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1 1d bar elements

1.1 Motivation

Let’s start by the intiutive analysis of a linear one dimen-
sional bar element e. A linear bar element has two nodes
i = 1, 2. The nodes are characterized through their axial
displacements ue

1 and ue
2, respectively. In total, the element

thus has two unknowns which are also referred to as the
element’s degrees of freedom.

with

ue
1, ue

2 ... displacement of nodes 1 and 2

Fe
1 , Fe

2 ... force of nodes 1 and 2

EA ... axial stiffness

L ... bar length

First, let us assume that the right boundary is fixed, i.e., ue
1 >

0 and ue
2 = 0. Then static equilibrium can be expressed as
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1 1d bar elements

follows.

Fe
1 =

EA
L

ue
1 and Fe

2 = −EA
L

ue
2 (1.1)

Next, we assume that the left boundary is fixed, i.e., ue
1 =

0 and ue
2 > 0. In that case, static equilibrium renders the

following set of equations.

Fe
1 = −EA

L
ue

1 and Fe
2 =

EA
L

ue
2 (1.2)

Now assume that none of the boundaries is fixed, i.e., ue
1 > 0

and ue
2 > 0. Superposition of the above equations renders

the equilibrium equations for this general case.

Fe
1 =

EA
L

[ ue
1 − ue

2 ] and Fe
2 =

EA
L

[−ue
1 + ue

2 ] (1.3)

They can be rearranged in matrix form as⎡
⎣ Ke

11 Ke
12

Ke
12 Ke

22

⎤
⎦

⎡
⎣ ue

1

ue
2

⎤
⎦ =

⎡
⎣ Fe

1

Fe
2

⎤
⎦ or Ke Ue = Fe (1.4)

with Ke
11 = EA / L = Ke

22 and Ke
12 = −EA / L = Ke

21.
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The matrix Ke is called the element stiffness matrix. For our
case, as for all cases considered in this class, Ke is symmetric
and positive definite (the diagonal elements are somewhat
larger in value than the off-diagonal terms such that it can be
inverted). The vector Ue is the element vector of unknowns
also referred to as the element’s degrees of freedom. A sim-
ple linear bar element thus has two degrees of freedom, i.e.,
the axial displacement of its right and left node. The vector
Fe is the element load vector.

1.2 Strong and weak form

Now let’s look at a somewhat more rigorous derivation of
the governing equations for the one dimensional elasticity
problem.

The set of equations to be solved consists of the following
three equations.

equilibrium Aσ ′(x) + f (x) = 0

kinematics ε(x) = u′(x)

const. eqn σ(x) = Eε(x)

(1.5)
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1 1d bar elements

with

u (x) ... axial displacement (unknown)

f (x) ... axial force

σ (x) ... stress

ε (x) ... strain

EA ... axial stiffness

E ... young’s modulus

A ... cross section area

L ... bar length

We will now illustrate how the stiffness matrix can be de-
rived in a more general way. We’ll therefore look at three
different ways to express the governing equation, the diffe-
rential or strong from, the non-symmetric variational form
and the symmetric weak form. Let’s start with the differen-
tial equation itself.

differential (strong) form find u = u(x), such that

EA u′′(x) + f (x) = 0 0 < x < L

u(0) = u0

u(L) = uL

In words, the differential or strong form states that we want
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to find a displacement field u = u(x) that satisfies the par-
tial differential equation EA u′′(x) + f (x) = 0 in the entire
domain 0 < x < L and also satisfies the boundary conditi-
ons u(0) = u0 and u(L) = uL on the left and right boundary
x = 0 and x = L.

The equation to be solved is a linear second order partial dif-
ferential equation, finite element methods love second order
equations, and you’ll soon see why! ;-)

Boundary conditions in terms of the unknown u are called
Dirichlet boundary conditions. They are essential, because
the displacement has to be prescribed at least at some points
to fix the structure in space and to be able to solve the resul-
ting system of equations. Alternatively, we could prescribe
forces F = σ A = EA u′ at some part of the boundary. Those
would involve derivatives of the unknown u. Mathematical-
ly, they are referred to as Neumann boundary conditions.

