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homework #03

alance equations for open systems - mass

mass flux R
e cell movernent (migration)

Mmass source Ry

* cell growth (proliferation)

* cell division (nyperplasia)

* cell enlargement (hypertrophy)

biological equillorium

cowin & hegedus [1976], beaupré, orr & carter [1990), harrigan & hamiton [1992],
jacobs, levenston, beaupré, simo & carter [1995], huiskes [2000], carter & beaupré [2001]

growing bone as open system

homework #03

balance equations for open systems - momentum

® volume specific version

e subraction of weighted balance of mass

® Mass specific version

mechanical equilorium

growing bone as open system



constitutive eguations for open systems

e free energy
® sfress P

® Mass flux R
® Mass source R

coupling of growth and deformation
glbson & ashby [1999

growing bone as open system

staggered solution - integration point based

weinans, huiskes & grootenboer [1992], harrigan & hamiton [1992],,
[1994], jacobs, levenston, beaupré,simo & carter [1995]

O O
O O

simultaneous solution - node point based
jacobs, levenston, beaupré,simo & carter [1998], fischer, jacobs
levenston & carter [1997], nackenhorst [1997], levenston [1997]]

sequential solution - element based

- huiskes, weinans, grootenboer, dalstra, fudala & slooff [1987]
carter, orr, fhyrie [1989], beaupre, or & carter [1990], weinans,

‘ ‘ huiskes & grootenboer [1992], [1994], jacobs, levenston, beaupre,
simo & carter [1998], huiskes [2000), carter & beaupré [2001]

finite elements - integration point based

finite elements for open systems

* dense system of compressive trabaculae canying stress into calcar region
» secondary arcuate system, medial joint surface to lateral metaphyseal region
e ward‘s triangle, low denstty region contrasting dense cortical shaft

carter & beaupre [2001]

growing bone as open system

recipe for finite element modeling

from continuous problem. ..
~0

Dipo /

e temporal discretization  implicit euler backward

e spatial discretization finite element method
e staggered/simultanecus  newton raphson iteration
® |inearization gateaux derivative

... to linearized discrete initial boundary value problem

finite elements - integration point based



key transformation - from strong form to weak form (1d)
e strong / differential form

e strong form / residual format

e weak / integral form - nonsymmetric Voo

e integration by parts

e integral theorem & neumann bc's

e weak form / integral form - symmetric Voo

finite elements — integration point based

residual equation. ..

o O
o O

e strong / differential form
R¥= =0

e dirichlet / essential boundary conditions (displacements)
=0

® neumann / natural boundary conditions (tractions)
=0

... and boundary conditions

finite elements — integration point based

from equiliorium equation. . .

e start with nonlinear mechanical equiliorium equation

O O
O O

~ () quasi-static ~ ( no gravity

/

e cast it into its residual format

R?(¢)=0

e \ith residual
R¥Y =

... to residual format

finite elements — integration point based

from strong form. ..

e strong / differential form
R\'9 - =0

e mulitplication with test function & integration

G” Vo
, no  second
e weak form / nonsymmetric e o
sz IB (‘-’\,5' kl\ _fBU(S(P' (lV —\‘/; t}\

... 1o nonsymmetric weak form

finite elements - integration point based



from non-symmetric weak form. ..

e integration by parts
fBué‘-P' dv = fBu T? (“/_J‘Bu : PdV

® gauss theorem & boundary conditions

Is, T¥ dv = T? dA= dpT?dA
. first first
e weak form / SYMMEBNC dervative dervative
r'e ' -
G¥ =/, 0¢p- AV g, :PdV— 0T dA-|; A

... 1o symmetric weak form

finite elements — integration point based

from discrete weak form. ..

