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1 Tensor calculus

1.1.2 Tensor algebra

Notation
Second order tensors
tensor (dyadic) product u ® v of two vectors u and v intro-
duces a second order tensor A
A=u®o (1.1.29)

introducing u = u;e; and v = vje; yields index representa-
tion of three-dimensional second order tensor A

A = Ai]' e; X e; (1.1.30)

with A;; = u;v; coordinates (components) of A relative to
the tensor basis e; ® e;, matrix representation of coordinates

A A A
[Aij] = | Ay Axn Axp (1.1.31)
Az Az Asz

transpose of second order tensor A’

A'=(u®v)=vQu (1.1.32)
introducing u = u;e; and v = v; e; yields index representa-
tion of transpose of second order tensor A'

Al = A]'i e; X e; (1.1.33)
with Aj;; = v;u; coordinates (components) of A" relative to
the tensor basis e; ® e;, matrix representation of coordinates

A1 Ay Az
[Aji] = | A Ap Az (1.1.34)
Az Ax Aszz




1 Tensor calculus

second order unit tensor I in terms of Kronecker symbol ¢;;
I = 51']' e; X ej (1.1.35)

matrix representation of coordinates J;;

1 00
bi]=10 1 0 (1.1.36)
0 0 1

Third order tensors

tensor (dyadic) product A ® u of second order tensor A and

3
vectors u introduces a third order tensor a

3

a=AQu (1.1.37)

introducing A = Ajje; ® ej and u = u; ey yields index repre-

. . . . 3
sentation of three-dimensional third order tensor a

a=0;y e ® e @ e (1.1.38)

.. 3 : 3 .
with a;3=A;ju; coordinates (components) of a relative to
the tensor basis e; ® e; ® e

. . 3 . .
third order permutation tensor e in terms of permutation
3
symbol e;jx

2:21']']{ e; Qe e (1.1.39)
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1 Tensor calculus

Fourth order tensors

tensor (dyadic) product A ® B of two second order tensors

A and B introduces a fourth order tensor A

A=A®B

(1.1.40)

introducing A = Ajje; ® ej and B = By e; @ ¢; yields index
representation of three-dimensional fourth order tensor A

A:Ai]-klei@)ej@ek@el

(1.1.41)

with Ay = A;j By coordinates (components) of A relative

to the tensor basis e; @ ¢; ® e @ ¢

fourth order unit tensor I
[=0dpdjeiRe Qe e
transpose fourth order unit tensor I'
I' =i drei®e @ e @ e
symmetric fourth order unit tensor I*Y™
5™ = 3 [0 0j1 + 61 O] e @ ej @ e Qg
skew-symmetric fourth order unit tensor I5<"
I = 16 6j1 — 61 O] € Q €j @ ex ® e
volumetric fourth order unit tensor I
"' = 15 0uei Qe Qe @ e
deviatoric fourth order unit tensor I4¢V

[dev = [% Oik 5]'1 + %511 5jk — %51']' (Skl] e Qe Qe e
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(1.1.42)

(1.1.43)

(1.1.44)

(1.1.45)

(1.1.46)

(1.1.47)



1 Tensor calculus

Scalar products

e scalar product A - u between second order tensor A and
vector u defines a new vector v € £°

A Uesa) fue) (1.1.48)
= Ajjurdjxe; = Ajjuje; = vie; =0
second order zero tensor 0, second order identity tensor I
0-a=20 I-a=a (1.1.49)
positive semi-definiteness of second order tensor A
a-A-a>0 (1.1.50)
positive definiteness of second order tensor A
a-A-a>0 (1.1.51)
properties of scalar product
A -(na+pBb)=a(A-a)+B(A-D)
(A+B)-a=A-a+B-a (1.1.52)
(wA)-a=wa(A-a)

e scalar product A - B between two second order tensors A
and B defines a second order tensor C

A-B = (Ajei®ej) - (Buer®e)
= AjjBuojei Qe (1.1.53)
= AijjBjei®e =Cye;®e =C
second order zero tensor 0, second order identity tensor I

00A=0 I-A=A (1.1.54)
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1 Tensor calculus

properties of scalar product

x(A-B)=(a¢A)-B=A-(aB)
A-(B+C)=A-B+A-C (1.1.55)
(A+B)-C=A-C+B-C

properties in terms of transpose A' of a tensor A

a-(A'-b)=b-(A-a)
(kA+BB) =x At + BB (1.1.56)
(A-B)t =Bt A

e scalar product A : B between two second order tensors A
and B defines a scalar « € R

A:B = (Ai]-ei ®e]') : (Bkl ek®el)
= AijBydixdj = AijBij =«

(1.1.57)

e scalar product A : B between fourth order tensor A and
second order tensor B defines a new second order tensor C

A:B = (Ajuei®@eiR@e,Re): (Bunen @ ey)
= Aijxt Biun Oxm O1n €; Q € (1.1.58)
= Ajju Buei®e; = Cije; @ ej = C
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1 Tensor calculus

Dyadic product
e tensor (dyadic) product 4 ® v of two vectors u# and v intro-
duces a second order tensor A

A=uQQov = Lliei@)?)]'e]' = uiv]-ei®e]- = Aijei®e]- (1.1.59)
properties of dyadic product

(u@uv) - w= (v -w)u
(cu+po)@w=a(uxw)+pB(vew)
u(wv+pw)=a(u®o)+L(uxw) (1.1.60)
(@) (wx)= (v w) (4 x)
A - (uv)=(A-u)®uv
(M®v) A=u® (A'-0)
or in index notation
(ui U]') ZU]' = (7)]' ZU]') u;
auj+ Boj)wi = a (ujw;) + p (viwy)
ui(o v+ B ZU]') = o (u; U]') +PB (u; w]') (1.1.61)
(uivj) (wjxx) = (vjwy) (wixy)
Ai]-(u]- Uk) — (Ai]' u]-)vk
(ui U]')A]'k = ui(Ak]' U]')
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1 Tensor calculus

Scalar triple vector product

consider the set of Cartesian base vectors {e;};—1,3 and an
arbitrary second set of base vectors {u,v, w} with scalar triple
product (u, v, w], with arbitrary second order tensor A, eval-
uate

[[A-u,0,w]|+[u, Av,w|+ [u,v,A-w]]| / [u,0,w] (1.1.62)
with index representation of each term according to
[Au,v,w|=[A-(ue;), (vje;), (wrex)| = uivjwi [A-ei, e, ex]
expression (1.1.62) can be rewritten as (1.1.63)
uvjwy|[A-eq, e, e3)+|e1, A-er, e3)+|ei, ex, A-es]]/ [u, v, w]
(1.1.64)

term in brackets remains unchanged upon cyclic permuta-
tion of {e;}i—123, its sign reverses upon non—cyclic permuta-
tions, thus

3
uivwieiix [[A-eq, ez, e3]+e1, A-ez, e3]+[e1, ez, A-es]]/ [u, v, w]

= T[[A-e1, ez e3]+[e1, A-e, e3]+[e1, €2, A-e3]]
(1.1.65)

the above expression according to (1.1.62) is thus invariant
under the choice of base system, it yields the same scalar
value I4 for arbitrary base systems

o= [Au,v,w| + [u,Av,w| + [u,v, A-w] |/ [u,0,w]

=[[A-e1, e, e3]+[e1, A-es, €3]+ e1, €2, A-e3]]/ [e1, 2, €3]
(1.1.66)

I 4 is called the first invariant of the second order tensor A
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