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4 Constitutive equations

4.2 Hyperelasticity

4.2.1 Specific stored energy

a hyperelastic / Green elastic constitutive law can be repre-
sented in the following form

c=c(e) and D*=W-Djp=0 (4.2.1)

e invertible relation between stress ¢ and strain € (and
stress and strain rates D;o and D;e€) based on a potential

e potential corresponds to elastically stored specific energy
e by construction no dissipation of energy in closed strain
circles

stress power WV
W =0 :Die =Dy (4.2.2)
ensuring D' = W — D¢ = 0 by construction, thus
p=1(e) and D =Dey:Dse (4.2.3)

specific stored energy W as path independent integral of
stress power WV

W(e) = y(e) (4.2.4)
with

W(€t2) — W(eﬂ) = ’ Dtht = /tz Wdt = /tz o :de

1 1 ' (425)
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4 Constitutive equations

generic hyperelastic / Green elastic constitutive law

o = DeW with W = W(e) (4.2.6)
t
e path independent W(epn) —W(en) = “aw
ty
e no dissipation 7{ dW =20
D?W

e symmetric De & De

relation between stress rates and strain rates defines contin-
uum tangent stiffness (fourth order tensor) IE™"

Dt(T = IEtan . Dt€ (427)

fourth order tangent stiffness / elastic material tangent

D*W
fan m = Ei]'kzei ®ei e e (4.2.8)
minor and major symmetries: reduction from 3* = 81 to

62 = 36 to 21 coefficients

Eiw = Ejijg = Ejx = Eje - and  Ejg = Egij (4.2.9)
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4 Constitutive equations

4.2.2 Specific complementary energy

specific stored energy

o =DeW with W = W(e) (4.2.10)

Legendre-Fenchel tranform o — €

W*(o) = sgp(a e —W(e)) (4.2.11)

specific complementary stored energy
W*=W*(c)=0c:€e(c) —W(e(r)) (4.2.12)

general hyperelastic constitutive law

e =DgsW*  with W= W*(0) (4.2.13)

relation between strain rates and stress rates defines contin-
uum tangent compliance (fourth order tensor)C™"

Die =C*:D,c  with (% =E""! (4.2.14)

fourth order tangent compliance

n D*W
qh = Do © Do = Ci]'kzei e e e (4.2.15)
minor and major symmetries: reduction from 3* = 81 to

62 = 36 to 21 coefficients

Ciwt = Cjiw = Cjix = Cijir - and  Cjjy = Cpyj (4.2.16)
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4 Constitutive equations

4.3 Isotropic hyperelasticity

4.3.1 Specific stored energy

isotropy: identical eigenbasis of stress and strain

3 3
o= Z)\m‘nm‘ X Ny € = Z)Leinei X Ng; (4.3.1)

i1 i
representation theorem for isotropic tensor—valued tensor
functions

c(e) = fil + fre + fze - € (4.3.2)

with f; = fi(I, 11, I11.) function of strain invariants

I.= tr (e)
II. = 3[tr?(e) — tr (€?)] (4.3.3)
[l = det (€)

representation theorem for isotropic scalar-valued tensor func-
tions

W(e) = W(I, IL, I1I,) (4.3.4)

with W(e) = W(Q-€e-Q") VQ € SO(3)
stress for hyperelastic material

DW DI. DW DIl DW DIII

I DI De ' DIL De ' DIIL. De

(4.3.5)
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4 Constitutive equations

with derivatives of invariants I, II, I11. with respect to sec-
ond order tensor €

Del. =1
Dell, = —e+ LT (4.3.6)
De III, = = [1l.et = €* — Le + IL.1

general representation of stress

c =D /WI+DyW |[—e+I.I+DyW [€*— Ie + III]

comparison of coefficients (4.37)
fl — DI€W—|— IeDIIeW—I— 11, D[[[ew
fo = — DuW — LD W (4.3.8)
fs = DmW

assumption of linearity (quadratic term vanishes), two Lamé
constants A and u

fi=IlA=e:IIA  f=2u  f;=0 (4.3.9)

specific stored energy (quadratic in strains)

W:%e:]E:e:%)\[e:I]2+y[62:I] (4.3.10)

stress tensor (linear in strains)

c=DecW=FE:e=fil+ fre=Ae:I|I+2ue (43.11)
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4 Constitutive equations

matrix representation of coordinates

AMe+2penn 2uep 2uen
(0] = 2uey Al +2uen  2uex (4.3.12)
2 HE31 2 HE32 )\Ie + 2 HE33

linear elastic continuum tangent stiffness (constant in strains)

E* = AT ® I + 2 ul™™ Do = E* : Dse (4.3.13)

linear elastic continuum secant stiffness

E=AM®I+2ul"™ o¢c=E:e¢ (4.3.14)

Voigt representation of stiffness tensor

(A+2u A A 0 0 0
A A+28 A0 0 0
e | A A+240 0 0 w15
0 0 0 u 0 0
0 0 0 0 u 0
0 0 0 0 0 u |
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