e (discrete weak form I:I

G¥

e discrete residual format
R7
e discrete residuéal

... to discrete residual

finite elements - integration point based 1

spatial discretization

e discretization

e interpolation of test functions

e interpolation of trial functions

... to discrete weak form

finite elements - integration point based

Integration point based solution of balance of mass

F loop over all time steps nlin_fem
= global newton iteration nlin_fem
oo loop over al elements elementl
joccll loop over all guadrature points cnst_law
. \ local newton iteration Pon+1 upd_dens
‘-‘ determine element residual & tangent| enst_law
T determine global residual and tangent elementl
|| determine @n+1 nlin_fem
> ® ¢ determine state of biological equiliorium nlin_fem

staggered solution of density and displacements

finite elements - integration point based



nlin_fem.m

%%% loop over all load steps %%%%K%%6K%%I6K%%I6K%I6K%I6K%%I6K%I6K%I6K%%I6K%I6K%%6%%%6%%%
for is = (nsteps+1):(nsteps+inpstep);
iter = @; residuum = 1;
%%% global newton-raphson iteration %X%%X%%6%6K%I6K%I6H%I6K%I6H%IH%%6%6%6%6%6%6%6%36%3%
while residuum > tol
iter=iter+l;
R = zeros(ndof,1); K = sparse(ndof,ndof);
e_spa = extr_dof(edof,dof);
%%%%% Loop over all elements %%%%K%%I%K%%IK%%I6K%I6K%IIK%I6K%II6K%I6K%I6K%6K%%%6%%%6%%%
for ie = 1l:nel
[Ke,Re,Ie] = elementl(e_mat(ie,:),e_spa(ie,:),i_var(ie,:),mat);
[K, R, I ] = assm_sys(edof(ie,:),K,Ke,R,Re,I,Ie);
end
%%%%% Loop over all elements 9%X%%I6%%I6%%67%%67%%67%%667%%69676%667%%667%%67%6%667%%667%%667%%%6
u_inc(:,2)=dt*u_pre(:,2); R =R - time*F_pre; dofold = dof;
[dof,F] = solve_nr(K,R,dof,iter,u_inc);
residuum= res_norm((dof-dofold),u_inc);

end
%%% global newton-raphson iteration %%%%%%6%%I6%%6%%6%%6%%6K%%6%%6%%6%%6%%%
time = time + dt; i_var = I; plot_int(e_spa,i_var,nel,is);

end
%%% loop over all load steps %%%%KR%6K%%6K%%I6K%II6K%%IK%II6K%II6KRII6K%II6K%II6K%%6%%%6%%%

finite elements - integration point based =

from discrete residual ...

e inearization / newton raphson scheme

e incremental residual

e system of equations

¢ incremental iterative update

... to linearized residual

finite elements - integration point based =

Integration point based

[

check in matlab!

e discrete residual

e residual of mechanical equilibriumy/balance of momentum

righthand side vector for global system of equations

finite elements - integration point based =

inearized residual

o, o
A
[ J [ J

e stiffness matrix / iteration matrix

X
4th order tensor - derivatives of 2nd order tensors wrt 2nd order tensor

e incarization of residual wrt nodal dofs

teration matrix for gloloal system of equations

finite elements - integration point based =



inearized residual

[ ey

l.sy'
e stiffness matrix / fteration matrix e

check in matlab!

e incarization of residual wrt nodal dofs

iteration matrix for global system of equations

finite elements - integration point based =

quads_2d.m

%%% loop over all integration points %R%%KRIKRIIKRIIKRIIKRIIKRIIKRIIKRI%K%I%%%%
for ip=1:4
indx=[2*ip-1; 2*ip]; detJ=det(IT(indx,:));
if detJ<1@*eps; disp('Jacobi determinant less than zero!'); end;
JTinv=inv(JT(indx,:)); dNx=JTinv*dNr(indx,:);
F=zeros(2,2); 0 O
for j=1:4 0 O
jndx=[2*j-1; 2*j1;
F=F+e_spa(jndx)"*dNx(:,3)";
end
var = i_var(ip);
[A,P,var]=cnst_law(F,var,mat);
Ie(ip) = var;
for i=l:nod
en=(i-1)*2;
ReCen+ 1) = Re(en+ 1) +(P(1,1)*dNx(1,i)' ...
+ P(1,2)*dNx(2,1)"') * det] * wp(ip);
Re(en+ 2) = Re(en+ 2) +(P(2,1)*dNx(1,i)"' ...
+ P(2,2)*dNx(2,1)"') * det] * wp(ip);

end
%%% loop over all integration points %%%%%HIHIRIHI%6%I6%6%6%6%6%6%6%6%%
%%% element stiffness matrix Ke, residual Re, internal variables Ie %%%

finite elements - integration point based =

quads_2d.m

FI6I6F 6966696769696 7696967669676 969666966 9696 6 9696 6 9696 6 9696 6 696 6 9696 6 9696 6 9696 6 9696 6 9696 6 9696 6 9696 6 9696 6 9696 6 9696 %6 96%
function [Ke,Re,Ie]=elementl(e_mat,e_spa,i_var,mat)

