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4 Constitutive Theory

4.8.2 Computation of Homogeneous Stress-Stretch Response

Identification of material parameters of a phenomenologi-
cal material model is commonly carried out by fitting ex-
perimental data. These data often consist of stress-stretch
curves acquired from homogeneous experiments, such as
uniaxial, biaxial, simple shear deformation cases. Purely ho-
mogeneous deformations correspond to the cases where the
eigenvectors (both spatial and material) do not evolve dur-
ing the deformation, but remain parallel to the chosen ref-
erence rectangular coordinate system. That is, the rotational
part R of the deformation gradient, in the sense of polar de-
composition F = R ·U = V · R, remains identical to the unit
tensor, R = 1. In purely homogeneous deformations, the
deformation gradient F has a diagonal representation

F = diag[F11, F22, F33] = diag[!1, !2, !3] (4.8.8)

in terms of principal stretches with respect to the chosen co-
ordinate system. This form of the deformation gradient re-
sults in also diagonal form of the first Piola-Kirchhoff stress
an isotropic material

P = P̂(F) = diag[P11(F), P22(F), P33(F)] . (4.8.9)

Hence, uniaxial and biaxial and triaxial deformations are ex-
amples for purely homogeneous deformations.

In different homogeneous deformations, at least one compo-
nent of the deformation gradient is prescribed and the other
components are to be computed from the traction (stress)
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boundary conditions associated with the particular experi-
ment considered. The stress component of interest is gener-
ally the one in the direction in which we prescribe the defor-
mation. Following examples illustrate boundary conditions
for the uniaxial and biaxial tests.

e1 e1

e2 e2

e3 e3
!1 !1

!2

!2
!3

!3

P11 != 0
P11 != 0

P22 != 0

P22 = 0

P33 = 0 P33 = 0

Component(s) of the stress tensor in the direction(s) where
the stretch value is prescribed is/are unknown. On the other
hand, stresses in the directions that are free to deform are
zero. In a general inhomogeneous boundary value problem,
these define the Dirichlet (essential) and Neumann (natural)
boundaries whose intersection is an empty set.

Since the first Piola-Kirchhoff stress tensor and the defor-
mation gradient have diagonal representations, we also can
store them in 3 " 1 vector format
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(4.8.10)

where the subscripts k and u denote the known and unknown
components, respectively. The known components of the
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stress tensor Pk are generally zero, Pk = 0. Therefore, these
equations serve as a residual vector. That is, for a given Fk,
the following equality

Pk = P̂k(Fu) = 0 (4.8.11)

has to be solved for Fu. In general, this equality is a non-
linear function of Fu and therefore should be solved itera-
tively. To this end, for a given Fk we linearize Pk at some
intermediate value of Fu during iteration, say F̄u

Lin Pk|F̄u
= Pk|F̄u

+ Aku · (Fu # F̄u) = 0 (4.8.12)

where Aku := "Fu
Pk

'

'

F̄u
stands for the tangent matrix con-

taining appropriate components of the forth order elasticity
tensor (moduli) A := "FP = "2

FF#. Solution of the linearized
residual expression (4.8.12) for Fu leads us to the update
equation of Fu

Fu $# F̄u # A#1
ku · Pk|F̄u

. (4.8.13)

This iteration is performed until the desired accuracy ||Pk|| <

tol is obtained. The following box summarizes the algorithm

1. For a given Fk, set Fu = F̄u(= 1)

2. Compute the residual Pk|F̄u
and the tangent Aku := "Fu

Pk

'

'

F̄u

3. Update Fu $# F̄u # A#1
ku · Pk|F̄u

4. Check IF ||Pk|| < tol

5. NO set F̄u = Fu GOTO 2.

6. ELSE compute Pu(F) and

7. Assign new value to Fk and GOTO 1.
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Example: Uniaxial Tension at Finite Strains

We now consider a uniaxial extension of a hyperelastic ma-
terial in x1 direction. For this purpose, we prescribe Fk %
F11(t) as some function of time and want to compute the en-
gineering stress Pu % P11 in that direction for a given value
of F11. The lateral faces of a specimen are stress-free, i.e.
Pk % [P22 P33]T = 0. Therefore, the stretches in x2 and x3

directions are unkown, Fu % [F22 F33]T.
Recall the compressible neo-Hookean material model we dis-
cussed in Section 4.8.1

PaA = µ(FaA # F#1
Aa ) +

!

