5.2 biomembranes - energy

tension, shear, and bending
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me239 mechanics of the cell

homework #2

['just wanted to send you a quick message conceming the last homework. Most of you did really
well. For those of you who lost points I'd like to remind you that you can tak to either me or Ellen
about the grading, the problems you had with the homewaork, and ideas for improvement. | ry to
grade as fair and consistent as | can, if you still feel that something is off, please let me know.

On a different note, | had the impression that to some of you who lost points the problem was
not quiet clear. I that is the case, please send me an emal and ask me for help or clarification
the next time. | cannot help once you submitted your homework.

-

Lastly, Id lke 1o discuss a few common mistakes, Some of you got units wrong and lost points
that way. Although you may think that is a minor point and | know what units you meant, | consider
units an integral part of the result, so please make sure you double-check. If we do ask for the
minimum number please do not round to the nearest thousand, we actually would like to see
the minimum number

A problem that seemed more prevalent this time than any other time concemns rounding. When
you do work on homework problems, please try o solve for the unknown variable
completely before you plug in numbers and calculate a numerical value. For problem 1¢) | saw a
dozen different numbers. All these numbers were derived from the same eguations but everybody

rounded to a different Erecision, Quugged in numbers at a different stage of their calculation.eic,
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measuring cell traction force

leukocyte activation

vasculogenesis

metastasis

bone cells

adipose cells

skin cells

mechanics of cancer cells

oynamics of morphogenesis

artificial red blood cells

directed stem cell differentiation
differentiation of mesenchymal cells
mechanotransduction in intestinal cells
optical stimulation of heart cells
cytoskeletal remodeling in endothelial cells
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law of laplace from free body diagram law of laplace from energy minimization

young,[1805], laplace [1806]

5.1 motivation - law of laplace 5 5.1 motivation - energy minimization

P —————————— P —————————
concept of surface tension trusses, beams, walls, plates, membranes, shells

H dimension geometry | loading deformation ‘ gov eqn
truss 1d straight | w,h <! | axial tension 2" order
beam 1d straight w,h <1 transverse | bending 4t order
wall 2d flat h<w,l in plane tension/shear | 2" order
plate 2d flat h<w,l transverse | bending 4t order
membrane | 3d curved h < w,l in plane tension/shear | 2" order
shell 3d curved h<w,l transverse | bending 4t order

Table 2.1: Classification of structural elements based on dimension, geometry and loading

5.1.motivation - surface tension 5.2 biomembranes - structural elements -




transverse deformation - bending

euler bernoulli beam theory
» normals remain straight (they do not bend)
¢ normals remain unstretched (they keep the same lengtn)
» normals remain normal (they remain orthogonal to the beam axis)

5.2 compare 3.2 biopolymers - energy

transverse deformation - bending

kirchhoff love shell theory
» normals remain straight (they do not bend)
¢ normals remain unstretched (they keep the same lengtn)
» normals remain normal (they remain orthogonal to the beam axis)

5.2 biomembranes - energy 2

tension vs bending - trusses vs beams

overall deformation = axial | transverse|deformation
u'(x,z) =[u(x)] Fzw(x)
e=uy =|ud— 2w
« axial deformation u(x)
« transverse deformation, scaled rotation of beam axis z w(x) x

5.2 compare 3.2 biopolymers - energy

tension vs bending - membranes vs shells

overall deformation ={in plane |+ |transverse [deformation

Ll |
Ll |
[ |
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tension vs bending - membranes vs shells

overall strain = |in plane (constant) |+{ransverse (inear) |
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2d in-plane deformation - tension and shear

...this is just to show you
how you could derive
the force equiliorium
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membrane equations - in plane deformation

kinematic equations constitutive equations

stress resultants equilibrium equations

|.
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membrane equations - in plane deformation

0

now, let's look at some special cases. . .

