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4 Constitutive equations

volumetric - deviatoric decomposition

specific stored energy (quadratic in volumetric and devia-
toric strains)

W = Wvol ( evol) + Wdev ( €dev)

. o (4.3.16)
= dele IR 4 pferen ]
with
e = e:II = I :e
(4.3.17)
e’ = e—zle: Il = I :e

stress tensor

c=DeW=FE:e=3ke" +2ue (4.3.18)

matrix representation of coordinates

KI + 2 yedev 2 yedev 2 yedev
(0] = 2uessy  kle+2ueysy  2uessy (4.3.19)
2 yedev 2 yedev KI + 2 yedev

linear elastic continuum tangent stiffness

E® = 3xI" + 2 ul"  Djo = IE™ : Dse (4.3.20)
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4 Constitutive equations

linear elastic continuum secant stiffness

E=3xI""+2ul* o¢=E:e¢€ (4.3.21)
Voigt representation of stiffness tensor
_K—F%y K—2u k—3u 0 0 0
K—2u k+5u k—350 0 0 0
E_ K—3u k—35u k+31 0 0 O 43.22)
0 0 0O u 0 O
0 0 0O 0 u O
0 0 O 0 0 pu
transformation with fourth order unit tensors
I =il (4.3.23)
[ = ™ - =19 - I ® I
thus
E — [Fton — 37 4 2 e
A (4.3.24)
= AL 4 2ul™
= AT + 2ul™
bulk modulus and shear modulus
K=A+ % U and U (4.3.25)
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4 Constitutive equations

comparison of coordinates Eq111 and Eq122

4 2 4
Ktop = A+su+su=A+2u
3 33 (4.3.26)

restrictions to elastic constants from positive stored energy,
i.e. positive definite elastic stiffness

2
€e:E:e>0 Ve#0 — K,;1>O,A>—§;4(4.3.27)
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4 Constitutive equations

4.3.2 Specific complementary energy

fourth order elasticity tensor
E=2ull™" +AI®I c=IE:e€ (4.3.28)

inversion by making use of Sherman-Morrison-Woodbury
theorem

/A=B+aC®D (4.3.29)

inverse of rank 1 modified fourth order tensor
B!':C®D:B!
1+aD:B1:C
with /A =1FE, A ! =C B =2ul",a = A, C = I and
D = I we obtain the fourth order compliance tensor

AtT=B'!—n (4.3.30)

1 A
— ™ IQI =T 4.3.31
¢ 2u 2u2u+3A] @ ¢ o )
or rather
C=v4IRI+ L]ISym with = — A (4.3.32)
=7 21 T T oupraA]

check
with Io™ . ™ = ™, %™ : [IQ I = I®Iand [IR ] :
IRI =311
E:E '=2ul"™ +AI®1I]: [iﬂsym — A I® I
2u Zy[th +3A]
2 2u2u+3A]  2u[2u + 37|
(4.3.33)

— ]Isym _l_ [

115



4 Constitutive equations

Voigt representation of compliance tensor

Tta 7 vy 0 0 0
1
++ 0 0 0
e (4.3.34)
0 0 0 v 0 O
0 0 0 0 4 O
1
] 0 0 0 0 O il
strain tensor (linear in stresses)
§ 1
e =DgW :([:0':7[0':1]14—50' (4.3.35)
matrix representation of coordinates
vl + ﬁffn ﬁfﬁz ﬁffm
[eij] = i(fm v, + ﬁ(fzz ﬁUZC’) (4.3.36)
ﬁ%l ﬁ%z vl + ﬁff%

specific complementary energy (quadratic in stresses)

1 1 . 1.,
. A = — . — | 4.3.37
W 57 C:o 2’y[¢7 I] +4M[0' ] (4.3.37)
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4 Constitutive equations

volumetric - deviatoric decomposition
fourth order elasticity tensor
E=2ul"+3«xI"" o¢=E:e¢€ (4.3.38)

inversion by making use of orthogonality of I*! and T4
yields fourth order compliance tensor

1 1
C =T+ _—I" =C: 4.3.39
TR € o (4.3.39)
check
with I[dev . I[dev — I[devl I[VOI . I[VOI — I[VOI and I[dev . I[VOI )
1 1
E : lE—l — [2 ]/l]IdeV + 3K]IV01] . [_I[dev + _]Ivol]
2u 3K (4.3.40)

— I[dev T I[VOI — 1

Voigt representation of compliance

5 tar o @i e 0 0 0
o~ owter sw—ean 0 0 0O

T = o % st 000 (4.3.41)
0 0 0 ﬁ 0 0
0 0 0 0 ﬁ 0
0 0 0 0 0 ﬁ
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4 Constitutive equations

comparison of coordinates Cj11; and Cyia

1 n 2 1 n 2 1 1 n 3
9  6u  9A+6u  6u  3[BA+2u]  3[2u]  3[2u]
_ 2u—3A—2u 4 1
- 3[2] BA+2u] 2
2u2p+3A 2 2
1 1 1 1 1 1
9% 6y  9A+6u  6u  3[BA+2u| 3[2u]
_ 2u=3A-2uy A B
T 32uBA+2u] . 2up+3A]
: : : (4.3.42)
strain tensor (linear in stresses)
. 1
e=DoeW*"=CQ:0=x|0: I]I+Eo' (4.3.43)
matrix representation of coordinates )
KI + 2 yedev 2 yedev 2 yedev
L€ij] = 2ueley  xl.+2uely 2 uessy (4.3.44)
2 yedev 2 yedev KI + 2 yedev

specific stored energy (quadratic in volumetric and devia-
toric stresses)