The differential equation cannot be handled by the finite ele-
ment method right away. It has to be modified! We multiply
the above equation with a test function v(x) and integrate it
over the domain

∫ L
0 ...dx to obtain the variational form.

variational form find u = u(x) ∈ Htrial, such that
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1 1d bar elements

∫ L

0
v(x) [EA u′′(x) + f (x)]dx = 0 ∀ v ∈ Htest

0

u(0) = u0

u(L) = uL

The variational form states that we want to find a displace-
ment field u = u(x) ∈ Htrial in the set of trial functions for
which the integral equation

∫ L
0 v(x) [EA u′′(x) + f (x)]dx is

satisfied for all possible test functions v(x) ∈ Htest in the set
of test functions.

So, now, why all these function sets? Well, if Htest was the
set of all possible functions, then, indeed, the differential
from and the variational form would be identical! The solu-
tion would be tested everywhere(!) in the domain and there
would be no difference between the differental and the va-
riational expression!

Actually, we could now apply the finite element method to
the variational form. However, we somehow don’t like the
fact that u′′(x) appears in a second derivative while v(x)
does not. It would be cool to have a symmetric expression
with equal orders of derivatives for both the trial and the test
function. So a very common way to obtain a finite element
specific format of the second order equation is to perform an
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intergration by parts.∫ L

0
v EA u′′dx =

∫ L

0
[ v E u′ ]′dx −

∫ L

0
v′ EA u′dx (1.6)

Actually, this is super simple and nothing but the applicati-
on of the chain rule [ v u′ ]′ = v′ u′ + v u′′! The cool thing is
that we can rewrite the first integral term on the righthand
side∫ L

0
[ v EA u′ ]′dx = [ v EA u′ ]x=L

x=0 = v(L) F(L)− v(0) F(0)

(1.7)

with F = σ A = EA u′. So the integral expression has be-
en transformed to a boundary term. In general, for two- or
three dimensional problems, this has to be done with the
Green Gauss theorem, but for the one dimensional problem
here that’s easy.

On the boundary, we can either prescribe displacements u,
i.e., Dirichlet boundary conditions, or forces F, i.e., Neu-
mann boundary conditions. The trick that is used in the re-
formulation of this equation is to assume that the test functi-
ons v(x) always satisfy the homogeneous Dirichlet bounda-
ry conditions, i.e., they are zero everywhere on the Dirichlet
boundary v(0) = 0 and v(L) = 0. In terms of function sets,
that would be denoted by and index zero as v(x) ∈ Htest

0 . If
we had prescribed external forces F, the Neumann bounda-
ry terms would remain as v(L) F(L) or −v(0) F(0).
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With all these considerations, we have finally changed the
non-symmetric form to a symmetric one.∫ L

0
v EA u′′dx = −

∫ L

0
v′ EA u′dx + v(L) F(L)− v(0) F(0)

(1.8)

Watch out! The sign has changed! Keep in mind that in our
case, where we have Dirichlet boundary conditions only and
the second and third term on the righthand side vanish. In
general the modified equation reads as follows.

weak form find u = u(x) ∈ H1, such that

∫ L

0
v′(x) EA u′(x) − v(x) f (x) dx

−v(L) F(L) + v(0) F(0) = 0 ∀ v ∈ H1
0

u(0) = u0

u(L) = uL

It has a very typical format with one symmetric term in
terms of the two derivatives v′ and u′, another usually ne-
gative integral term that contains the volume forces such
as gravity and the boundary forces that contain all external
forces. These three terms typically appear in all weak forms.
The first one will later become the stiffness matrix while the
remaining terms will become the force vector.

But why is the symmetric form called the weak form? So-
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me people refer to the non-symmetric integral equation as
the weak form and state that equations are satisfied in and
integral or weak sense. That is not entirely correct from a
mathematical point of view. If we allow for all possible test
functions v, the non-symmetric integral form is exactly iden-
tical to the strong form! Mathematically speaking, the notion
weak form refers to the symmetric integral equation becau-
se here u′(x) has to satisfy weaker continuity requirements
than in the non-symmetric form with u′′(x) and that’s what
makes it ”weak”.

