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4 Constitutive equations

4.2 Hyperelasticity

4.2.1 Specific stored energy

a hyperelastic / Green elastic constitutive law can be repre-

sented in the following form

σ = σ(ǫ) and Dloc = W − Dtψ = 0 (4.2.1)

• invertible relation between stress σ and strain ǫ (and

stress and strain rates Dtσ and Dtǫ) based on a potential

• potential corresponds to elastically stored specific energy

• by construction no dissipation of energy in closed strain

circles

stress power W

W = σ : Dtǫ
.
= Dtψ (4.2.2)

ensuring Dloc = W − Dtψ = 0 by construction, thus

ψ = ψ(ǫ) and Dtψ = Dǫψ : Dtǫ (4.2.3)

specific stored energy W as path independent integral of

stress power W

W(ǫ) = ψ(ǫ) (4.2.4)

with

W(ǫt2) − W(ǫt1) =
∫ t2

t1

DtWdt =
∫ t2

t1

Wdt =
∫ t2

t1

σ : dǫ

(4.2.5)
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4 Constitutive equations

generic hyperelastic / Green elastic constitutive law

σ = DǫW with W = W(ǫ) (4.2.6)

• path independent W(ǫt2)− W(ǫt1) =
∫ t2

t1

d W

• no dissipation
∮

d W = 0

• symmetric
D2W

Dǫ ⊗ Dǫ

relation between stress rates and strain rates defines contin-

uum tangent stiffness (fourth order tensor) IEtan

Dtσ = IEtan : Dtǫ (4.2.7)

fourth order tangent stiffness / elastic material tangent

IEtan =
D2W

Dǫ ⊗ Dǫ
= Eijklei ⊗ ej ⊗ ek ⊗ el (4.2.8)

minor and major symmetries: reduction from 34 = 81 to

62 = 36 to 21 coefficients

Eijkl = Ejikl = Ejilk = Eijlk and Eijkl = Eklij (4.2.9)
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4 Constitutive equations

4.2.2 Specific complementary energy

specific stored energy

σ = DǫW with W = W(ǫ) (4.2.10)

Legendre-Fenchel tranform σ → ǫ

W∗(σ) = sup
ǫ

(σ : ǫ − W(ǫ)) (4.2.11)

specific complementary stored energy

W∗ = W∗(σ) = σ : ǫ(σ) − W(ǫ(σ)) (4.2.12)

general hyperelastic constitutive law

ǫ = DσW∗ with W∗ = W∗(σ) (4.2.13)

relation between strain rates and stress rates defines contin-

uum tangent compliance (fourth order tensor) ICtan

Dtǫ = ICtan : Dtσ with ICtan = IEtan−1 (4.2.14)

fourth order tangent compliance

ICtan =
D2W

Dσ ⊗ Dσ
= Cijklei ⊗ ej ⊗ ek ⊗ el (4.2.15)

minor and major symmetries: reduction from 34 = 81 to

62 = 36 to 21 coefficients

Cijkl = Cjikl = Cjilk = Cijlk and Cijkl = Cklij (4.2.16)
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4 Constitutive equations

4.3 Isotropic hyperelasticity

4.3.1 Specific stored energy

isotropy: identical eigenbasis of stress and strain

σ =
3

∑
i1

λσinσi ⊗ nσi ǫ =
3

∑
i1

λǫinǫi ⊗ nǫi (4.3.1)

representation theorem for isotropic tensor–valued tensor

functions

σ(ǫ) = f1I + f2ǫ + f3ǫ · ǫ (4.3.2)

with fi = fi(Iǫ, I Iǫ, I I Iǫ) function of strain invariants

Iǫ = tr (ǫ)

I Iǫ = 1
2[tr

2(ǫ)− tr (ǫ2)]

I I Iǫ = det (ǫ)

(4.3.3)

representation theorem for isotropic scalar–valued tensor func-

tions

W(ǫ) = W(Iǫ, I Iǫ, I I Iǫ) (4.3.4)

with W(ǫ) = W(Q · ǫ · Qt) ∀ Q ∈ SO(3)

stress for hyperelastic material

σ = DǫW =
DW

DIǫ

DIǫ

Dǫ
+

DW

DI Iǫ

DI Iǫ

Dǫ
+

DW

DI I Iǫ

DI I Iǫ

Dǫ
(4.3.5)
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4 Constitutive equations

with derivatives of invariants Iǫ, I Iǫ, I I Iǫ with respect to sec-

ond order tensor ǫ

Dǫ Iǫ = I

Dǫ I Iǫ = −ǫ + Iǫ I

Dǫ I I Iǫ = = I I Iǫ ǫ−t = ǫ2 − Iǫǫ + I IǫI

(4.3.6)

general representation of stress

σ = DIǫW I + DI IǫW [−ǫ + Iǫ I] + DI I IǫW [ǫ2 − Iǫǫ + I Iǫ I]

(4.3.7)
comparison of coefficients

f1 = DIǫW + Iǫ DI IǫW + I Iǫ DI I IǫW

f2 = − DI IǫW − Iǫ DI I IǫW

f3 = DI I IǫW

(4.3.8)

assumption of linearity (quadratic term vanishes), two Lamé

constants λ and µ

f1 = Iǫλ = [ǫ : I]λ f2 = 2 µ f3 = 0 (4.3.9)

specific stored energy (quadratic in strains)

W =
1

2
ǫ : IE : ǫ =

1

2
λ [ǫ : I]2 + µ[ǫ2 : I] (4.3.10)

stress tensor (linear in strains)

σ = DǫW = IE : ǫ = f1I + f2ǫ = λ[ ǫ : I ] I + 2 µ ǫ (4.3.11)
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4 Constitutive equations

matrix representation of coordinates

[ σij ] =








λIǫ + 2 µǫ11 2 µǫ12 2 µǫ13

2 µǫ21 λIǫ + 2 µǫ22 2 µǫ23

2 µǫ31 2 µǫ32 λIǫ + 2 µǫ33








(4.3.12)

linear elastic continuum tangent stiffness (constant in strains)

IEtan = λI ⊗ I + 2 µIIsym Dtσ = IEtan : Dtǫ (4.3.13)

linear elastic continuum secant stiffness

IE = λI ⊗ I + 2 µIIsym σ = IE : ǫ (4.3.14)

Voigt representation of stiffness tensor

IE =
















λ + 2µ λ λ 0 0 0

λ λ + 2µ λ 0 0 0

λ λ λ + 2µ 0 0 0

0 0 0 µ 0 0

0 0 0 0 µ 0

0 0 0 0 0 µ
















(4.3.15)
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