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4 Constitutive Theory

4.1 Closure Problem

In the preceding chapter, we derived the fundamental bal-
ance equations:

Balance of Spatial Material

Mass !̇t + !tdiv(v) = 0 !̇0 = 0

Linear M. !ta = div(") + !tb !0a = Div(P) + !0b

Angular M. " = "T, # = #T S = ST

P · FT = F · PT F!1 · P = PT · F!T

Energy !t
di
dt = " : d ! div q + Rt !0

di
dt = P : Ḟ ! Div Q + R0

The number of equations provided by these balance laws
and the number of unknowns can be identified as

Balance of # Unknown #

Mass 1 density !t 1

Linear M. 3 Placement $t(X) 3

Angular M. 3 Stresses " 9

Energy 1 Temperature % 1

Heat Flux q 3

! 8 ! 17
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4 Constitutive Theory

where the volume-specific body forces b and the heat source
Rt are assumed to be given. Comparison of the number of
unknowns with the number of equations indicates that nine
additional equations are needed to solve the problem. These
additional equations are called constitutive equations which
describe the stresses "̂ = "̂T (six equations), and the heat
flux q̂ (three equations).

In common practice the placement $t(X) and the absolute
temperature % are considered as the primary unknowns that
are solved from the balance of linear momentum and the
balance of energy equations.

4.2 Balance of Entropy

(The Second Law of Thermodynamics)

The second law of thermodynamics, which is in fact an in-
equality unlike the other balance principles, serves as a ma-
jor mathematical restriction on the constitutive equations.
The concept of entropy may be conceived as a measure of dis-
order providing a bridge between thermomechanics with the
treatments of statistical mechanics.

For the part of the body PS under consideration, we define
the total entropy H by integrating the specific entropy & over
the volume, i.e.

H :=
!

PS

!&(x, t)dv . (4.2.1)

The temporal change of the entropy has two contributions,
namely the reversible and the irreversible parts. The reversible
change of the entropy is due to external heat sources within
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the volume Rt or over its surface through a flux term q.
The irreversible part of the entropy change, however, stems
from internal dissipative mechanisms such as plastic defor-
mations, damage etc.
The second law of thermodynamics states that the irreversible
part of the entropy rate is always positive. For this purpose,
we introduce the specific rate of entropy production '(x, t). Its
integration over the volume leads us to the total rate of en-
tropy production

"=
!

PS

!'(x, t)dv " 0 . (4.2.2)

The balance of entropy can then be expressed as
!

PS

!'dv :=
d

dt

!

PS

!&dv!

"

!

PS

Rt

%
dv !

!

(PS

q · n

%
da

#

" 0

(4.2.3)

where % stands for the absolute temperature restricted to the
positive values % > 0. Following the conventional steps, we
end up with the local spatial entropy balance

!' = !&̇ !
Rt

%
+ div

$q

%

%

= !&̇ !
Rt

%
+

1

%
div(q) !

1

%2
q ·#x% " 0 .

(4.2.4)

Apparently the inequality (4.2.4) can also be written in the
form commonly referred to as the Clausius-Duhem inequality

!&̇ "
Rt

%
!

1

%
div(q) +

1

%2
q ·#x% . (4.2.5)

The material version of (4.2.5) then reads as

!0&̇ "
R0

%
!

1

%
Div(Q) +

1

%2
Q ·#X% . (4.2.6)
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The spatial dissipation is defined as the product of the rate of
entropy production in (4.2.4) with the absolute temperature
%, i.e.