The cool thing about the weak form, i.e. the symmetric in-
tegral equation, is in fact that it is symmetric in u′(x) and
v′(x). Both trial and test functions can be approximated with
the same interpolation scheme! And, as you might guess,
that results in symmetric system matrices! And now, this ex-
plains why finite element methods prefer second and forth
order equations over first order ones: First order equations
cannot be transformed into a symmetric format and thus
render cumbersome non-symmetric system matrices!

1.3 Finite element discretization

The weak form derived above serves as the starting point for
all finite element approxiamtions. In fact, the finite element
approximation defines how the solution u(x) is approxima-
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ted numerically, i.e., it specifies the approximation spaces
Htrial and Htest

0 . The finite element method is a systematic
method to generate element specific shape functions within
the framework of the Galerkin method. The cool thing is
that all general calculations can be performed on one gene-
ric representative element!

The finite element method allows for discretizations of ar-
bitrary geometries, especially complex boundaries in two or
three dimensions can be captured in a straightforward way.
It is thus more general than the finite differce method or fi-
nite volumes which might be restricted to regular grids.

discretization
Let’s first discretize the domain 0 ≤ x ≤ L in a finite number
of subdomains, the finite elements Ωe with e = 1, 2, ..., nel

x = 0 x = l

1 2 3 4 5L1 L2 L3 L4

Ω1 Ω2 Ω3 Ω4

Here, nel = 4 denotes the number of elements, nnod = 5 is the
number of nodes, in our case nnod = nel + 1 and Le denotes
the element length.

approximation on the global level
Let’s make the following global ansatz for the trial functions
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uh(x) =
nnod

∑
I=1

uI ΦI(x)

in terms of the global interpolation functions ΦI(x) and the
discrete nodal displacements uI at node I. Sometimes the in-
dex h is used to indicate that uh(x) is the approximation of
the continuous solution u(x).

global interpolation functions ΦI

For our two noded elements, the global interpolation ΦI

functions are piecewise linear.

1 2 3 4 5L1 L2 L3 L4

1

Φ1 Φ2 Φ3 Φ4 Φ5

Their basic property is that they are ΦI = 1 on node I and
ΦI = 0 on all other nodes.

example
Let’s assume we have determined the solution with the fol-
lowing nodal values u1 = 0.0 (Dirichlet bc), u2 = 0.8,
u3 = 1.2, u4 = 0.4 und u5 = 0.0 (Dirichlet bc), then the
displacement field uh(x) can be determined through the fol-
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lowing linear interpolation.

uh(x) =
5

∑
I=1

uI ΦI(x) (1.9)

The displacement field u(x) would thus look as follows.

1 2 3 4 5

0.8 1.2 0.4

uh(x)

general idea
The cool idea of the finite element method is to evalute the
global integrals locally on the element level. We can basical-
ly elaborate everything on one single reference element and
derive a generic element stiffness materix Ke

IJ and a generic
element load vector Fe

I . The information of all elements is
then assembled as

∫ L
0 ...dx = Anel

e=1
∫
Ωe

...dx to calculate the
global stiffness matrix K and global load vector F. The ope-
rator Anel

e=1 denotes the assembly over all elements that we
will explain in detail later. Computationally, this assembly
is done in a loop over all elements.
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1.4 Isoparametric concept

To be as general as possible, the generic reference element is
defined in a particular space with its own particular coordi-
nate system ξ .

1 2

1 x 2 Ω2 3 4 5

NI(x) Ne
1(x) Ne

2(x)

ξ+10−1

1

N1(ξ) N2(ξ)

The righthand side shows the reference element with the
local element coordiantes −1 ≤ ξ ≤ 1. These coordinates
are referred to as isoparametric coordinates, the concept of
the reference element with generalized coordinates is then
referred to as isoparametric concept. In the local isopara-
metric coordinate system, the two nodes are at ξ1 = −1
and ξ2 = +1. The interpolation functions N1(ξ) and N2(ξ)
are called the element shape functions. For two noded ele-
ments, they are piecewise linear.