« equiliviaxial tension (without shear) > tensile stifness
« equiibiaxial tension (without shear) > area stiffness
« shear (without extension) > shear stiffness
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membrane equations - in plane deformation

0

special case of equibiaxial tension (without shear)
Oxx = Oyy = O, 0xy =0
nxx:nyy:n nxy:O

n [w,xx + w,yy] + pz — O w,xx —|_ w,yy — Aw

5.2 biomembranes - energy 1

energy minimization

compare to young and laplace solution
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energy minimization
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normal force vs strain - extensional stiffness

stress resultants

™
=

/2

f h/2 O-xxdz - (Txx‘h - 1—1/2] [sxx+1/€yy]
_ [Tth/2 _ _ _Eh

nyy = JZpja Oydz = Oyy-h = gl [eyy + Ve

Hyx =

—

nyy = Ky [8 +ve ] . Eh ' i
xx xx W with Ky = =] tensile stifness
Tyy —KN[SW—FVSxx v

|
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normal force vs area strain - area expansion

AA  a—A [1+e??-1?

- = — = 2%

1 1 2 2e+¢ 2¢
L En (e + veyy] = Eh 1+ Eh AA
12 WiT 12 T2[1-v] A

special case of equibiaxial tension (without shear)
Nyxy = nyy =n (C.xx:(C,yy:e

= o et ve] = o [ v]e= ot B
PE o e el T BT Ve T o T A
AA Eh |
n=KaZm with K =597 ... area stifiness
——————— e eeeee——————
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different stifiness values

nxx:KN[exx+V€yy] . Eh
with Ky = ——— e att
nyy = Ky [eyy + v exy] [1—2] - tensie stifiness
AA Eh
=K4— with Ky=——— '
n=Ky—- wit A== ... area stifness
Ky =01-10N/m lipid bilayer
red blood cells
Eh .
my = Ksey with Ks=2Gh == .. shear stifiness

Ks =6—-9-10° N/m red blood cells

5.2 biomembranes - energy 2

shear force vs shear strain - shear stifmess

special case of shear (without extension)

+h/2 _  Eh
nxy = [ na Owdz = oxy-h = 1 exy
. Eh .
Ny = Ksey, with 1<5:2Gh:m .. Shear stifiness

5.2 biomembranes - energy 2

the fluid mosaic model

stger&nico\som 1072
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the fluid mosaic model

singer & nicolson [1972]
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shell equations - out off plane deformation

kinematic equations constitutive equations

Exx = —Wxxy Z = Kyx Z Oxx = % [Kxx+VKyy] “
_ _ — _E_

Cyy = ~Wyy 2 = Kyy 2 Oy = 77 [Kyy + V] 2
E

ey =~y 2 =Ky Z Oy = TH Ky 2

equilibrium equations
ex  + 4qyy + Pz =
Myxx + Myxy — qx = 0

Myyy + Myyx — qy = 0

stress resultants

pz = Kg [W,xxxx +2 W xxyy + wr!/?/?/?/]
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tension vs bending - membranes vs shells

overall strain = |in plane (constant) |+{transverse (inear) |
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pressure vs bending - bending stiffness

pressure bending relation
pz = KB [w,xxxx +2 w,xxyy + w,yyyy]

. En3 .
p. = Kg A’w with Kp= [ 7 - Membrane stifiness

Kg = 107 Nm red blood celis

5.2 biomembranes - energy 2



tension vs bending - membranes vs shells

1 [Wax + Wy ] — Kp [ @ e +2W ey + Wyyyy] + pz =0

The ratio between the two constants n and Kp would then immediately tell us which of
the two phenomena is dominant. Let w be the transverse displacement and A be a char-
acteristic length over which these transverse displacements may vary. The membrane
term would thus scale with 7 w / A2 while the bending term scales with Kg w / A4 The
ratio of these scaling factors K / [n A?] could give us an indication of whether tension
or bending is relevant under the given conditons.

Kp

nA2
K > 1 bending dominated

nA?

< 1 tension dominated

A typical value for cells at Kg = 10*18Nm, n=5-10°N/mand A = 1pm would be
% = 0.02 which would indicate that in biological cells, membrane effects are typically
dominant over bending.

red blood cels

erythrocytes, red blood cels are
essential to deliver oxygen to the
body via the blood flow through
the circulatory system. they take
uo oxygen in the lungs and
release it while sgueezing through
the Dbodys capllaries. adult
humans have about 2-3 1018,
20-30 ftrlion, red blood cels
comprising about a guarter of the
total amount of cells in the human
body.