%%% element stiffness matrix Ke, residual Re, internal variables Ie %%%%
= i_var;

Re = zeros(8,1);

Ke = zeros(8,8);

nod=4; delta = eye(2);
indx=[1;3;5;7]; ex_mat=e_mat(indx);
indy=[2;4;6;8]; ey_mat=e_mat(indy);
%%% integration points 9%X%%6%%6%%66%%66%%696%%6967%%6967%%69676967%6967%6967%%6967%%6967%%6967%6%6%%6%6
g1=0.577350269189626; wl=1;

gp(:,1)=[-g1; gl;-gl; gl]; w(:,1)=[ wl; wl; wl; wl];

gp(:,2)=[-g1;-g1; gl; gll; w(:,2)=[ wl; wl; wl; wl];
wp=w(:,1).*w(:,2); xsi=gp(:,1); eta=gp(:,2);

%%% shape functions and derivatives in isoparametric space %%%%%%%%%%%%%
N(C:,1)=(1-xsi).*(1-eta)/4; N(C:,2)=C1+xsi).*(1-eta)/4;
NC:,3)=(1+xsi).*(1+eta)/4; N(C:,4)=(1-xsi).*(1+eta)/4;

dNr(1:2:8 ,1)=-(1-eta)/4; dNr(1:2:8 ,2)= (1-eta)/4;

dNr(1:2:8 ,3)= (l+eta)/4; dNr(1:2:8 ,4)=-(1+eta)/4;
dNr(2:2:8+1,1)=-(1-xs1)/4; dNr(2:2:8+1,2)=-(1+xs1)/4;

dNr(2:2:8+1,3)= (l+xsi)/4; dNr(2:2:8+1,4)= (1-xsi)/4;
JT=dNr*[ex_mat;ey_mat]"';

%%% element stiffness matrix Ke, residual Re, internal variables Ie %%%%

O O
O O

finite elements - integration point based =

assm Sys.m

BB 660606668 Ia BB R R e R e 666060606 D666 D6 6 66 6 6 6 66 6666 0606060666606 6 6 %6 %6 6666666766
function [K,R,I]=assm_sys(edof,K,Ke,R,Re,I,Ie)

%%% assemble local element contributions to global tangent & residual %

%%% input: edof = [ elem X1 Y1 X2 Y2 ] ... incidence matrix

%%% Ke = [ nedof x nedof ] ... element tangent Ke

%%% Re = [ fx_1 fy_1 fx_2 fy_2 ] ... element residual Re
96969676 99696.96 769696696766 %6 9676766 %6696 D676 6696 D6 766 69676 D6 %6 %6 9676 )6 %6 % 9696 X6 %6 %96 %6%6%

%%% output: K = [ ndof x ndof ] ... global tangent K

%%% R = [ ndof x 1] ... global residual R

[nie,n]=size(edof);

ICedof(:,1),:)=Ie(:);
t=edof(:,2:n);
for i = 1:nie =
KCt(i,:),t(1,:)) = KCt(i,:),t(1, :))+Ke;
K u f

RCt(1,:0) =R(t(i,:)) +Re;
end

967676769636767676%6366.%6 7696966 76767696616 76769696676 7696966 %6 766966 %6 7676966 167676

finite elements - integration point based =



@ integration point level

calculate P I:I
e Update density for current stress state
from and calculate

e constitutive equations - given

e calculate first piola kirchhoff stress of solid material

e calculate first picla kirchnoff stress of porous material

stress for righthand side vector

finite elements - integration point based =

@ integration point level

e constitutive equations - given F' calculate Ly

with

depending on time discretization

tangent for iteration matrix

finite elements - integration point based =«

@ integration point level

e constitutive equations - given F' calculate P I:I

check in matlab!

e siress calculation @ integration point level

stress for righthand side vector

finite elements - integration point based =

@ integration point level

check in matlab!