D := !'% " 0 . (4.2.7)

Owing to the nature of the terms in (4.2.4), it is common
practice to additively split the dissipation into the local (in-
trinsic) Dloc and the conductive (thermal) Dcon parts,

D = Dloc + Dcon . (4.2.8)

We then require a more strict condition than (4.2.4) by de-
manding the positiveness of the both terms Dloc and Dcon

separately. To this end, we introduce the Clausius-Planck in-
equality

Dloc := !&̇% ! (Rt ! div(q)) " 0 , (4.2.9)

and the Fourier inequality

Dcon := !
1

%
q ·#x% " 0 . (4.2.10)

Incorporation of the spatial energy balance equation in the
first version of the Clausius-Planck inequality (4.2.9) leads
to the equation formulated in terms of the internal energy
density

Dloc := !&̇% ! !
di

dt
+ " : d " 0 . (4.2.11)

This form can be rewritten per unit reference volume by
multiplying (4.2.11) with the Jacobian J. For the sake of
brevity, we re-define the quantities & $ J!& = !0&, i $
J!i = !0i and obtain

JDloc := &̇% !
di

dt
+ P : Ḟ " 0 . (4.2.12)
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Similarly the Fourier inequality can also be expressed in the
following Lagrangean form

JDcon := !
1

%
Jq ·#x% = !

1

%
Q ·#X% " 0 . (4.2.13)

4.3 Fourier’s Law of Heat Conduction

In most practical applications of solid mechanics, the rela-
tion between the spatial heat flux q and the temperature gra-
dient #x% is considered to be linear through the the second-
order heat conduction tensor K

q = !K ·#x% . (4.3.1)

This constitutive relation is commonly referred to as the Fourier
law. Insertion of this law into the spatial Fourier inequality
yields

Dcon = !
1

%
q ·#x% =

1

%
#x% · K ·#x% " 0 . (4.3.2)

Since % > 0, the Fourier law is said to be thermodynami-
cally consistent if the conduction tensor K is positive semi-
definite, i.e. K : (#x% % #x%) " 0. In the special case of
isotropic conduction K = k1, the Fourier inequality requires
the conductivity coefficient to be k " 0.

4.4 Thermodynamic Potentials

There are four basic thermomechanical potentials widely em-
ployed in the thermomechanics literature. The choice of
an appropriate potential is generally made according to cir-
cumstances of experiments or properties of the material in
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hand. In the context of continuum thermomechanics, these
potentials generally depend on a set of variables which is
formed through a mutual combination between the sets {P, F}
and {&, %}. The first set can, of course, be replaced with any
of the work conjugate pairs defining the stress power.

By looking at the time derivatives of the fields in the Clausius-
Planck inequality (4.2.12) one can readily conclude that the
internal energy i can be considered as a thermodynamical
potential depending primarily upon the deformation F and
the entropy &, i.e. i = î(F, &, . . .). We then define the Helmholtz
free energy through the partial Legendre transformation ) :=
i ! %& implying the functional dependency ) = )̂(F, %, . . .).
Similarly, we can also introduce the Gibbs free energy g =
ĝ(P, %, . . .) := ) ! gP : F and the enthalpy h = ĥ(P, &, . . .) :=
i ! P : F. Use of the Gibbs free energy can be preferred to
the others, for example, in modeling of gaseous materials
on which most experiments are carried out under isobaric
or isothermal conditions.

In this lecture, however, we mostly utilize the Helmholtz
free energy. Hence, the version of the Clausius-Planck in-
equality in terms of the Helmholtz free energy, or simply
free energy, is of interest. Inserting its definition ) := i ! %&
into (4.2.12), we end up with

JDloc := P : Ḟ ! )̇ ! &%̇ " 0 . (4.4.1)
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4.5 Coleman’s Method

To fix the ideas, let us focus on a problem of thermoelasticity
for a homogeneous material, for which the local dissipation
Dloc vanishes identically. Being consistent with the principle
of locality, we assume that the free energy ) depend upon
field variables defined in the neighborhood of the material
point X

) = )̂(F, %, G) (4.5.1)

where G := #X% denotes the material gradient of the tem-
perature field. Based on this assumption, we can include
the time derivative of the free energy

)̇ = (F) : Ḟ + (%) : %̇ + (G) : Ġ

in the Clausius-Planck inequality given in (4.4.1). Gathering
the coefficients of the time rates of the common terms, we
obtain