2

(

J2 # 1
)

F#1
Aa .

Having the first Piola-Kirchhoff stresses at hand, the associ-
ated moduli can be computed as

AaAbB := "FbB
PaA = µ$ab$AB + (µ # !

2 (J2 # 1))F#1
Ab F#1

Ba

+!J2F#1
Aa F#1

Bb .

The residual vector and the tangent matrix that we need
during the Newton iterations can then be shown to be

Pk(F) =

!

#

P22

P33

$

& =
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#

µ(F22 # F#1
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)

F#1
22

µ(F33 # F#1
33 ) + !

2

(

J2 # 1
)

F#1
33

$

&

Aku(F) = "Fu
Pk =

"[P22 P33]T

"[F22 F33]T
=

!

#

A2222 A2233

A3322 A3333

$

&

for the uniaxial tension.
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#include <stdio.h>

#include <stdlib.h>

#include <math.h>

/*_________________________________________

ME 338A Continuum Mechanics

Stanford University

E. Kuhl, G. Choi, S. Goktepe

Driver routine for uniaxial tension

_________________________________________*/

int main()

{

// open file for output

FILE *fp;

fp = fopen("data.out","w");

if (fp==NULL){

printf("Cannot create the output file!!\n");

exit(1);

}

int i,j;

// solution parameters

double dlam=1.e-2, lam_max=4., nres=0.,tol=1.e-12;

int niter, nitermax=50;

//material parameters

double Lam=0.3, mu=0.8;

//deformation measures, stresses and moduli

double J,F[3],P[3],AA[3][3];

//residual, tangent for iterations

double res[2],tang[2][2],det,temp;

//initialize F

for(i=0;i<3;i++) F[i]=1.;

// loop for loading

do {

niter = 0;

F[0] +=dlam;

printf("STRETCH=%4e\n", F[0]);

// loop of iterations

do {

niter +=1 ;

// compute Jacobi, det(F)
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J = F[0]*F[1]*F[2];

// MATERIAL MODEL specific computation of stresses and moduli

//-----------------------------------------------------------

// Compressible Neo-Hookean Material

for (i=0;i<3;i++) {

P[i] = mu*(F[i]-1./F[i]) + Lam*(J*J-1.)/F[i]/2;

for (j=0;j<3;j++) {

AA[i][j] = Lam*J*J/F[i]/F[j];

if(i==j) AA[i][j] += (mu - (-mu+Lam*(J*J-1.)/2.)/F[i]/F[j]);

}

//-----------------------------------------------------------

}

//compute residual vector and its norm

res[0] = P[1]; res[1] = P[2];

nres = sqrtl(res[0]*res[0] + res[1]*res[1]);

//construct tangent matrix

tang[0][0] = AA[1][1]; tang[0][1] = AA[1][2];

tang[1][0] = AA[2][1]; tang[1][1] = AA[2][2];

// invert tanget matrix

det = tang[0][0] *tang[1][1] - tang[0][1] *tang[1][0];

temp = tang[0][0];

tang[0][0] = tang[1][1]/det;

tang[1][1] = temp/det;

tang[0][1] = -tang[0][1]/det;

tang[1][0] = -tang[1][0]/det;

// update lateral stretches

F[1] = F[1] - (tang[0][0]*res[0]+tang[0][1]*res[1]);

F[2] = F[2] - (tang[1][0]*res[0]+tang[1][1]*res[1]);

// print iteration counter and norm of residual

printf("Iteration %4d, residual=%4e\n", niter,nres);

} while (tol<nres && niter<nitermax); // Check convergence

if (niter==nitermax) {printf("No convergence!\n"); break;};

// print stretch and PK1 stresses

fprintf(fp,"%4e, %4e\n",F[0],P[0]);

} while ((lam_max-F[0])>1.e-8); // check loading

fclose(fp);//close file

return 0;

}
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