e tangent operator / constitutive moduli

e inearization of stress wit deformation gradient

tangent for iteration matrix

finite elements - integration point based =



cnst den.m

Q9667696676966 7696676696766 9676696769696 7669676696 76696 76696 769696 76696 76696 6696 6 9696 6 696 6 9696 6 %696 6 696 6 %696 6 69676 %6
function [A,P,var]=cnst_den(F,var,mat)

%%% determine tangent, stress and internal variable %X%X%%X%%6K%%K%%%%%%%%%%
emod = mat(1); nue = mat(2); rho@ = mat(3); psi@ = mat(4);

expm = mat(5); expn = mat(6); dt = mat(7);

xmu = emod/2.0/(1.0+nue); xlm = emod * nue /(1 Q+nue)/(1.0-2.0*nue);
F_inv = inv(F); J = det(F); delta = [1 0; @ 1];

%%% update internal variable %%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%%
[var,facs, fact]=upd_dens(F,var,mat);

%%% first piola kirchhoff stress %%%K%%%%IIKH%%IIKR%%IIKK%%IIIKR%IIIK%%IIKK%%%
P = facs * (xmu * F + (xIlm * log(J) - xmu) * F_inv');

%%% tangent K%%%KHIKIK%IIKHII6KHII6KHII6KHII6KHII6K%II6K%II6KHII6K%II6K%I6K%I6K% 6% 66%%696%%696%%6%6%%

for i=1:2
for j=1:2
for k=1:2
for 1=1:2
ACi, G,k 1) = xIm * F_inv(G,i)*F_inv(l,k) ...
- (xXIm * log(3) - xmu) * F_inv(l,id*F_inv(j,k) ...
+ xmu * delta(i,k)*delta(j,1);

ACi,j,k,1) = facs * A(i,j,k,1) + fact * P(i,j)*P(k,1);
end, end, end, end
%%% determine tangent, stress and internal variable %%%%%%%%%%%%%%6%%%%%
%69696%6767676%6667676%66.676 7676666767696 667676966676 76966676 767666 9676769669676 769669676 7666696267666 9626769696 96762696

finite elements - integration point based

recipe for temporal discretizgationw

implicit euler backward

e cvolution of density

finite difference approximation
euler backward

e discrete residual

® |ocal newton iteration

fterative update

uncondiionally stable - larger time steps

finite elements - integration point based

vecipe for temporal discretization

explicit euler forward

® cvolution of density
finite difference approximation

euler forward

e direct update of growth multiplier

conditionally stable - imited time step size

w
|

finite elements - integration point based

@ integration point level

Il

check in matlab!

e discrete residual of density update

e residual of biclogical equilibrium / balance of mass

local newton iteration

w
(=]

finite elements - integration point based



upd dens.m

QBII6I66 76996667666 6676 66696 D66 69676 66 6696 66 69696 D66 69676 6 % 69676 66 66 96 6 6 9696 )6 6 % 969676 6 6 696 %6 6 %6 %6 %6 )6 %%
function [var,facs,fact]=upd_dens(F,var,mat)
%%% update internal variable density B%%%66K%%%IIIKBRIINFRRIINKRRRIINFRRIINKRR%INK%K%%

tol = le-8; var = 0.0;

xmu = emod / 2.0 / (1.0+nue); xlm = emod * nue /(1.0+nue)/(1.0-2.0*nue);
J = det(F);C = F'*F; I1 = trace(Q);

psi@_neo = x1lm/2 * log(I)A2 + xmu/2 *(I1 - 2 - 2*log(Jd));

rho_k@ = (l+var)*rho0; rho_k1l = (1+var)*rho0; iter = 0; res =1;
%%% local newton-raphson iteration %%%%%% 96%696%96%696%696%%6

while abs(res) > tol
iter=iter+l;
res =((rho_k1/rho@)A(expn-expm)*psi@_neo-psi@)*dt-rho_kl+rho_ko;
dres= (expn-expm)*(rho_k1/rho@)A(expn-expm)*psi@_neo*dt/rho_k1-1;
drho=- res/dres; rho_kl = rho_kl+drho;
end
%%% local newton-raphson iteration %9%%%%%6%%6%6%I6K%I6K%I6K%I6K%I6HI6HIIIII%%%6%%6%6%6%6%%6%

rho = rho_kl; var = rho / rho@ - 1;

facs = (rho/rho@)Aexpn;

facr = 1/dt - (expn-expm) * (rho/rho@)A(expn-expm) / rho *psi@_neo;
fact = expn / rho * (rho/rho@)A( -expm) / facr;

