Bl 0ik 5jl — Aij Bij —

of two second order tensors A, B

e scalar (inner) product

A . B = (Az]kl €; ® ej ® €L @ el) . (an €n ® €n>
— Aijkl an 5kzm 5ln e; €,
Aijkl Bklei & €, — Aijei & €, — A

of fourth order tensors A and second order tensor B
® 7or0 and Identity 0:A=0 1: A=A

i
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tensor algebra - dyadic product

e dyadic (outer) product
AZU(X)U:UZ'BZ'@?JJ'G]' :uivjei@)ej :Aijei@)ej

Of two vectors u, v Introduces second order tensor A

* properties of dyadic product (tensor notation)
(u®v) w= (v - w)u
(au+pBr)ow=a(u@w)+ (v w)
u®R (av+fw)=a(u®v)+ [ (u®w)

(u@v) (wRx)=(v - w)(u®x)
A (u®v)=(A -u)Qv
(u®Rv)-A=u® (A" v) %\
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tensor algebra - dyadic product

e dyadic (outer) product
AZU(X)U:UZ'BZ'@?JJ'G]' :uivjei@)ej :Aijei@)ej

Of two vectors u, v Introduces second order tensor A

e properties of dyadic product (ndex notation)
(uivj) wy = (vj wy) w,
(au; + Bv))w; = a(wwj) + B (v; wy)
ui(av; + fw;) = a(uv;) + B (u; w;)
(uiv)(wj xx) = (v; w;) (wizy,)
Aij(ujvg) = (A i)
(uiv;) Aji = wi(Agj vy) %‘
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