W* = W*vol(o.vol) + W*dev(o.dev)

— %KGVOIZ + 1 [edeVZ : I]

(4.3.45)
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4 Constitutive equations

4.3.3 Elastic constants

isotropic linear elasticity can be characterized by only two
elastic constants

E,v E,u Ay K, U
P P 1 [3A + 2u] O u
A+ 3K+ u
y E—2u A 3k —2u
. 2 2[A + 6K + 2u
i 2[1+ 1] i i i
Ev HE —2p] 2
A 1+ v][1— 21 si—E | gk
K L L )\_‘_g K
31— 2v] 331 — E| 3

Table 4.1: relations betweeb elastic constants
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4 Constitutive equations

4.4 Transversely isotropic hyperelasticity

fiber direction n and structural tensor N
N=n®n  with n| =1 (4.4.1)

specific stored energy:
isotropic tensor function with two arguments

W = W(e,n)=W(e,—n) =W(e N)
= W(Q-e-Q'Q-N-Q) VQeSO(3)

representation theorem for isotropic tensor functions with
two arguments

(4.4.2)

W = W(€, N) = W(ie, iN, ieN/) (443)
irreducible set of ten invariants, integrity basis
ie. = {e:Ie*:1,e:1}
in = {N:I,N>:I,N°: I} (4.4.4)
ien = {€:N,e:N?¢€*:N,e*: N?}
recall different representation of set of three invariants
ie = {e:Le*: 1, :1} basic invariants

ie = {tr(e),2[tr*(e) — tr(€?)],det(e)} principal invariants

ie = {(Aa+ A2+ Ae3), (Aeares + AcsAer + AeiAes), (Aaade2Aes) }

eigenvalue representation of principal invariants
(4.4.5)

until now: principal invariants i, now: basic invariants I
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4 Constitutive equations

with properties of structural tensor, idempotence & normal-

ization
N> = NN = [n®n]-[n®@n=n®@n=N
| I | (4.4.6)
N:I =nn = |n*=1
reduced representation with five invariants
W=W( N)=W(L,II,III, 1V, V,) (4.4.7)

representation theorem for isotropic tensor functions with
two arguments

c(e,N) = fil+ fre+ f3€ - €+ faN + fs|e- N+ N -€] (4.4.8)
stress for transversaly isotropic hyperelastic material

DW DI, DW DII. DW DIII,

DI. De +DI_I€ De +DITI€ De
DW DIV, DW DV.

~DIV. De ' DV. De

O'IDeW:

(4.4.9)

with derivatives of invariants I., 1., II11., IV, V. with re-
spect to second order tensor €

I. =€ : 1 linear Del. =1

Io = € : 1 quadr. Dell. = 2e
III. = € : I cubic Delll, = 3€? (4.4.10)
IV. = € : N linear DelV. = N

V. = € : N quadr. DeV. = €e€-N+N-e

withV,=e?: N=[e-¢]:N=€:[e-N|=¢€:[N-¢€]
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4 Constitutive equations

alternatively
IV.c=e:N=mn-€-n and V.=€’:N=n-€*n
general represenation of stress
c=DcW = D:WI+2D+sWe+3D;;; W e?
€ I. Il, ITI, (4.411)
— Dﬂ/eWN—I—DVeW [G'N—I—N'G]
comparison of coefficients

assumption of linearity (quadratic term vanishes), six mate-
rial parameters f11, fia, fo, fa1, fas, f5

i = DIW = file+ fuslVe

fo =2 Dy W = const.

fs =3 Dy W = 0 (4.4.12)
fa = Dy W = fule+ fulVe

fs = Dy W = const.

specific stored energy (quadratic in strains)

1 1 1 R
W=§0'1€ = §f11T§+§f141VeIe—l—§f2Ue

T 1 ., o (44.13)
+ §f41 [eIVe+ §f44 Vo4 f5 V2
stress tensor (linear in strains)
c=DW=[fu1le + fuslV] I + fr€
[fll € f14 e] f2 (4414)

+ [fule + fulV N+ fsle- N+ N - €]
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4 Constitutive equations

linear elastic continuum tangent stiffness (constant in strains)
[Et = Deo

E™ = MIQI+ ful SN+ fuN® I+ fuN @ N+ LIV + f5/A

(4.4.15)
whereby /A =2Dgele- N + N - €]

due to symmetry reduction to five material parameters f14 = fu

E™ = fIQ@I+ fu[l@N+NQI| + fuN @ N + I + f5/A
(4.4.16)

linear elastic continuum secant stiffness

E=MmIQI+ fullQ N+ N&®I|+ faaN @ N + fLI™ + f5/A
(4.4.17)

physical interpretation of parameters
interpretation of fi1, fia = fa1, fas, frand fs5 Spencer [1984]

1 1 ] _
wzEAT3+0¢1€1V€+551v§+m11€+2[;4”—m]vg
(4.4.18)
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4 Constitutive equations

stress tensor (linear in strains)

c=DW=[AL+alV]I +2u, e

+ale+BIVIN+2[u—pu1]le- N+ N €]
(4.4.19)

Voigt representation of stiffness tensor for n = [1,0,0]", i.e.
transverse isotropy with respect to the e; axis

AT204+40 L A4a 0 0 0
—2p1 +p

Ao A42u. A0 0 0

E— Ata A A+2u, 0 0 0

0 0 0w 0 0

0 0 0 0 u, O

0 0 0 0 0 y

(4.4.20)

comparison of coefficients

fu=A fo=2p, fu=a=fu fu=p fs=2[p—p
(4.4.21)

with shear moduli ) for shear in fiber direction and ., for
shear parallel to the fiber direction
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