%%% update internal variable density %%%%%%%%%%%I66696696767676767676%%%%%%%66666767676%
J696967676769696696 76769636676 76966676 7696667676766 6967676966676 769696676 76769669676 769696676 7696966 %676 969669676 769669696 7696966 %6 767696

finite elements - integration point based

form follows function - bioinspired design

optimal

material distribution | load case |

load case |

find the lightest structure to support a given set of loads

example - topology optimization

Integration point based solution of balance of mass

- loop over all time steps nlin_fem
global newton iteration nlin_fem

o loop over al elements elementl
Slee loop over all guadrature points cnst_law

\ local newton iteration Pon+1 upd_dens

EI determine element residual & tangent| cnst_law
determine global residual and tangent elementl

determine @n+1 nlin_fem
determine state of biological equiliorium nlin_fem

staggered solution of density and displacements

finite elements - integration point based

ex_frame.m

QBI6I676966 76966769696 7696967669676 6967669676696 7669676696 6696 6696 7669676 9696 6 696 76 696 76 9696 6 696 6 9696 6 %696 66967696
% function [g@,edof,bc,F_ext,mat,nel,node,ndof,nip] = ex_frame

%%% input data for frame example %%%I6%I6%I6HI6HI6HIHIHIKBIKBIIRI%%%%%%6%%
emod = 1000; nue 0.3; rhod = 1.0; psio = 1.0;

expm = 3.0; expn = 2.0; dt = 1.0;

mat = [emod,nue,rho@,psid,expm,expn,dt];

xbox(1) = 0.0; xbox(2) = 2.0; nx = 8;

ybox(1) = 0.0; ybox(2) = 1.0; ny = 4;

[g0,edof] = mesh_sqr(xbox,ybox,nx,ny);

[nel, sizen] = size(edof);[ndof,sizen] = size(q0@);
node = ndof/2; nip = 4;

%%% dirichlet boundary conditions

bc(1,1) = 2*(ny+1)*(0 ) +2; bc(1,2) = 0;
bc(2,1) = 2*(ny+1)*(nx ) +2; bc(2,2) = 0;
bc(3,1) = 2*(ny+1)*(nx/2+0) +1; bc(3,2) = 0;
bc(4,1) = 2*(ny+1)*(nx/2+1) 5 bc(4,2) = -ybox(2)/50;

%%% neumann boundary conditions
F_ext = zeros(ndof,1);
%%% input data for frame example

example - topology optimization




formn follows function - bioinspired design

ex frame.m

find the lightest structure to support a given set of loads

example - topology optimization

form follows function

design of bicycle frame

example - topology optimization

form follows function

bicycle frames 1817-2005

example - topology optimization

functional adaptation of proxima femur

the density develops such that the tissue can
just support the given mechanical load

example - growing bone



fernoral neck deformity

the femoral neck normally forms
an angle of 120-135 degrees with
the shaft of the bone. this acts
as the lever in easing the action of the muscles
around the hip joint. an increase or decrease
in this angle beyond the normal limits causes
improper action of muscles, and interferes with
walking. an increase 1in the angle beyond 135
degrees is called coxa valga or outward
curvature of the hip joint. a decrease in
the angle below 120 degrees is called coxa
vara or inward curvature of the hip joint.

example - femoral neck deformity

class project me337
mechanics of growth

example - henry‘s knee

simulation vs. x-ray scans
COXa vara COxa nomMma coxa valga

excelent agreesment of simulation and x-ray pattem
pauwels [1973], balle [2004], kuhl & balle [2005]

example - femoral neck deformity

how does henry's bone grow?

) ko
example - henry‘s knee



how does henry's bone grow?

| R

example - henry‘s knee

how predictive is the simulation?

| | 1

example - henry‘s knee

how predictive is the simulation”?

| cathieaia

example - henry‘s knee

regrow henry's bone in matiab!

ex_henry.m

ol

example - henry‘s knee



