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3 Balance equations

3.1 Basic ideas

e until now:
kinematics, i.e. characterization of deformation of a material
body B without studying its physical cause

® NOwW:
balance equations, i.e. general statements that characterize
the cause of cause of the motion of any body B

{ei}i:1,2,3

59



3 Balance equations

basic strategy

e isolation of an arbitrary subset B of the body B

e characterization of the influence of the remaining body
B\B on B through phenomenological quantities, i.e. the
contact mass flux r, the contact stress t,, the contact heat
flux g

e definition of basic physical quantities, i.e. the mass m, the
linear momentum I, the moment of momentum D and the
energy E of subset 3

e postulate of balance of these quantities renders global bal-
ance equations for subset B

e localization of global balance equations renders local bal-
ance equations at point x € 3
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3 Balance equations

3.1.1 Concept of mass flux

the contact mass flux r, at a point x is a scalar of the unit
[mass/time/surface area]

the contact mass flux r,, characterizes the transport of matter
normal to the tangent plane to an imaginary surface passing
through this point with normal vector n

{ei}i:1,2,3

definition of contact heat flux g,, in analogy to Cauchy’s pos-
tulate, lemma and theorem originally introduced for the mo-
mentum flux in §3.1.2

Cauchy’s postulate

'n =1y (X, 1) (3.1.1)
Cauchy’s lemma

ru(x,n) = —r,(x, —n) (3.1.2)

Cauchy’s theorem
the contact mass flux r, can be expressed as linear function
of the surface normal n and the mass flux vector r

th =11 (3.1.3)
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3 Balance equations

Mass flux vector

the vector field r is called mass flux vector

r=rie; (3.1.4)
Cauchy’s theorem

th =11 (3.1.5)
index representation

rn = (rie;) - (nje;) = rin;dj = rin; (3.1.6)

geometric interpretation

e3

é1 (&)

the coordinates r; characterize the transport of matter through
the planes parallel to the coordinate planes

in classical closed system continuum mechanics (here) the
mass flux vector vanishes identically

examples of mass flux: transport of chemical reactants in
chemomechanics or cell migration in biomechanics
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3 Balance equations

3.1.2 Concept of stress
traction vector

. Af df
tr = lim S = 1 (3.17)

interpretation as surface force per unit surface area

Cauchy’s postulate

{ei }i:1,2,3

the traction vector f, at a point x can be expressed exclu-
sively in terms of the point x and the normal # to the tangent
plane to an imaginary surface passing through this point

traction vector
ty =1t,(x,n) (3.1.8)

Cauchy’s lemma
the traction vectors acting on opposite sides of a surface are
equal in magnitude and opposite in sign

tr (x/ nl) — _tUZ(xr le) (319)
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3 Balance equations

np 7
np
t(72
{ei}i:1,2,3
generalization withn = ny = —nyand t, =ty
ty(x,n) = —t,(x, —n) (3.1.10)

Cauchy’s theorem
the traction vector £, can be expressed as a linear map of the
surface normal n mapped via the transposed stress tensor ¢

t,=0"n (3.1.11)
accordingly withn = ny = —ny and £, = £,
th = o0ctny = ot-n = t
7! ! 7 (3.1.12)
tpo = o0tn, =— oct'n =— t,
Cauchy tetraeder

balance of momentum (pointwise)
ta(n) da = —ta(ni) dlli = to'(ei) dlli = tai dlli (3113)

surface theorem, area fractions from Gauss theorem

@
da
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nda = —n;da; = e;da; =e;-n=cosZ(e;,n) (3.1.14)



3 Balance equations

nz = —e3 ty3

traction vector as linear map of surface normal

ty(n) = tgi% = tyicos L(e;,n) =tyilej-n] = [t;iQe;]-n
(3.1.15)

compare t,(n) =o' -n
interpretation of second order stress tensor as ' = t,; ® e;

Stress tensor

Cauchy stress (true stress)
o' =1, Qe = 0jie; ® e o =e @ty = 0jje;Qe; (3.1.16)
Cauchy theorem
tr=0'"n (3.1.17)
index representation

tr = ojie; Q ej - niey = (T]'ﬂ’lk5]'kei = ojinje; = tie; (3.1.18)
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3 Balance equations

matrix representation of tensor coordinates of ¢;;

o] =

011 012 013

021 O22 023

031 032 033

geometric interpretation

t
tal
t
o t(72

t
i tc73

031

with traction vectors on surfaces

tal —
tc72 —
tc73 -

first index

011 012 013

021 O22 023

031 032 033

... surface normal

(3.1.19)

(3.1.20)

second index ... direction (coordinate of traction vector)

diagonal entries ... normal stresses
non—diagonal entries .. shear stresses
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