5.2 biomembranes - red blood cells =
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red blood celis

auring its passage through the circulation, an erythrocyte that is 7 to 8 um in
diameter must elongate and deform to pass through 3 um diameter capillaries.
thus, during its 120-day life span, the erythrocyte must undergo extensive passive
Oeformation and must be mechanically stable to resist fragmentation.

red cell stiffness is influenced by three distinct cellular components:

e cell shape, which determines the surface to volume ratio AV
higher values of A/V facilitate deformation

e cytoplasmic viscosity, regulated by mean corpuscular hemaoglobin concentration
influenced by alterations in cell volume

* membrane stiffness, which are regulated by muttivle membrane properties,
influenced by area stiffness, shear stiffness and bending stiffness

directly or indirectly, membrane components and their organization play an important
role In regulating each of the factors that influence cellular deformability

5.2 biomembranes - red blood cells =

red blood cels

free body diagram
« from vertical force balance
Fre=(

« from horizontal force balance
Fmem] = FmemZ

« from momentum balance
Fmeml — frmem2 —()
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red blood celis

« Unlike other cells, at rest, the red blood cell is in a stress free state
« [t cannot compensate deformation through prestress
requirements upon deformation

« membrane cannot stretch beyond 4% (cell lysis)
« volume cannot change (incompressible cytoplasm)
Fmeml - Fmem2 =0

« for spherical cells, there is no
deformation mode to satisfy both
criteria

« for biconcave cells, there is
an infinite numbber of deformations

5.2 biomembranes - red blood cells =

red blood celis

fig. 453 human red blood corpuscles. hignly magnified. a. seen from the surface. b. seen in
profile and forming rouleaux. ¢. rendered spherical by water. d. rendered crenate by salt solution.

henry gray. 'anatomy.of the human body’ [1918]

5.2 biomembranes - red blood cells =

red blood cels

the biconcave shape of the normal red cell creates an advantageous
surface-to-volume ratio, alowing the red cell to undergo large
deformation while maintaining a constant surface area.

« the nomal human edult red blood cell has a volume of
V=00um?3 and a surface area of A=140um?2, ANV=1.56/um

« a sphere of an identical volume of V=90ums, it would
have a surface area of only A=98um?, AN/=1.09/um

the bioconcave shape provides approximately 40 um? of excess
surface area, an extra 43%, that alows the red cel to undergo
large deformations without rupturing.

5.2 biomembranes - red blood cells

sickle cell anemia is the most common form of sickle
cell disease. this is a serious disorder in which the body
mekes sickle-shaped red blood cells, sickle-shaped
means that the red blood cels are shaped lke a
crescent

normeal red blood cels are dise-shaped and ook lke
doughnuts without holes in the center. they move
easily through your blood vessels. red blood cels
contain hemoglobin, an iron-rich protein that gives blood
its red color. hemoglobin carries oxygen from the lungs to
the rest of the bodly.

sickle cels contain abnormal hemoglobin that causes the
cels to have a sickle, or crescent, shape. These cells
don't move easily through your blood vessels. they're
stiff and sticky and tend to form clumps and get
stuck in the blood vessels

the clumps of sickle cells block blood flow in the blood
vessels in the Imobs and organs. blocked blood vessels
can cause pain, serious infections, and organ damage.

5.2 biomembranes - red blood cells =



example: red blood cells

red blood cells must deform when they squeeze through small blood vessels. In this experiment, a red blood
cellis pushed and deformed with laser tweezers. it quickly springs back to its original shape because it has an
extremely tough cytoskeleton to which the plasma memibrane is anchored. when the cell is placed in high salt
solution, however, the shape changes dramatically. driven by the d e In osmotic pressure, water rushes
out of the ce ng spikelike protrusions to form as the cell collap: alberts et al. [2008]
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