N1(ξ) =
1
2

[ 1 −ξ ] N2(ξ) =
1
2

[ 1 +ξ ] (1.10)

A characteristic property of these shape functions is that
they take the value NI = 1 at node I and NI = 0 at all other
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nodes. This family of functions is called Lagrangian polyno-
mials. There are also higher order Lagragian polynominals,
e.g., quadratic or cubic ones. In general, the higher the poly-
nomial order, the more accurate but also the more expensive
the solution. We will come back to higher order interpolati-
ons later.

x = 0 x = l

1 2 3 4 5L1 L2 L3 L4

Ω1 Ω2 Ω3 Ω4

To specify the relations between the global and local no-
de numbers in our reference element, it proves convenient
to introduce a connectivity table. This table is automatical-
ly generated by the finite element program during the pre-
processing step.

element e node 1 node 2
1 1 2
2 2 3
3 3 4
4 4 5

We also need to define relations between the local and global
coordinates ξ and x.

ξ =
2x − [xI + xI+1]

LI
with LI = xI+1 − xI (1.11)
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To control the above equation, we evaluate it for the left and
right node.

x = xI ξ = −1 left node

x = xI+1 ξ = +1 right node
(1.12)

Since the original equations were set up in the global coor-
dinate system x, we also need to transform integrand dx.

dξ

dx
=

2
LI

or dx =
LI

2
dξ (1.13)

FE approximation on element level

With the above considerations, we can now define the finite
element approximation of trial functions on element level

uh(ξ) =
nnod

∑
I=1

uI NI(ξ) = u1 N1(ξ) + u2 N2(ξ)

and the finite element approximation of test functions on
element level.

vh(ξ) =
nnod

∑
I=1

vI NI(ξ) = v1 N1(ξ) + v2 N2(ξ)

Now, let’s evaluate the weak form∫ L

0
v′(x) EA u′(x) − v(x) f (x) dx = 0 ∀ v(x) (1.14)
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in terms of the finite element approximation! Here, we’ll lea-
ve out the boundary term with the external forces for the
sake of clarity.

∫ L

0

[
N

∑
I=1

vI N′
I(x) EA

N

∑
J=1

uJ N′
J(x) −

N

∑
I=1

vI NI(x) f (x)

]
dx = 0

(1.15)

Rearranging the above equation yields the following equa-
tion

N

∑
I=1

vI[
N

∑
J=1

∫ L

0
N′

I(x) EA N′
J(x)dx︸ ︷︷ ︸

:=KI J

uJ −
∫ L

0
NI(x) f (x) dx︸ ︷︷ ︸

:=FI

] = 0

(1.16)

that introduces the global stiffness matrix K and the global
load vector F. Based on the idea that any global integral
can be evaluated locally on the element level and then be
assembled to the global system as

∫ L
0 ...dx = Anel

e=1
∫
Ωe

...dx
we can evaluate the stiffness matrix and the load vector as
follows.

stiffness matrix

K =
nel

A
e=1

Ke
IJ Ke

I J =
∫
Ωe

N′
I(x) EA N′

J(x) dx

global stiffness matrix element stiffness matrix

17

load vector

F =
nel

A
e=1

Fe
I Fe

I =
∫
Ωe

NI(x) f (x) dx

global load vector element load vector

So with all these abbreviations, this is our final equation,
N

∑
I=1

vI[
N

∑
J=1

KIJ uJ − FI] = 0 ∀ βI (1.17)

which, as stated previously, has to hold for arbitrary vI. The
system of equations that is solved by the finite element pro-
gram then looks somewhat like this.

N

∑
J=1

KIJ uJ − FI = 0 I = 1, 2, ..., N bzw. K · U = F

Its solution are degrees of freedom uJ at all J = 1, .., nnod glo-
bal nodes.

uJ =
N

∑
I=1

K−1
J I FI J = 1, 2, ...., N bzw. U = K−1 ·F (1.18)

Since the stiffness matrix of our second order equation is al-
ways positive definite, it is invertible and the system can be
solved. It is obvious that more degrees of freedom render
the solution more expensive, in fact, the inverse of the stiff-
ness matrix is typically the most expensive part of the large
scale finite element simulations!