JDloc := (P ! (F)) : Ḟ ! (& + (%)) %̇ ! (G) · Ġ = 0 . (4.5.2)

Following the celebrated reasoning of Coleman & Noll (1963)
and Coleman & Gurtin (1967) within the framework of ther-
modynamics with internal variables, we contend that the
thermodynamic restriction should be fulfilled for an arbi-
trary rate of the deformation gradient, temperature and tem-
perature gradient. Therefore, (4.5.2) implies a particular form
of constitutive equations such that

P := (F) , & := !(%) and (G) = 0 . (4.5.3)

The first two equations of (4.5.3) state that the free energy
acts as a potential for the stresses and the entropy while

114



4 Constitutive Theory

(4.5.3)3 implies that the free energy does not depend on the
temperature gradient G, i.e. ) = )̂(F, %).

In a general problem of thermoinelasticity, however, the free
energy is also a function of the internal variables {I}, em-
ployed for the description of inelastic dissipative processes.
The concept of internal variables has widely been used in
the constitutive formulation of dissipative materials through
the initial value problems governing their temporal evolu-
tion. The set {I} may have scalar, tensorial or n-vector
character. The internal variables may be observable but gen-
erally cannot be externally controlled. The thermodynamical
forces, say {F}, conjugate to the set {I} on the bases of dis-
sipation, generally are not externally defined. Thus, it is not
surprising that the internal variables do not explicitly ap-
pear up to the energy balance equation. With the results ob-
tained in (4.5.3), the Clausius-Planck inequality can be recast
into its reduced form

JDloc := F : İ " 0 with F := !(I) . (4.5.4)

4.6 Principle of Material Frame Invariance

We consider a rigid body motion *(x, t) : S &R+ !' R3

superimposed onto a non-linear motion $t(X), i.e.

*(x, t) := c(t) + Q(t) · x

where Q is a proper orthogonal tensor. This definition yields

$̃(X, t) := * ( $ = c(t) + Q(t) · $(X, t) .
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X
x

x̃

B S

S̃

$t(X)

$̃t(X) = *t ( $t *t(x)

F

F̃ Q

Under this superimposed motion, we observe the following
transformation relations for:
• Fundamental Maps:

F̃ := Q · F, F̃
!T

= Q · F!T, J̃ = J

• Lagrangian Strain Measures:

C̃ = F̃
T
· F̃ = FT · QT · Q · F = C ! Ũ = U, Ẽ = E

• Eulerian Strain Measures:

b̃ = F̃ · F̃
T

= Q · FT · F · QT = Q · b · QT
! Ṽ = Q · V · QT

c̃ = b̃
!1

= Q · c · QT
! ẽ = Q · e · QT

• Rotation Tensor:

F̃ = R̃Ũ = Q · F = Q · R · U ! R̃ = Q · R

We call these type of transformation operations objective trans-
formation of second order tensors. It is important to note that
there also exist spatial tensors that do not fulfill the objective
transformation rules. Examples cover the spatial velocity v,
the spatial velocity gradient l, to name a few.
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One of the fundamental principles of continuum mechanics
is the principle of material frame invariance that requires the
invariance of the energy stored under rigid body rotations
superimposed on the current spatial configuration.
Therefore, we locally demand

)(F, %) = )(F̃, %) (4.6.1)

We immediately observe that the right Cauchy-Green tensor

C := FTF = F̃
T
· F̃ automatically satisfies this condition.

Therefore, the storage function )̂ in terms of C = FTF is a
priori objective and the form )̂(C, %) = )̂(FTF, %) represents
its reduced form.

)̂(C, %) = )̂(FT·F, %) . (4.6.2)

Based on this restriction, we can rewrite the term

(P ! (F)) : Ḟ as (S ! 2(C)̂) : 1
2 Ċ

due to the stress power equalities. This yields the functional
definition of the second Piola-Kirchhoff stress tensor

S = 2(C)̂(C, %) . (4.6.3)
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